OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR DOUBLE
INTEGRAL OF FUNCTIONS WITH LIPSCHITZIAN PARTIAL
DERIVATIVES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
functions of two independent variables defined on closed and bounded convex
subsets of the plane R? and whose partial derivatives are Lipschitzian. Some
examples for rectangles and disks are also provided.

1. INTRODUCTION

In paper [1], the authors obtained among others the following results concerning
the difference between the double integral on the disk and the values in the center
or the path integral on the circle:

Theorem 1. If f : D(C,R) — R has continuous partial derivatives on D (C, R),
the disk centered in the point C = (a,b) with the radius R > 0, and

0 0
H — sup 7féﬂv,y) ’ < 00,
(z,y)€D(C,R) T
H : o= sup o/ (z.y) ‘ < 00;
D(C,R). 00 @yen@r | 9y
then
1
(L1 |f(O) - TR? f(z,y)drdy
™ D(C,R)
S| I 7 R |
3 g D(C,R),00 Ay D(C,R),c0
The constant % is sharp.
We also have
1
(1.2) // f(@y)dedy — 5— S () di(v)
7TR D(C,R) 2T R (C,R)
= 3r H D(C,R),00 H@y D(C,R),00 ] ’
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where o (C, R) is the circle centered in C = (a,b) with the radius R > 0 and

1

— dl
2R o f(y)dl(y)

(1.3) ‘f(C) -

|5
9 D(C,R),00 '

In the same paper [1] the authors also established the following Ostrowski type
inequality:

D(C,R),00 H oy

Theorem 2. If f has bounded partial derivatives on D(0,1), then
1
™ D(0,1)
of
ox

for any (u,v) € D (0,1).

2
<=z
'/T

1
(u arcsinu + -1 —u? (24 u2)>
D(0,1),00 3

For other Ostrowski type integral inequalities for double integrals see [2]-[13].
In the following, consider G a closed and bounded convex subset of R?. Define

Ag ::// dxdy

the area of G and (TG, Yq) the centre of mass for G, where

// zdzdy, yg = // ydzdy.

Consider the function of two variables f = f (z,y) and denote by the partial

1
<v arcsinv + 3 1—0v2(2+ v%)]

D(0,1),00

derivative with respect to the variable x and Lc the partial derlvatlve Wlth respect
to the variable y.

Motivated by the above results, in this paper we establish some bounds for the
absolute value of Ostrowski difference

Aic/cf(:c,wdwdy—f(u,v)

and, in particular, for centre of mass difference

ALG//Gf(w,y) dedy — | (%5, 76)

in the general case of closed and bounded convex subset of R? and differentiable
functions f defined on G with complex values whose partial derivatives gf and %
satisfy some Lipschitz type conditions. Some examples for rectangles and disks are
also provided.
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2. THE MAIN RESULTS
We have:

Lemma 1. If f : G — C is differentiable on G, then for all (z,y), (u,v) € G and
A, 1 € C we have the equality

21) fzy) =f(wo)+@-u)r+(y—v)p
—|—(m—u)/0 (‘3;; It (@,9) + (1 — ) (u,0)] —A) dt
of
ro-o [ (Zpwn+a-owo-y)a
Proof. By Taylor’s multivariate theorem with integral remainder, we have
22) fa) =) +@-w [ L@+ -0 wola

+<y—v>/o %[t(x,y)ﬂl—t)(uw)}dt

for all (z,y), (u,v) € G.
If A, p € C, then

(x —u) (af 1—t)(u7v)]—)\>dt
m—u/ a—f + (1 —1) (u,v)]dt — (x —u) A
and
({ 0 (0] - ) b
:<yfv>/0 8—§[t<z,y>+<1ft><u,v>1dtf<y7v>u
and by (2.2) we get the desired result (2.1). O

We assume that the partial derivatives %, % satisfy the Lipschitz type condi-
tions

0 0
(23) ()~ 2w 0)| < Lo —ul + Ky o]
and

0 0
(2.4 X - L o] < Lale = ul + Kyl

for any (z,y), (u,v) € G, where L1, K1, Ly and K5 are given positive constants.

Theorem 3. If f : G — C is differentiable on G and the partial derivatives 2L

ox”’

g—jyf satisfy the Lipschitz type conditions (2.8) and (2.4), then for all (u,v) € G we
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have

@5) | [ 1@ dsds 100 - @ -0 5 ) - - 0) 5L )

ik [ P tnts K [ - o o]

Ki+L
+ 1_2‘_ QAG//Glm u| ly — v| dady.
In particular,

1
/T// (z,y)dzdy — f (TG, 7a)

1 1
= {Ll // T —Tg) dxdy+ K2 // Y —7ag) dxdy}
=3 Ac e

Ki+Ly 1
S [ e maly — vl ded

Proof. From Lemma 1 we have for A\ = af = (u,v) and p = 8f (u,v)

@) Fw) =)+ @0 G o+ -0 5 o)
+(m—u)/0 (gi[t(w,y)—i—(l—t)(u,v)}—gi(u,v)>dt

c-o [ (f{;[t<x7y>+<1—t><u,v>1—Zgw,v))dt

for any (x,v), (u,v) € G.
By taking the integral mean A [J over (z,y) we get

(2.8) AG//fmydardy £ () + ( //xdmdy u)
(AG//Gydxdy )y
1 // - “(/1(8?: )+ (1 =1) (u,v )]—%( ))dt)dxdy
// (/0< vy) + (1= 1) (u,0)] = a—f( )>dt>d;vdy

for all (u,v) €
By using the equahty (2.8) we get

k'\_'

i [ s @ sty 7 o) = @@ =) G w0 G5 - 0) G (o)

(z — u(/ < )+ (1 t)(uv)]—gsfc(uv> )dmdy
of
2

[ (- v(/o (8y 2,y) + (1 1) (u,0)] — y(uv)dt)dmdy

1
14
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S7:// (@—u (/0 (gi[ (, y)+(1—t)(u,v)]—gi(u,v)>dt> dzdy
|w=v) (/ (Zﬁ[ (2.) + (1 - 1) (uw)]—(;g(u,v)) dt> dady
// a* (1) (0,0)] O ()| dededy
+*// ly—v ( Hx y>+<1—t><u,v>1—%<u,v) dt)dxdy

11
5?// &= ul (L 2 — | + K |y — of] dady

—_

f—// ly —v|[Lo |z — u|] + Ko |y — v|] dady

:% [LlAG//G(x—u) dxdy+K2A—// (y —v) d:vdy}

K Ly 1
S [ e ully v dady,

l\D

which proves the desired result (2.5). O

Remark 1. We observe that if we put L = max{L1, K1, La, Ko}, then from (2.5)
we get

(2.10) //fzyd:cdy f (u,v)

~ (@ - w) 5 (w,0) -~ (7F - 0) G (w0)

while from (2.6) we get

e |reeme -+ [ f(:ay)dxdy‘

1 1
< *L*// (|l — 75| + |y — 7gl)? dady
2 AG G

for all (u,v) € G.
From Cauchy-Bunyakovsky-Schwarz integral inequality we have

1
—_— T —ully —v|dxd
i [t =ty =l dray

(] <m_u>2dmy)” (o [ o o)

1/2
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which gives by (2.5), that

(2.12) //fxydxdy f (u,v)

~ (@ - w) 5 (w0 - (7F - 0) 5 (o)

(i f-orsm) ™ i f o)

<1

2

for all (u,v) € G.
In particular,

(2.13) \f(m,yc;)—jc [ 5@ dsay

<;G//G<m—wa>2dmy>”+<;G//G<y—ycwmy>”T

Corollary 1. Assume that f : G — C is twice differentiable on G and the second

1
< -L
-2

partial derivatives gi{ , M and 8 f are bounded on G. Put
’an = sup an (z,9) ’62 = sup & (z y)'
dx? G,oo. (z,y)eG 02 "oy G,oo. (z,9)€G oy?
and
‘ 02 0? (2.7)
S S Y,
00y || 4 (zyyea | 010y
then
(2.14) / f(z,y)dzdy — f (u,v)
of _ of
~ (76 — ) 5 (u.0) = (76 —v) 5 ()
< 1 // —u)? dady + // — ) dad
=2 ||| 0x2 GooAG v —u) dudy GooAG v)” dady

o f
0xdy

|

& — ul ly — v] dady
GooAG/

for all (u,v) € G.
In particular,

(2.15) ‘f(wc,yc)—l /I f(:c,y)dxdy‘

1
2“ GOOAG// T —Tg) dmdy—l—‘

o
We also have:

0x2

GOOAG// Y —7aG) dwdy]

i [ 1o~ wally - 761 dody:
G,00 11G

dzxdy
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Theorem 4. If f : G — C is differentiable on G and the partial derivatives %,

g—g satisfy the Lipschitz type conditions (2.3) and (2.4), then for all (u,v) € G we
have

1
(216) i J[ @iy~ s v

G

// T —u) xydacdy——// —v) mydmdy‘
<= — - — —v)*dad
Q[LlAG//Gx ud:vdy—i—KgAG//(;y v) acy}
Ki+1Ls 1
+ 5 T// |z — ul |y — v| dzdy.

Proof. From Lemma 1 we have for)\:a—f(a: y) and p = (m Y)

217) f o) = f o) + (=) 5 (@) + - 0) 5 @)
1
te-u [ (Fren+a-0wol- 3 @)

v [ (Zre+a-ne-Ley)a

for any (z,y), (u,v) € G.
By taking the 1ntegral mean A [J over (x,y) we get

(2.18) //fxydmdyf (u,v)

// T —u) xydxdy—i-f// —va— y) dxdy
// (& - (/( )+ (1 -n o) - 2 e >)dt)dxdy
+Ag//G<y—v></O (e +a-owol- L @) a)

for all (u,v) € G.
The equality (2.18) implies that

i//gf(w,y)dxdy—f(u,v)

_L// :c—ua xydacdy——// —vamydxdy‘

_AG/ |_“|( [t (z,y) + (1 —1) (u,v)] - a*f( y)’dt)da:dy

+AG//C,V"”‘”'(O

(2.19)

—[t(z,y) + (1 —¢t) (u,v)] — g—g (x,y)’ dt) dxdy
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= /| L |z — ] + K [y — o) ded
2A X u 1| u 1y v .’Z?y
,TG/G@—U\[L2|x7u|+K2|y7dezdy

2
:% [L1AIG//G(SC—U)2d$dy+K2;// (y—v)zdiﬁdy}

K Lo 1
Kt ls // lz — ul |y — v| dedy,

2
which proves the desired result (2.16). 0
We define
of
(2.20) Ug = ffG 3 y) dady and vg = e Yoy (@,y) dedy
S 3 (@,y) dudy [l 8L (z,y) dady
Y

provided that the integrals from the denominators are not zero.

Corollary 2. With the assumptions of Theorem 4 and if (us,vs) € G, then

(2.21) ‘f (ug,vg) — AL // fz,y) dmdy‘

<[L1AG// T —ug) dxdy—i—Kg // Yy —vs) dxdy}

Ki+L 1
S [ e = uslly—os| dsay.

Remark 2. Assume that f G — C is twice differentiable on G and the second
2
partial derivatives %, —2 and 60 are bounded on G. Then

(2.22) ‘f us, vs) // f(z,y dxdy‘

<1 //(—)Qdd+62f i//(—)%zd

2 al"?G,ooAG G:E ug)” dzdy 2 | 6. Ac Gy vg)” dzdy
0% f 1

+’8x8y G,OOAG//G"QC_USHZ/_vSldxdy.

3. EXAMPLES FOR RECTANGLES

If G = [a,b] X [c,d] is a rectangle from R?, then

+b c+d
Alapixfed) = (b—a) (d—¢), Tlapx[cd = and Yo ixfed = —5—
If f : [a,b] X [¢,d] — C is differentiable on [a, b] X [¢, d] and the partial derivatives
a—f a—f satisfy the Lipschitz type conditions (2.3) and (2.4), then for all (u,v) €
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[a,b] X [c,d] we have

(b_a)l(d_c)/ab/cdf(x,y)dxdy—f(u,v)
(aib )§£< 0= (550 o
lLl T —C/Q/c T —u) dmdy
= A

(3.1)

K, + Lo 1 b rd
e (b—a)(d—c)/a/c|$—U|y—v|dxdy
for all (u,v) € [a,b] X [e,d].
Since
b_“) (u—a)
_a —C// x—u dxdy_ 3(b_a) ’
TR Y )2 - 7U)B+(U—c)3
(b—a)(d—C)/a /c (y —v) d:cdy_ T
and

w—él)l(Cl—C)/ab/cd|xu|yvdxdy

(0= 0+ (w=a)’] [(d= v+ (v =)
4(b—a)(d—rc)

hence by (3.1) we get

Ml(d_c)/ab/cdf(x,y)dxdy—f(uw)
<“;Lbu) & () - <C;d )gi (,v)

;lL1<b—u>3+<u—a>3 ke <d—v>3+<v—c>3]

(3.2)

3(b—a) > 3d-0)

Kot Ly [0= 0+ (=)’ [d=v)* + (v =)
2 4(b—a)(d—c)

+

for all (u,v) € [a,b] x [e,d].
In particular, we have

(ba)l(dc)/ab/cdf(x,y)dxdy_f(a;b’c—;—d>

1 2 2 K1+L2
< — _
<51 [Ll(b a)”+ Ky (d c)}+ 5

(3.3)

(b—a)(d—c).
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Assume that f : [a,b] X [¢,d] — C is twice differentiable on [a, ] X [c, d] and the
2 2 2
second partial derivatives %, g—yé and aiéfy are bounded on [a, b] X [¢,d]. Then

1 b pd
(3.4) (b—a)(d—c)/a/cf(x’y)dxdy_f(u’v)

a+b of ctd of
—( 5 —u)ax(u,v)—< 5 —v>ay(u,v)

10—+ @w—a)’|0*f
~- 2 3(b—a) Ox? [a,b] % [¢,d],00
(d—v)° + (=) || 0°f
3(d—c) Y% (0.5 ¢ [e.d] 00
[(b - u)2 + (u — a)ﬂ {(d - v)2 + (v — 0)2} 82 f
+
4(b—a)(d—c) ‘ dzdy [a,b] X [¢,d], 00
for all (u,v) € [a,b] X [c,d].
In particular,
1 bopd a+b c+d
(3.5) (b—a)(d—c)/a/c f(x,y)dxdy—f( 9 ' 9 )
1 ‘ 2f 2 ‘ o*f 2
<=3 (b—a)” + |53 (d—c)
24 [ 81‘2 [a,b] x [¢,d], 00 ayQ la,b] X [c,d],c0
1 0% f
s b—a) (-0 -
16 0xdy [a,b] x [¢,d],00

4. EXAMPLES FOR DISKS

Consider the disk D (C, R) centered in C = (a, b) and with radius R > 0. Observe
that

ll) 2
4.1 —_— x —u)” dxdy
(4.1) D(C,R) JJpc,r) ( )
1 // 2 2
== z° — 2zu + u*) dedy
D(C,R) JJpc.r) ( )
™ ), 2
= — rodrdy — 2u——-—— rdzdy + u”.
D(C,R) JJpwc.r) D(C,R) J/pc.r

Since, by the polar change of variables,

5 o= | ] et
—_— xidedy = — (rcos@ + a)” rdrdf
D(C,R) D(C,R) TR Jo Jo

1 R 27
=— / / (7% cos® (0) + 27 cos 0 + a*] rdrdf
™ o Jo
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1 R 2
= — / / (7"3 cos? (0) + 272 cos O + a2r) drdf
mR? Jo Jo
1 R 27 R 27 R 27
= — / / 3 cos? (0) drdf + / / 272 cos Odrdl + / / a?rdrdd
TR o Jo o Jo A
1 R2

4
= — <7T+7Ta2R2> = + a?,

and

), el
—_— rdrdy = — rcosf + a) rdrdd
D(C,R) D(C,R) TR Jo Jo ( )

1 R 27 ) a
:ﬂ_—m/o /0 (r* cosf + ra) drdf = W—R227r7:a

hence
2

#// (xfu)2dxdy—R—2+a272ua+u2—R—+(a7u)
D(C,R) JJp,r) 4 4 '

Similarly,

;// (y—v)dedy*R—2+(b—v)2
D(C,R) JJpc,r) 4 '

If f: D(C,R) — C is differentiable on D (C, R) and the partial derivatives %,
% satisfy the Lipschitz type conditions (2.3) and (2.4), then for all (u,v) € D (C, R)
we have by (2.12) that

1
(4.2) iW/A(C)R) [ (z,y)dzdy — f (u,v)
of

/
%(u,v)—(b—v)a—y(u,v)

2
1 R2 , 1/2 R2 , 1/2
<=L||— — — —
<3 <[4+(a u)} +{4+(b v)} ,
where L = max {Ly, K1, Lo, Ko} .
In particular,

1
(4.3) ‘D(C,R) / /D o f(z,y)dzdy — f (a,b)
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