HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR
MULTIPLE INTEGRALS ON CONVEX BODIES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. In this paper we establish some Hermite-Hadamard type inequal-
ities for convex functions of n-variables defined on closed and bounded convex
subsets of the Euclidian space R™, n > 2. Some examples for n-hyper boxes
Ry, = [a1,b1] X ... X [an,by] and 3-dimensional balls are also provided.

1. INTRODUCTION
Let us consider a point C = (a,b) € R? and the disk
D(C,R) = {(z.9) € B| (w — ) + (y - b)" < R*}

centered at the point C' and having the radius R > 0. The following inequality of
Hermite-Hadamard’s type holds [4].

Theorem 1. If the mapping f : D (C,R) — R is convex on D (C,R), then one
has the inequality:

1 1
s [ senss g [ i,

— 2R S (C,R)

where & (C, R) is the circle centered at the point C and having the radius R. The
above inequalities are sharp.

Consider also the three dimensional ball B (C, R) centered in C' = (a,b,c) € R?
and with radius R > 0, namely

B(C,R) := {(x,y,z) €R?| (z—a)+@y—b°+(z—¢c)? < RQ}.
The following theorem holds [5]:

Theorem 2. Let f: B(C, R) — R be a convex function on the ball B (C, R). Then
we have the inequality:

1
(12) flabe) < e my ///mm f (@9, 2) dudydz

1
< S BOR) //W) f @y, 2)ds,

S(C.R) = {(z.9,2) € R (z = a)* + (y =)+ (:— )" = R?}

where
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is the sphere centered at C' and with radius R > 0 and

ArR3

v(B(C,R) = -

, the volume of the ball
and
o (S (C,R)) = 4wR?, the area of the sphere.
For other multivariate Hermite-Hadamard type inequalities, see [1]-[3] and [6]-

[12].
In the following, consider G,, a closed and bounded convex subset of R™. Define

Va., :// dxq...dx,
G,

the n-volume of G, and (TiG,, ..., Tna,,) the n-centre of gravity for G,,, where

1
Tig, = V—// x;dxy...de,dedy, for i € {1,...,n}.
Gn Gn

Consider the function of n variables f = f(x1,...,x,) and denote by 8(% the
partial derivative with respect to the variable z; for i € {1,...,n}.

As examples, we can consider the n-hyper box R, :=[a1,b1] X ... X [an, by] C R™,
for which

n

Vg, = H (bi —a;) and T; &, =

i=1

bi—i—ai

fori e {1,...,n}.

Also, if we consider n-hyper ball centered in C = (¢y, ..., ¢,,) and with radius R > 0
defined by

n
B, (C,R) := {(ml, ey T | Z (zi —;)® < RQ} C R",
i=1
then the n-volume of B, (C,R) is

7r
VBn = T7n N

FE )
where I is Euler’s gamma function.

Using explicit formulas for particular values of the gamma function at the integers
and half integers gives formulas for the n-volume of the Euclidean ball as

ok 2 (k) (4)"
VB% — 7R2k and VszJrl = m

o R2k+1, k Z 1.

We also have T; g, = ¢; for all i € {1,...,n}.

Motivated by the above results, in this paper we establish some Hermite-Hadamard
type inequalities for convex functions of n-variables defined on closed and bounded
convex subsets of the Euclidian space R™, n > 2. Some examples for n-hyper bozes
R, :=la1,b1] X ... X [an,by,] and 3-dimensional balls are also provided.
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2. THE MAIN RESULTS

The following double inequality holds:

Theorem 3. Let f: G,, — R be a differentiable convez function on G,,. Then for
all (Y1, ..-yYn) € G,, we have

Z aZL'Z Z/ly . 7yn) (xz Gn, — Yi )

=1
< V / / f(xyy ey zn)dey..de, — f (Y1, oy Yn)
Gn
= z—ZIVGn//Gn mi%(x17~'-axn) dzy...dx,
_;yl / / dz; (T15 ey Tn) 1. d,.

In particular, for (y1,....,Yn) = (T1.Gps - Tn.G,) we obtain
(22) 0< 7/ / [z, ., zn) dey .. dey, — [ (T1G,, - TnGy)
< ;VGL// xig—i(xl,...,xn)dasl...d:rn
_Z anV / / 61‘1 (1, ey Tp) dxq...dTy.

Proof. Since f : G, — R is a differentiable convex function on G, then for all
(X1, ey @)y (Y15 Yn) € Gy, we have the gradient inequalities

23 2 2 ) =9 < ) £ )
i=1 "

Taking the integral mean ﬁ [+ J5 in (2.3) over the variables (z1,...,z,) we
deduce

24 Ve, / / Za

"zl

/ / f(x1,yzy)dey..de, — f (Y1, oy Yn)

1 ;)
< _— [ ...
- VGn/ /Gn;é?xi(

X1y ey T) (5 — y;) dxy ... dxy.
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Since
af -
- Zz:; aiml (y17 7yn) (ZU%GW — yL)
and
/ / Z “73771) (:El *yi) dxq...dx,
Gn i=1
1 of
= Zz:; E / . ../Gn xtaixz (1, ..., Tp) dzy...dTy
_pzlyz / / 8151 xl,“.’xn) dwldwn
hence by (2.4) we get (2.1). .
We have:

Corollary 1. Let f : G, — R be a differentiable convex function on G,, and assume
that

f"'fGn J,‘L% ($1,...,$n) dxq...dx,

2.5 T; 8 = ,t1e{l,..,n
(25) s f...fGn g—i (@1, ey ) dx1...dzy { J
exist.

If (1,8, ..., Zn.g) € Gy, then
(2.6) 0< f(z1,8) - 2n,S) / / f(z1, ..., zpn) dzy..dxy

0
< (o sns) s — ).

ox;
i=1

Proof. If we take in (2.1) (y1,....yn) = (21,5, .-, Tn,s) € Gp, then we get

Ny
el

o n,s) (Tia, — Zis)

> / / f L1,y T del dwn - f($1,57~-~71‘n,s) < 07
VG

which is equivalent to (2.6). O

Remark 1. We observe that from (2.6) we also have the inequality for the sup
norm as follows

(2.7) 0< f(z1,8,-yTn,s) / / f(xy, .y zy)dey...da,

|35 — Tiq,
Gy ,00

83:1
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Corollary 2. Let f G, — R be a differentiable convex function on G,,.

partial derivatives 2 —, 1€ {1,....,n}, satisfy the conditions

of

m; S a _(331,...,
1

(2.8) xn) < M;, for any (z1,...,2,) € Gy

for some m; and M;, i € {1,...,n}, then we have

(2.9) 0< —/ / fx1,xn)dey..de, — f (T1Gy, s Tnicr)
1 1

<= M—m) — | ...
<y mge [ e
Proof. Observe that for all «;, 7 € {1, ...,
VG / / {8% Ty ey Ty) — az} (x; — Tiq,) dzy...dz,
+Oz—/ /
v [

This implies that

i — Li,Gp

n

n}, real numbers, we have

(9331 (1,0, 20) (2 — Tig,) day...day,

—Tig,) dry...do,

oz, (X1, x) (T — Tiog,y) doy...dy,.

of

1
(2.10) ;V/ / oz, (T1y ey ) (x5

AL

If we take in this equality a; = § (m; + M;), i € {1, ...,
(2.8) and the inequality (2.2), then we get

1
< —
0= Va, / /an(xl’ '

—Tig,) dzy...dz,

oz, (1, ey ) — | (x5

Zlin) dmldxn — f (xl’Gn, ceey 33,17@”)

of

d.’IJl..

5

If the

.dx,.

- xi,gn) dml...daxn.

n}, and use the condition

.dxy,

G|
<y o) (2 — Tigo) dxy...dy,
_;VGn/ .. Oz, (@1, ey ) (T — Ti,) deg...dx
1 0 1 ]
:ZW// [aa{ (xl,...7:cn)—§(mi+Mi) (i — Tic,) dzy...dxy,
i=1 n Gn i _
1 o) 1
— Zﬁ// [aa{ (X1, ooy Tn) i(mi+M) (zi — Tig,) dzy...dzy,
i=1  Cn Gn t
G| of 1
< Y n) 5 i M’L i~ Ti,Gy
_l_ZIVGn/ /Gn 8331 (:Ela , L ) Q(m + ) |.’E ;G
<L )nl/ /| —Fra| dus..d
=9 ) m; VGn . T Zi G, | AL1...ATy
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and the inequality (2.9) is proved. O

Remark 2. If we use the discrete Cauchy-Bunyakovsky-Schwarz inequality we have

n

Z(Mi —m;) |z — Tig,| <

=1

n 1/2 n 1/2
> (M — mi)ﬂ lz (i — l‘i,Gn)Q]

i=1 i=1

and by the inequality (2.9) we get

1
(2.11) 0< V—// [z, nmy)dey.de, — f (1.6, - Tnicy)
G

Gn
1/2
/ / [ xi,gn)Z] dml...da:n.

By Cauchy-Bunyakovsky-Schwarz integral inequality we also have

L 1/2
—_— / s / |£Ci — xi,Gn| dl‘ld.ﬁn < |: / / —Xi,G, Gn dmldxn]
Ve, Gn

and by the inequality (2.9) we get

n

1
(2.12) 0< W// fx1,.nmy)der..de, — f (1.6, - Tnicy)

%Z(M m;) |:VG / / T — Ti.G, dxl...dmn

We say that the partial derivatives % are Lipschitzian with the positive con-
stants (L; 1, ..., Lipn), 9 € {1,...,n} if

1/2

af or

(2.13) 8:171( ey ) — 3o

ey Yn)

ZLZ] |z —

for all (z1,....,2n), (Y1,.-,Yn) € G, and 7 € {1,...,n}.

Corollary 3. Let f : G, — R be a differentiable convez function on G,. If the

partial derivatives %, i €{1,...,n}, satisfy the conditions (2.13), then we have

1
(2.14) 0< —// flxr,..xn)der..de, — f (TG, Tnicn)
G

n n

< ZZL i V / / —Tj.anl |z — Tig, | dey...dx,.

=1 5=1
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Proof. By using the identity (2.10) for «; = (’% (T1Gs - Tnagn), t € {1,...,n}
and the fact that % is Lipschitzian for each i € {1,...,n}, we get

1
< V—// [y, zn) dey.dey, — f(T1G,, - TnGy,)
Gn
<ZVG / / oz, (@1, .y ) () — Tyq,,) doy...dxy,
zzi// ai(x x)_ﬂ(x 7 a)
i1 VG" G _8332’ 1y 8332 1,Gns s Tn,Gr

x (z; — TG, ) dzy...dzy,

<SS [ O gy O o
< ; Va, / /Gn o (T15 3 Tn) B, (TG - Tran)

X |z, — TG, | dey...dey

n

SRR |
<N — [ ... Lijlz; —Tja. | | o — Tig, | dxy...dx
;VGn G 2 Ll =) Y '

j=1

n n 1
ZZZLui// lzj — Tjaal |z — Tia, | do...dan,
— - Va, Gn

which proves the desired result (2.14). O

Remark 3. We have

n

ZZ ’JV / / — Z5,Gp | |$z m| dxq...dx,

< max {L J}ZZ / / - TG, |z — Tig, | dz...dxy,
L=l i=1 j= 1

= max {1, 7]}V / / S5 oy - w5 o o
’ Gn =1 j=1

- s 1L g [ [ Yk i |Z|wz 7G| oo

1 / / n
= max {L; Ti— TG, dry...dx,
e (L) (D |) 1

and by (2.14) we get

1
(2.15) 0< W// fz1,..xn)der..de, — f (TG, Tnicn)

< Jmax {L”}V / / (ZLTZ—%G > dxq...dx.,.
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We also have by Cauchy-Bunyakovsky-Schwarz integral inequality that

1 |
Vi// ‘ij_xj,Gn‘|xi_$i,Gn|d$1---d$n
Gn Gn
1/2
(VG / / —Tja, dazl...da:n)
2
B i — Tigo|? doy.diy,
(et )

1/2

foralli, j=1,...n
Therefore

n n 1

E E v / / —Zj.anl |z — Tig, | dey...dx,
G

1=15=1 "

N ) 1/2
< ( / |];j —%Tnf da:l...dxn)

1 1/2
92
X (VGn/ /Gn |z; — Tia,|” dzy...dz )
1 1/272
2
= —_ i — T3 dry...dz,,
[ <VG“ / /Gn [we = Fiul don.. d > ]

Consequently, by (2.14) we get
(216 < 7/ / f 1'17 T dml dxn - f(ml,an“axn,Gn)

) 1/272
Z ( / .. / ‘;{;i _m2 d.’I}ldl’n)
— \Va, G

Also, by Cauchy-Schwarz discrete inequality we have

n ) 17272
= \Ve, G
" ) 1/272
n; (‘/Gn//Gn |z, — Trg, 2d.’L‘1"'d$") ‘|
:ni// > v — Tig, ) doy..day,
Va., G, “

nog=1

n

>

<  max {L,j}
1,j=1,.

IN

and by (2.16) we get

(2.17) 0< V—/ / fx1,.zn)dey...de, — f(ZT1G, .- Tn.Gy)

max {L”}V / / Z|$z—$zc | dzy...dz,.

"11

<n
1,j=
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Corollary 4. Let f : G, — R be a twice differentiable convex function on G, . If
2

the partial derivatives agafmw i, 7 € {1,...,n}, are bounded on G, namely
iOTj

f
Gﬂciﬁxj

(-Th ,.’En) < 00,

= sup
Gy ,00 (1420 ) EGy,

82 f
8962-8%-

then we have

1
(2.18) 0< —// f(x1,.zn)dey...de, — f(ZT1G, .- Tn.Gy)

< ZZ G oo Ve, / / —Tj6, | |lvi — Tig, | dor...dpy,.

=1 j=1
For a continuous function g : G,, — C we consider the usual p-norms as follows

63:1891: j

Sup(xl,...,mn)EGn ‘g (1‘1, (EE) :En)|

loll, , = )
(ffGn lg (1, .oy zn) [P dml...dxn) , p>1.

‘We also have:

Theorem 4. Let f: G, — R be a differentiable convex function on G,,. Then

1
(2.19) 0< V—/ / flzr,.xn)der..de, — f (TG, Tnicn)

2] —_
z 1 632 — Oy o e 7‘/(1;" ffGn \mi — xi,Gn|d$1~-~dxn7
s

1/q
S| e (v i~ g | iy

IA

Gpn,p
for p, q>1with%+% 1,
n of
Ei:l oz, Qs G 1sup(av17 3 Tn ) EGH | — TG, ,Gn

for any (ai,...,a,) € R™
In particular, for (aq,...,a,) = (0,...,0) we get

(2 20 0 < 7/ / f ZL’1, o n) dmld‘rn - f(xl,Gnv'“vxn,Gn)

of
l L 0z Gy, ,00 VGn f fG — TG, |dI1 dl‘n,

G 1/q
o
Z?zl 3{1 a., (VGn f fG 7(L’i7Gn|q dxldxn)

for p, q>1wzth —l—f—l

IN

n af .
Eizl 27 || 1bup(x1, T )EG, | - TG,

ns
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Proof. We have the equality

n

1 of
(2.21) Zﬁ//a axi( o) (@7 — Tigy) dy .dy,
=1 n

S L Lo

Using Holder’s integral inequality we have

//[

oz, (T1, ey Tp) — 041} (x; — Tig,) dzy...dzy,.

o2, (T1y ey @) — al} (% — Tig,) dzy...dxy,

%(w17 yIn) — Q4 VG f fG — Xi,G, |d(L’1 dmn

(S e, p)”’:

/q
x (@f“-fgn z; —quxl...dxn)
fOI'p7 q>1W1th%+%:1’

a:l,...,xn) —

IN

SUD(g, . wn)eGn |Ti — TisGry Vc [ fG” 8% (1, ey ) — | day...dxy,
of . Y T
el . VG" J fGn |zi — Tig, | dzy...dz,
1/q
of _ _
_ 1, (673 a. (VG” f fG Ti,G,, | dzl d:r'n)
for p, q>1w1th 1 ,71
of
92, — Qi SUD(y, ., )eGy [Ti — TiGl -
v Gn,l

Therefore by (2.10) and (2.21) we get

1
(2.22) 0< V—// fx1,..zn)der..de, — f (T1.G,, - Tnicn)

g Vi/ ./Gn [(‘hfz (T1y ey @) — ozl} (x; — Tig,) dzy...dzy,
|1
Ez: V7/ / [8% (T, Tn) —ozz} (x; — Tig,) dzy...dxy
Ylie1 6@ —, Vcn [ Jo, |lwi — TG, dey...day,
n of 1 q 1/q
< Zi:l Bz, — Oy c p(vcn f fG 7171'7Gn| dzldxn)
for p, q>1with%+%—1,

n of . . R
Ei:l 6711 — @y G 1 bup($17...,.’tn)EGn |xz J;%Gn

for any (aq, ..., ) € R™.
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1 _
— oy v |z; — Tig, | dzy...dxy,
Grn,00 YGn Gn

Remark 4. If we put

of

Boo (ala"'aan) = o,

then we have

(2.23) Boo (1, ..y i)

= s i —Tig] | doy...d,.
Also, if we put
of 1 1/q
B n) = — Gy i_iiqd dn )
(01, am) 0w, Goop (VGn / /G 7 = TGl don.-.d )

then by Hélder’s inequality we have

’ 1/q
GnyP) (VG / / Z |1'1 _%quldxn>
1

(2.24) By (o, ...,an)

()
=1

8;52‘
forp, g>1 with%—l—%:
If we denote

— 4

"zl

of .
B (a1, ..., ap) := —q; sup [T — TiG,
i— 8.131' Gn,1 (21,70 )EGH
then we also have
(2.25) By (o1,...,an) < max sup |z — Tig, | —a
i€{Ll,...,n} | (21,....00)EGR ' ' ; O ' Gl

3. EXAMPLES FOR n-DIMENSIONAL BOXES

We can consider the n-hyper box R, := [a1,b1] X ... X [an,b,] C R™, n > 2 and
assume that f: R, — R is a differentiable convex function on R,,. We have
. bt
VR,L = H (bZ - ai) and Ti,R, = ta
i=1
Also for i € {1,...,n} we have

1
ﬁ// |z; — Tia, | dey...dxy,
el Lk

1 /1 b; + a;
= T
T b —a a;

2
If the partial derivatives %, i €{1,...,n}, satisfy the conditions

forie {1,..,n}.

b—l—al

dzy...dx;...dx,

1
dLUZ‘ = 1 (bl —ai).

(3.1) m; < g)f (1, .o, @) < M;, for any (z1,...,2,) € Ry
z;
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for some m; and M;, i € {1,...,n}, then by (2.9 ) we have

by by
=1 \"? 4 ai

b —|— a1 b, + a, 1 &
i=1
Also, observe that
! / / |z; — Zi g, |? dzy...dx
VRn : 3 i, Ry 1..-8lm
b1 .
= / / / @i dxl...dxi...dmn
1 / bi + a; | (b fai)qﬂ
= Ti — P = o
bi—ai a; 2 Qq(q-‘rl)
and
b; i 1
sup |z — Tim, | = sup T — tai) 1 (b; — a;)
(1520 ) EGH (1420 ) EGH, 2 2
and by (2.19) we get
1 by bn
(3.3) 0< ,7/ / f(x1, .y zy) dey...day,
HiL:l (bl - ai) a1 an
n 2]
iZi:l‘ oz, — i ’ oo(bi_ai)v
1
—f (bl ta bn "‘an) o q+1) i ’ aai @i np(bi —a;)""
2 772 B forp,q>1w1th —1—7 1,
)
32 ‘ af i (bi — a;)
for all (aq, ..., ap) € R™.
In particular, we have
1 by n
(34) 0< ni/ / f(x1,.yzy) dey...day,
Hi:l (bl - ai) a1 an
n 0
izz‘:l ) ag{i B oo (bi - ai)v
n o —+1
—f<b1+a1,...,bn+an> < mzizl‘ 372 ng (bi*ai)q
2 2 forp,q>1with%+a:1,
)
%Z?:l ’ azfi Rl (bi —a;).
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For i, j € {1,...,n} with i # j we have

by ‘ ‘
/ / aj + b i @i bz dacldgcn
1
= 16 (bi — a5) (bi — ai)
and for ¢ € {1,...,n}
by
a; + b; 1
/ / - dxl...da;n =5 (i - a;)?.
Now, since
— TR, | |Ti — TR, | doy...dxy,
;; &claxj Ry.00 Vi, / / J
Z / / $i,Rn|2dl‘1...dajn
i=1 R, ,00 VR R,
ol M R A |
+2 i — TR, T — Tir, | dzy..dzy,
1§;§n 0z:0x; ||, o VR -
1 & 82f 5 1 82f
=52 |72 (bi—ai)+5 > A (bj — a;) (bi — ai)
12 = al'z R, ,00 8 1<i<i<n &Tzazj R oo

then by (2.18) we have

1 by by
. L —p—— vy Ty) dxy .. dXy,
(35) 0< T (i — a0 /a1 / f(z1, .., zp) doy.dx
_f<b1+a1 bn—i—an)

2
1
(bi — a:)* + 3 >

0% f
xT*
i=1 9z Ry 00 1<i<j<n

1
<
- 12

(bj —a;) (b — ai)

R, ,0c0

Bxi{“):cj

provided that f : G, — R is a twice differentiable convex function on R,, and the
2

partial derivatives 785_624 i, j € {1,...,n}, are bounded on R,,.
10T

4. EXAMPLES FOR 3-DIMENSIONAL BALLS

In this section we will point out some inequalities of Hermite-Hadamard’s type
for convex functions defined on a ball B (C, R) where C' = (a,b,c) € R3, R > 0 and

B(C,R) := {(m,y,z) €R?| (z—a)’ +@y—b)"+(z—¢)° < R2}.
Let us consider the transformation 75 : R?® — R? given by:

T5 (r, 1), ¢) := (rcostpcosp + a,rcosysinp + b, rsiny + ¢).

It is well known that the Jacobian of Ty is J (T3) = r? cos ) and T3 is a one-to-one
mapping defined on the interval of R?, [0, R] x [ 5 5] [0, 27] , with values in the
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ball B (C, R) from R3. Thus we have the change of variable:

///B(C,R) f(z,y,2) dedydz

R 5 2w
= / / / f(rcostcosp + a,rcossing + b, rsiny + ¢) 2 cos drdipdep.
o J-z.Jo

We have
TB(C,R) = & YB(C,R) = b and Zp(c.r) = ¢
and
/// |x —ZB(C,R) | dxdydz
B(C,R)
R Z 2
= / / / |7 cos v cos ¢ + a — a| r? cos Ydrdipdy
0o J-zJo
R 5 2m R4
= / / / |cos | 73 cos? Ydrdipdy = —.
o J-zJo 2
2
Similarly

R4
/// |y — yB(c,R)| drdydz = /// |z — ZB(C,R) | dxdydz = -5
B(C,R) B(C,R)

Let f : B(C,R) — R be a differentiable convex function on B (C,R). If the

partial derivatives %, g—g and satlsfy the conditions

v Lt (. epO

s < (?T]yc(x,y,z)SSforany (z,y,2) € B(C,R),
of

t < 5, @y2) <Tforany (z,y,2) € B(CR),
Y

then we have

1
(41) 0 S 472;:‘;3/\//3(071%) f(l',y,z) dxdydz - f(a’7b7 C)

§136R(M+S+Tfmfsft).

From the inequality (2.19) we also have

(42) 0< 4R3 ///B(CR (z,y, z) dedydz — f (a,b,c)

3 of
< = _
8R + ‘ ay ()

2o, e,

B(C,R),00 ]

B(C,R),c0 B(C,R),00
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for all (ay,...,a3) € R? and, in particular,

1
43) 0< g i /B o @ 2) ez~ 1 (0,0,0

of
ox

/// |z—zB(C,R)}2dacdydz
B(C,R)
R E 27
= / / / 2 sin? ¢r? cos drdipdy
—_z Jo

2

5 27 4
/ / / r4sin? ¢ cos Ydrdipdy = BTI‘R5
0

s
2

B(C,R),oo‘| -

0
o

B(C,R),c0 H 9

We also have

and, similarly

2 2 4
/// ‘x — LEB(C7R)| dxdydz = /// |y —YB(C,R)| drdydz = 1—57TR5.
B(C,R) B(C,R)

/// |JC - 1’B(C,R)| |y —YB(C,R) | dxdydz
B(C,R)

R 2 ,on
= / / / |7 cos 1) cos | |1 cos ¢ sin | 2 cos Pdrdipdyp
—z Jo

Also

2

o 27
/ / ’ / 4 cos® 1 |sin o cos | drdipdyp = 18—5R5
0

us
2

and, similarly

/// |x—xB(C7R)| |Z—ZB(C7R)|de‘dde
B(C,R)

:/// ’y_yB(CvR)| ’Z_ZB(C,R)‘dxdydz: Z RS,
B 15

By the inequality (2.18) we have

(44) 0< f ///B(CR (z,y, z) dedydz — f (a,b,c)

o L = IS 2 I =
5 02 B(C,R),00 B(C,R),00 B(C,R),00
N iRz 02 0% f 0% f
5 920Y | (¢, )00 020z || g, ) oo Y02 || p(c, Ry oo '
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