OSTROWSKI TYPE INTEGRAL INEQUALITIES FOR MULTIPLE
INTEGRALS OF FUNCTIONS WITH LIPSCHITZIAN PARTIAL
DERIVATIVES ON CONVEX BODIES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Ostrowski type inequalities for
functions of n-variables defined on closed and bounded convex bodies of the
Euclidean space R™ whose partial derivatives are Lipschitzian. Some examples
for n-hyper bozes Rp := [a1,b1] X ... X [an,bn] C R™, n > 2 and 3-dimensional
balls are also provided.

1. INTRODUCTION

In paper [1], the authors obtained among others the following results concerning
the difference between the double integral on the disk and the values in the center
or the path integral on the circle:

Theorem 1. If f : D (C,R) — R has continuous partial derivatives on D (C, R),
the disk centered in the point C = (a,b) with the radius R > 0, and

0 0
H — s f(w7y)’<oo7
(z,y)eD(C,R) Ox
H L= s M’ <
| p(c,r),c (z,y)ED(C,R) dy
then
) 1@ [ fay)ded
. Y z,Yy)aray
TR? D(C,R)
- 37T H D(C,R),00 Hay D(C,R), 1
The constant %r is sharp.
We also have
1) | [ tewded- s [ pmae)
. ™R? J Jpery” 2R Js(c,Rr)
[ .
9 D(C,R),00 dy D(C,R),00 ,
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where o (C, R) is the circle centered in C = (a,b) with the radius R > 0 and

1

— dl
7R |om f(v)dl(v)

(1.3) 'f(C) -

Iz
Ox D(C,R),c0 -

In the same paper [1] the authors also established the following Ostrowski type
inequality:

D(C,R),00 H Ay

Theorem 2. If f has bounded partial derivatives on D(0,1), the unity disk, then

(1.4 ’f(u,v)—jr J[, . f oy
|15

1
(u arcsinu + -1 —u? (2 + u2)>
D(0,1),00 3

of
+Hay

For other Ostrowski type integral inequalities for multiple integrals see [2]-[14].
In the following, consider G,, a closed and bounded convex subset of R™. Define

Va, = / / dxi...dx,

the n-volume of G,, and (TiG,, ..., Tna,,) the n-centre of gravity for G,,, where

TiqG, ‘= V—// x;dxy...dz,, forie{l,..,n}.
Gn Gn

Consider the function of n variables f = f(x1,...,x,) and denote by - the
partial derivative with respect to the variable z; for i € {1,...,n}.

As examples, we can consider the n-hyper box R, := [a, bl] X oo X [ap, bp] C R™,
for which

1
<v arcsinv + 3 1—v2(2+ v%)]

D(0,1),00

for any (u,v) € D(0,1).

n

Vg, = H (bi —a;) and 77 g,
i=1

. b; +a;

forie{1,..,n}.

Also, if we consider the n-hyper ball centered in C' = (cy, ..., c,) and with radius
R > 0 defined by

B, (C,R) :—{ Z1yeeny T | Z i —Ci) §R2} C R™,

then the n-volume of By, (C,R) is

n

Ve = — "2 R op>9
BT rEy) e

where I' is Euler’s gamma function.
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Using explicit formulas for particular values of the gamma function at the integers
and half integers gives formulas for the n-volume of the Euclidean ball as

xk

2 (k! (47)"
o RQ]C and VB2k+1 — MRQk-‘rl) k Z 1.

V =
Bk (2k +1)!

We also have Z; 5, =¢; for all i € {1,...,n}.

Motivated by the above results, in this paper we establish some Ostrowski type
inequalities for functions of n-variables defined on closed and bounded convex bodies
of the Euclidean space R™ whose partial derivatives are Lipschitzian. Some exam-
ples for n-hyper bozes R, := [a1,b1] X ... X [an,b,] C R™, n > 2 and 3-dimensional
balls are also provided.

2. THE MAIN RESULTS

‘We have:

Lemma 1. If f : G, — C is differentiable on G,, then for all (x1,...,2,),
(U1, .oy t) € G and A; € C, i € {1,...,n} we have the equality

n

(21) (@1 @n) = f (U1, un) + Y (25— wi) A

i=1

+ Z_; (zi — uq) /01 (88:52» [t (21, n) + (1= 1) (U1, oy )] — )\z-) dt.

Proof. By Taylor’s multivariate theorem with integral remainder, we have
(22) f(zla"'axn) :f(ula"'aun)
+ Z (z; — w;) [E(x1, ey xn) + (1 —t) (U1, ..., up)] dt
i=1 (

) 8%1

for all (z1,...,2n), (u1,...,un) € Gy.
If \; € C,ie{l,..,n}, then

(x; —w;) /01 ( of [t (@1, zn) + (1 — 1) (U1, ey tin)] — /\i) dt

8:@
1 af
= (z; — u;) D [t (21 @) + (1= 1) (U, ey )] dt — (25 — ui) Ag
0 i
and by (2.2) we get the desired result (2.1). O
We assume that the partial derivatives %, i € {1,...,n} satisfy the Lipschitz
type conditions
of of -
(2.3) ‘8% (1, 0y ) — o (U1, oy )| < ;LU |z — uj

for all (x1,....,@n), (u1,...,u,) € G, where L;; > 0, ¢, j € {1,...,n} are given
positive constants.
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Theorem 3. If f : G — C is differentiable on G and the partial derivatives 8‘%
i € {1,...,n} satisfy the Lipschitz type conditions (2.3), then for all (uq,...,u,) € G,

we have

(2.4)

/ / fx1, o zn) dey.dey — f (ur, ..., up)
Vo,

- Z (TG, — w;) gf (U1 ey Up)

%ZZ ij VGn/ / — U; |£Cj Uj|d$1d1'n,

In particular,

(2.5)

1
V—// fx1,.my)der..de, — f (T1.G,, - Tnicy)
Gn Gn
I v — 1
ST By
SEP L A

Proof. From Lemma 1 we have for \; = % (U1 eeytup), t € {1,...,n} that

- TG, | dzy...dey,.

(2.6) f(xl,...,xn):f(ul,...,un)—i—Z(xi )889{1 (U1, .oy )

+§: (z; — w)/o (gﬂi [t(z1, s n) + (1 —1) (U1, ..., un)] — gi (u1, ...,un)) dt

for all (z1,...,2y), (U1,...;upn) € Gp.
By taking the integral mean ¢l [ --- [, dz;...dz, over (z1,...,2,) in (2.6) we
get

(2.7) / / fx1,eyzy)dey..de, = f(ug, ..., up)
Ve,
of
+l_ZI<VG// z;dry...dT, — U )5‘@ (U1, ooy Up)

&l S

n711

y </01 (gi @1, n0) + (1= ) (01, cy)] = 52 un)) dt) doy...dz,

for all (uy,...,u,) € Gp.
By using the equality (2.7) we get

/ /facl,..., ) dz1...dzy — f (U1 ooy Un)

_ ; (;L'LG” — UZ) % (Ul, ceey ’Lbn)
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" Ve, / /n; i~ )
of (u1, un)> dt> dzy...dz,,

X(/o <ax,» [t (21, 0 70) + (17t)(u1,...,un)}78xi

7VG / / @i~ i)

y (/O <8f [ (@1, oo ) + (1= ) (s oy )] — gi_ (ul,...,un)> dt)

= 1
dmldxn

ox;

7VG / /nlzllxz_ul
of (ul,...,un)> it

x /O < f[(ml,...,xn)+(1—t)(u17"'7“”)] o

o0x;
o S
""L 1

d.%‘l...d.’ltn

1
0 0
X </0 6;: [t (21, n) + (1= 1) (U1, ey un)] — G:Z: (Un,y ooy Un) dt> dey...dz,
= VG / /\n ; |mz - uz ZL’LJ ‘.’I}'] u]|/ tdt d(Ijl dwn
2 VG / / ZZL’J @i — wi |$] U]| dxy...dx,
Gn = 15=1
- 722[/” Ve, / / UZH% —uj|dz1...dxn,
=1 j=1
which proves the inequality (2.4). .
n} Lij then

We observe that if we put L := max; jeq1,..,

1
Ll]@//g |xi_ui|‘xj_uj|d$1...dxn

<L—/ / ZZL%—UZH% uj| dai...dxy

"11]1

2
= L—/ / ( |z — uz|> dxy...dz,

<nL—/ / Z dml dx,

"11

_nLZVG / / d.’bl dl’n,
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where for the last inequality we used the discrete Cauchy-Bunyakovsky-Schwarz

inequality.
By (2.4) we get

(2.9) / / f(x1, . zn) dey.dey, — f(ur, ..., up)

of

Tq

1.1 ~
S 7L7// Ty — Uy
i [ (S

<

T1...dx,

N~ \—/
N

for all (uy,...,u,) € Gp.
In particular, we have

(2.10) / / fz1,..zn)der..de, — f (T1.Gry - Ty )

2
11 . S
< QLVGT_/”./G” (sz —fﬂi,Gn|> dzy...dzy,

n

1
< QRLZVG,L/ / P — U;) dml..

From Cauchy-Bunyakovsky-Schwarz integral inequality we have

1
L el e — | dey.da,
VGn/ /Gn |z — wil |z; — wj| dy...dx
1/2
<VG / / —ul diljld.%'n)

(VGH /- / Y day...

therefore

1
Ll]@//g |z; — ;| |z; — uj| day...dzy,

<LZZVG / / — wil |lz; — uj| dzy...day,

=1 j=1

gLZZ( // T — u;) dml...dxn>1/2

i=1 j=1

(G o f e ran

’LLL) (97 (Ul, ..

nLZVG / / )? day..

-aun)

dx,,

dx,.

1/2
dmn>

1/2
dwn>
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Lﬁ;(VG /- / T = i) dxl...dxn>1/2r
<nLZ (VG / / i —ui) dml"'da:n>1/2]

—nLZVG / / dxl dz.,,

where for the last inequality we used the discrete CBS inequality.
By (2.4) we get

(2.11) / / f(xy, ey zn)dey..da, — f (ug, ..., uy)
- @G ) gy (s
1 [/ 1 1/2
§§L ;(VGW//GH(%_UZ) dz dxn> ]
SlnLil/.. / (x; ) dxy...dz,
2"V, .

for all (uy,...,u,) € Gy.
In particular,

(2.12) / / f(xy, e zn)dey..dey — f (LG, s Tnocy)

1/272
<VG/ / len d;v1...dxn> ]

n

1
§§ LZVG / / T — Ticy) dxl...d:cn.

1

‘We have:

Corollary 1. Assume that f G, — C is twice differentiable on G, and the
second partial derivatives M Bz for i, j € {1,...,n} are bounded on G,, (for j =i

°f d f
we denote B:07; ) Put
0% f 0% f
= sup (T1, ey Tp)| < 00,
9207 |G, oo (@1,mwn)€G, | 0210,
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then
1
(2.13) —// fxy, ey zn)dey.de, — f (ug, ..., up)
Ve, G

= 0
Z 8f (ul,.. un)

i=1
1 / / — wil |z; — uj| dzy...day,
0x;0x; G0 VG

n

for all (uy,...,u,) € Gp.
In particular,

(2.14) L// J (@1, e 20) deydy — f (@G Ty

V / / - mi,Gn‘ |$j — T45,G, | dml...dxn.
G, ,00 Gn

The proof follows by the fact that if 5>——, for i, j € {1,...,n}, are bounded

on G, then the partlal derivatives %, 1 6 {1,...,n} are Lipschitzian with the

Jfori, je{l,...,n}.

n 00

- 2 8%8%

=1 j=1

constants L;; = ‘ d‘de-L]

We also have:

Theorem 4. If f : G — C is differentiable on G and the partial derivatives %,
i € {1, ...,n} satisfy the Lipschitz type conditions (2.3), then for all (uy,...,u,) € Gy
we have

(2.15) %// F (@1, sy day.day — f (ug, .., up)
/ / Z ($1,...,xn)dx1...dxn

"zl

= 222 ij VG / / ul||x3 —U,j|d$1...d$n.

1=15=1

In particular,
1
(2.16) |— / . [z, oz dey.de, — f (T1.Gyy - TG )
Va. G
1
/ / Z f (z1, ..., Tp) dxq...dzy,
n G xl

1 n n 1
<35 ZLUW//G |z = Tig,|lv; — Tja, | doy.doy,.
== . .




OSTROWSKI TYPE INTEGRAL INEQUALITIES 9

Proof. From Lemma 1 we have for \; = 6% (1, ..y, xpn), 1 € {1,...,n} that

(217) f (xla 7xn) = f (uh ,un) + Z (x’L - ul) % (xla 7=Tn)
i=1 v
n 1 a
—|—Z (z; — u,-)/o (g;f [t (@1, @n) + (1 —8) (U1, .oy tin)] — an (21, ...,xn)) dt
i=1 ‘ v

for all (z1,...,2n), (u1,...,un) € Gy.
By taking the integral mean % - Jo dxy..dz, over (zq,...,xy) i

get

n (2.17) we

(2.18) 7/ / F @1, oy @n) dyday = f (ug, .oy un)
/ / Z xl,...,xn)dxl...dxn

"11

- /2;

K2

< (/O (gi [ (1, oo ) & (1= ) (1 s )] — gii (a1, xn)) dt) doy...do,

for all (uy,...,u,) € Gp.
By the equality (2.18) we get

(2.19) / / f(z1, ., zn)der.dey, — f(ug, ..., up)

/ / Z xl,...,mn)dml...dxn

"zl

VG/ /Z =)

”11

x (/01 (gi [t (21, s ) + (1= 8) (ur, ooy )] — ggi (xl,...,xn)> dt> dzy..dz,

<u )L

< (/01 (gi_ [ (1, oo ) + (1= £) (1, oy )] — gi_ (xl,...,xn)> dt)

'_uz
i=1

d.Tld.’En
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_VG / /n;|$z—ul|
([ 3
0
n 1
Ty — Ui Lijlzj — uj 1—t)dt | dz;...dz,
_VG/ /Z| |;J|J J|/O( ) 1
2VG / / ZZLM|$i_ui||$j—uj|d$1...da:n
=1 j=1

1 n n
== LZ—// |2 — ug| |z — uj| day...dxy,
PRI A A
(

of
oz, [t(z1, .y zn) + (L —1t) (ug, .y upn)] — oz, (1, .0y )

dt> dzy...dx,

Gn

which proves the desired result (2.15). g
We define
of
Tist (X1, .y Ty) dxy...dxy
(2.20) x5 = / fG" oz; (71 ) do ,1€{1,..,n},

T Ja, % (21, .y ) d21...dTp

provided that the integrals from the denominators are not zero.

Corollary 2. With the assumptions of Theorem 4 and if (z1,5,...,%n,s) € Gy, then

(2.21) / / f(z1,.yzy)dey...de, — f (21,8, Tn,8)

= 2 ZZL’J Vo / / -z 5| |z — xj 5] dxy...dz,.

=1 j=1

Remark 1. Assume that f : G,, — C is twice differentiable on G,, and the second
2

partial derivatives 8:28];]- fori, 5 €{1,....n} are bounded on G,, then

(2.22) / / f (1, ., zn)dey.dey, — f(ug, ..., up)
/ / Z ($1,...,mn)dz1...dxn

Gn =1
< — ;| |x; — uj| dzy...dxy,.
In particular,
(2.23) ‘/ / [z, oz dey.de, — f (T1.Gyy - TG )
/ / Z f (z1, ..., Tp) dxq...dzy,
”L z 1 x

n

ZZ

Ve / / i — Tiaal ey — Ty a, | dey..dey,.
Gy ,00 Gn

I\DM—

(93318:10 j
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If (z1,5,..., Tn,5) € Gy, then also

(2.24) ‘ / / f(z1,..yzy)dey...de, — f(z1,8, . Tn,s)

V / / l‘i7s| |$j — xj)s| dml...dmn.
G, ,00 Gn

3. EXAMPLES FOR n-DIMENSIONAL BOXES

n

1

axz&c]

We can consider the n-hyper box R, := [a1,b1] X ... X [an,by] C R™, n > 2 and
assume that f: R, — R is a differentiable convex function on R,,. We have

n

VRn = H (bz - ai) and Ti,R, =
i=1

bi + a;

forie{1,..,n}.

Also for i € {1,...,n} we have

VR/ / P — Uj) dq:l...dxn
b1
= / / / d.’l?l dmldxn

_ / ({,C B ’U,l) do; = (’U,l — ai)B + (bz — ui)B.

bi—a; 3(bi —ai)

X 2 _ 2

( +Y> +3(X Y)
2 2

(i — a5)® + (b — w)® = (b — a3) l(bi;‘“)z +3 <u - b;“ﬂ .

Therefore

Using the elementary identity

X} 4+Y3=(X+Y)

we get

. . a2
(R RS B s | PO
3(bi—ai) 12 i ! !

and we get

b1
/ / — u;) dxl...dxn

2
1 u; — bita; )
=l (b—2> (bi = ai)

for all i € {1,...,n} and (u1,...,upn) € [a1,b1] X ... X [an,by].
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For i, j € {1,...,n} with i # j we have

1 b1 bn
T (b — o) x; — Uil |z; — uj| dey...dzy,
H?_l(bi_ai)/al /an |2 il dxy
1 b; bj
4 g J J a; a;

2 2
1 w; — a;+b; 1 Wi — a;+b;
= Z+ (bz_ai> ZJF <ij_azj (bi*ai) (bjiaj)

for all (u1,...,u,) € [a1,b1] X ... X [an, by] .

Observe that, in general
il |zj — ujl dey...dxy,
8m 83:7 a. ooVG / / — il |y = gl doy..dw

; — Uj) 2 da ..dx,,
G ,00 VG,L / / !
V / / uz| |$j — Uj| dzl...dazn
1<i<j<n Gn,00 Gn
for all (uy,...,u,) € Gy.

Using the inequality (2.13) we get

+Z

('“)xz(?mj

b1 bn
/ fx1, . zp) dey.dey — f (ur, ..., up)

o |y
—i(aieri—u-)af(u wn)
P 2 ! o0x; Ly Hn
1 o~ || 82 1 ui—’”z‘“ ’ 2
SE; (971712 e 12+<bi—ai ) (b; — a;)
1 ui—m ? 1 u—m ?
+ Z axaxj oo 4+< ro— ) 4+<ij—aj- >

1<i<j<n
% (bi — ai) (bj — aj)

for all (uy,...,un) € [a1,b1] X ... X [aGn,by].
In particular, we have

b n+bn
60 [r(mgh )

1 by ba
_W/ / [z, ., zy) day...day,
i=1 \Ui i a1 an

n 2
(bi_ai)2+T1(S Z af

R ,00 1<i<j<n 89628% R

(bi —a;) (bj — aj).

2
4

1 n
Sﬂi;
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If the function f is convex on the box [a1,b1] X ... X [an,by], then we have the
Hermite-Hadamard type inequality

1 by by
=1\ ? ai

_ (al +bl i an-l-bn)

2
1 — s 1 % f
o1 (bi —ai)” + — (b — a;) (bj — a;),
24 g Rov o0 16 1<iz<;<n O0x;0x; R0 Jj j

see also [5] for other results.
From the inequality (2.22) we get

by bn
(3.4) ’Tb_i—a/ / f(x1, ey xp) dey.dey — f (ur, ..., up)

b
1 8f
— ey Typ) A1 ... dxy,
1 b —al / A )axl (‘/'617 , L ) T X
Z noog= 1
2
82 1 U; — bita;
~2 7J; =) | (b —a)?
2 i=1 axi R, ,00 12 b; —a;
2 2
1 U; — a;tb; 1 Ui — m
+ | =2 E e R
1<§<n &C ax] o |4 ( b; — a; > 4 ( b; — aj

x (b — a;) (bj — a )

for all (uy,...,un) € [a1,b1] X ... X [an,by].
In particular,

b1 bn
(3.5) ‘ / f(x1, ., zy) dey.day,
_f (al +b1 s a”;b")

by ai—|—bi af
b _a’Z / Ln i 1( ' 2) ax ( '7xn)d$1...d.’1)n

1 « an s 1 & 0% f
< — —5 (bi —a;))" + — (b — a;) (bj —aj).
24 ; 977 || g oo 16 1§;§n 0x0zj || o s
Define

b bn of
- fall fan xlﬁ (1, .oy Tp) dz1...dy T
7, A b bn i RS
fall "'fan g{i (%1, ey ) dTy . d Ty

and assume that z; ¢ € [a;,b;], i € {1,...,n}. For this condition to happen, it is

enough to assume that 8% (1, .y xn) >0,7€{1,....,n} on R,.
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From the inequality (2.24) we get
1 by bn
(3.6) ni/ / fz1,..zy)dey...de, — f (21,8, ..., %n,8)
Hi:l (bi — a;) ay an,
1 Xi,8 —
Ry .00 12 + ( b; — a; >
1 N Tis — al—i-b 1 x],S _ a]-‘rb
4 Cbi—a; 4 aj
az) (bj —aj).

If the function f is convex on the box [a1,b1] X ... X [an, bn] , then we have the
reverse Hermite-Hadamard type inequality

b—az

1 n
52

>

1<i<j<n

83: 81‘] Ry o0

b1 by
(3.7) 0< f(z1,8,.yTn,s) — / F (@1, ) doy...doy
2
1 1 T; 5 — MTG'? 9
— bi — a;

2: Ry 00 12+< bi — a; (bi —ai)

4b; \ 2 wibs \ 2
D O e wA N N O e o
1<i<j<n Iz 8'733 R, ,c0 4 bi —a; 4 bj —a;

see also [5] for other results.

4. EXAMPLES FOR 3-DIMENSIONAL BALLS

In this section we point out some inequalities of Hermite-Hadamard’s type for
convex functions defined on a ball B (C, R) where C = (a,b,c) € R}, R > 0 and

B(C,R) := {(x,y,z) ERY(z—a)+(y—b)*+(z—0) < R?}.
Let us consider the transformation 75 : R?® — R? given by:

Ts (r,9, ) := (rcosypcosp + a,rcossing + b, rsiny + ¢) .

It is well known that the Jacobian of T5 is J (T3) = 2cost) and T, is a one-to-one

mapping defined on the interval of R?, [0, R] x [—Z, 2] x [0, 27] , with values in the

ball B (C, R) from R3. Thus we have the change of variable:

/// (x,y,2) dedydz
B(C, R)

27
= / / f (rcoscosp+ a,rcosysing + b, rsiny + ¢) 12 cos Ydrdipdep.
—= Jo

We have

TB(C,R) = &, YB(C,r) = b and Zp(c.r) = ¢,

4—7TR3

VBc,r) = 3
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/// |z — zB(C)R)}Q dxdydz

B(C,R)
R % 21

= / / / r2 sin? ¢r? cos Ydrdipdy
o J-zJo

R % 2 9 4
:/ / / r*sin? ¢ cos Ydrdipdp = —nR®
o J-zJo 15
and, similarly
— Tocm|” dedydz = v | dedydz = xR
|v — Tpom)| dedydz = ly — UBom)| dedydz = 157TR .
B(C,R) B(C,R)

Also
/// |x - mB(C,R)’ ‘3/ — YB(C,R) ] dxdydz
B(C,R)

R 5 27
= / / / |7 cos 4 cos | |1 cos 1 sin @| 72 cos hdrdipdyp

2

5 2m
/ / / r* cos® ¢ [sin ¢ cos | drdipdyp = —R5

and, similarly

/// ‘x - ”TB(C’R)’ |Z - ZB(C,R)‘ dxdydz
B(C.R)
8
:L/X/m v~ VB |2 ~ ZEEm)| dedydz = [ R,
B(C,R)

By making use of the inequality (2.14) we have

@0 s [[ P dedydz— £ a.bo
3 (C,R)
QlHa” | 5]
O B(C,R),00 Iy? B(C,R),c0 ox B(C,R),00
| | el
‘31’39 B(C,R),00 0x0z B(C,R),00 ydz B(C,R),00 .

If f is convex on B (C, R), then we get the following reverse of Hermite-Hadamard
inequality

1
12) 05 g ([ ) gtz f (a0

2 °f
< 57 H | |
10 B(C,R),00 9 B(C,R),> dz B(C,R),0
H ‘ d%f H *f
577 929y || p(c,R) 00 020z || g(c,R) 00 Y9z p(c,m),00 ,

which is twice better than the corresponding inequality from [5].
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From the inequality (2.23) we also have

1
(4.3) ﬁRJ/// f(z,y,2) dedydz
3 B(C,R)

il

9
10
11
12
(13

[14

]

]
]
}

e g [ eagiens

0 0
H- DG )+ -9 P ()] dodyas

- L, |||0%f 0% f 0% f
<0 |52 e 1| 522
B(C,R),00 Y llB(c,R), B(C,R),00
e |52 |5
5 0x0y B(C,R),00 0x0z B(C,R),00 Oyoz B(C,R),00
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