HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES ON
PATHS SURROUNDING GENERAL CONVEX DOMAINS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some Hermite-Hadamard type integral
inequalities on paths surrounding general convex domains of the plane R2.
Some examples for disks are also provided.

1. INTRODUCTION

Let us consider a point C' = (a,b) € R? and the disk D (C, R) centered at the
point C' and having the radius B > 0. In [4] we establish between others the
following Hermite-Hadamard type inequality for a convex function f : D (C, R) —
R

)

(L) f(C) < AD(CR // (z,y) dzdy

1
S e /C PRIOLIORS T

1
< m /C(C,R) f()de(y),

where C (C, R) is the circle centered at C' and having the radius R and fc(c_ ) is

the path integral with respect to arc length, Ap(c r) = 7R? is the area of the disk
and ¢ (C (C,R)) = 2w R is the length of the circle C (C, R) .
In the following, consider D a closed and bounded convex subset of R2. Define

Ap ::// dxdy

the area of D and (:ED,yD ) the centre of mass for D, where

// zdxdy, Yp 7—// ydxdy.

Consider the function of two variables f = f (z,y) and denote by 8f the partial
derivative with respect to the variable x and %5 the partial derivative with respect

to the variable y.
In the recent paper [7] we obtained among others the following result:
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Theorem 1. Let f : D — R be a differentiable convex function on D. Then for
all (u,v) € D we have

of

12 2

() (@—uwg—;(u,w W5 — )

Si//Df(w,y)dxdy—f(u,v)
§AlD//Dg£(x,y T—u d:cdy—|— // M (z,y) (y — v) dedy.

In particular,

(1.3) ogi// f (@,y) dzdy — f (T5,95)

_AD// (x—7p dxdy—k—// Em (z,y) (y — yp) dzdy.

We also have the reverse of Hermite-Hadamard inequality:
Corollary 1. Let f: D — R be a differentiable convex function on D. Let
d
S Jpast @y)dedy [ Jpys5, (ry) dedy
- F) ’ = G .
[ Jp % (@) dzdy I [ 5L (@, y) dady
If (xs,ys) € D, then

(14) 0< f(zs,ys) — // f (z,y) dedy

< o (ws.u) (05~ 75) + 5 (w5,8) (v ~75).

For other multivariate Hermite-Hadamard type inequalities, see [1]-[3] and [8]-
[14].

Motivated by the above results, in this paper we establish some Hermite-Hadamard
type integral inequalities on paths surrounding general convex domains of the plane
R2. Some examples for disks are also provided.

2. THE MAIN RESULTS

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bounding a re-
gion D. Moreover, if the curve 0D is described by the function r (t) = (z (¢),y (1)),
t € [a,b], with z, y differentiable on (a,b) then the length of the curve 9D is

tom)= [ aw= [\ or viv oFa.

We also consider

b
5= 1p7 |, 710 = 7557 [ OV OF + @)

and

b
W = sy L, 1O =555 [ vO Ve OF +l @



HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES 3

Consider the function of two variables f = f (z,y) and denote by % the partial
derivative with respect to the variable x and g—{: the partial derivative with respect
to the variable y.

Theorem 2. Let f : D — R be a differentiable convex function on D. Then for
all (u,v) € D we have

@1 5 (wo) @55 - 0)+ 5

1
<557 |, HEwdO = f @

0 0
57 0 0 =000+ 7555 5,

(u,v) (gop — )

(z,y) (y —v)d(L).

(22) 0< E(alD) an(x,y)d(E)—f(mvy{TD)
. 0f - 1 of _
<105 | e G-m)d©+ o [ L ene-mmao.

Proof. Since f: D — R is a differentiable convex function on D, then for all (z,y),
(u,v) € D we have the gradient inequalities

23) 5 () @ =)+ 5 (00) (5= 0) < o)~ [ (w0
0

<H -+ @b,

If the curve 9D is described by the function r (t) = (x (¢t),y (¢)), t € [a,b], with z,
y differentiable on (a,b), then by (2.3) we get

& (wo) @)~ ) + 9w 0) (y (0) — v)

for all ¢t € [a,b] and (u,v) € D.
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If we multiply this inequality by \/ [/ (t)]* 4 [y (t)]° and integrate over ¢ on
[a,b], then we get

b
G [ @O -0l OF + b @)

b
+ %Jyt (u,v)/a (y (t) —v) \/[x’ O] + [y (0)]dt

</abf(x(t),y(t))\/[ O+l (O dt - f M/\/

(2.4)

for all (u,v) € D.
Observe that

b
[ @@ -wyiw o+ ora

:/abw)\/[ )] dt—u/ Vi (t)2dt

={(0D)Tap — L (0D)u = £(0D) (Tap — u)

and
’ 2 2
/ (y () —v) \/[ff’ @ + 1y (O)]°dt = £(0D) (yop — v),
then by (2.4) we get the desired result (2.1). O
Corollary 2. Let f : D — R be a differentiable convex function on D. Put
)
roop i do0” 2% (w,y)d(0) - Jop 3L (.y)d (0)
D ‘= ) ,0D -— .
op 3 (@y)d(0) Jop 3 (2.9 d ()

If (xs,0p,Ys,op) € D, then
(25) 0< f(2s0m,ys.0D) / Floy)d

< 92 (zs,0p,Ys,0p) (Ts,op —TD) + i (zs,0p,Ys,0p) (Ys,op — YD) -

Proof. If we take in (2.1) (u,v) = (zs,0p,Ys,0p) € D, then we get

gi (u,v) (Tobp — zs,0p) + %]yc (u,v) (Yob — Ys.0p)
= Wlp@ an(x,y)d(f) — f(zs,0p,Ys,0D)
oD gi (@,y) (z — xs.0p) d(0) + . % (z,9) (y —ysop) d(£) =0,

which is equivalent to (2.5). O
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We also have:

Corollary 3. Let f : D — R be a differentiable convex function on D. If the
partial derivatives % and %5 satisfy the conditions

0
(2.6) ps o (z,y) < Pp, ps < a—z (z,y) < Py for any (x,y) € 0D

for some py, p2, P1 and Ps, then we have

1

<5 (P =) sy [ = Tanl A5 (P =) ps [ = Tamld 0.

Proof. Observe that for all o, 8 real numbers we have

‘ ((;D) /{)D [gi (z,y) — a} (z —Tap)d (¢)

_ 1 of _ 1 L
= 7(oD) /8Da—m(m,y)(m—xap)d(é)+aé(aD) AD(x_an)d(g)
1

- af _

and, similarly

E(alp) /80 [Zi (z,y) - 6} (y —Yop) d (£)

1 of o
"~ ((0D) LD@(m,y) (y—Yap)d(0).

If f: D — R is a differentiable function on D, then for all a;, § real numbers we
have the following equality of interest in itself

(2.8) E(@lD) /aD [gi (z,y) — a] (z —Zop) d(£)
1 of T
5D} Ly L3y 0 8] 0w 0
- 057 . 5 @9 e —70)d (0

1 of S
+mm/@Day<m’y)(yyaDW)'
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Now, if f : D — R is a differentiable convex function on D and the condition
(2.6) is satisfied, then

(29) 0< g(;D) /wgf (2.) (x — 735) d (6)

1 of L

T 7@D) J,, ay @Y W Top)d (0
1 of L

- ’f(aD) /aD o (@) (@ —7ap) d (0)
1 of o

7@D) J,p, 0y ¥ v —woD)d (4)‘

- ’é(ﬁlD) /81) [gi (m,y)_pr;ﬂ} (x —Tap)d ()

veoo o [Z w252 w-mma)

L, [Zﬁ (z.9) - pﬂ <w—wan>d(£>]

/6D {gf (,y) - ngpz_ (y—ya/j)d(ﬁ)‘

+ P, .
%(m,y)—% |z — Tap]| d (£)

P2t P
2

<3P =) 7 [ le=manld (o)

+5 (P =p) 7 [ w=mnld(0).

|y — Yapl d.(£)

By utilising the inequality (2.2) we deduce the desired result (2.5). O

Further, we assume that the partial derivatives % and % exist on D and satisfy
the following Lipschitz type conditions

(2.10) g—i (z,y) — g—i (u,v)| < Ly | —u|+ Ky ly —v| for all (x,y), (u,v) €D

and

(x,y)—g—z(u,v) < Loz —u|l+ Ko |y —v| for all (z,y), (u,v) €D

of

1) |5

where L1, Lo, K1 and K5 are positive given numbers.

Theorem 3. Let f : G — R be a differentiable convex function on G. If the partial
derivatives % and %5 exist on G satisfy the conditions (2.10) and (2.11) where Ly,
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Lo, K1 and K5 are positive given numbers, then

1
£(0D) Jap

1 .
7(@D) /8D(m—a:ap)2d(€)+[(2

(2.12) 0< [l y)d(l) -

f (Tap,YaD)

1
(D)

Proof. From (2.8) we get

o0 /., Bﬁ @

(2.13)

+

51 | L e -mamac)
+ramr | L o-mma.
We also have
osN;D)/aDgfw ) (o~ 755)d (0
ram1 | e w-mmae
oD /aD EXYE g (w55.755) |« ~ 78m) 0
+€(81D) /E,D :§§< ) = gfuaD,yaD)_ (y — 7ap) d (0)
< e(alD) /8D :gi (z,y) — gf (map,yap): (m—m)d(g)’
+€(;D) /BD :gg (z,y) — g (anyyaD)_ (y—yaD)d(é)'
< @) Loy | @9 5y 5750 o~ 740
+ 07 . |5 @) - L (w590 o - vl 0

1 af of
€(8D> /8D |:ay (:va) - @(an7y3D)

/ (v — 75)% d(0)

+(K1+L2)m/w

|z — Zapl |ly — Yapl|d (£).

)~ 52 (@ap. 780 (o ~ 7B (0

}@Wd(f)
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If f : G — Ris a differentiable convex function on G and if the partial derivatives

% and % exist on G satisfy the conditions (2.10) and (2.11), then

1
MSWD)/M[MIJSm|+K1IyyaDl]|zm|d(e)
1
* 7@D) /aD[LQ |@ — Tap] + K2 |y — ap]) [y — 7D d (€)
= ! —Tp)° ; i —
- Ly |, @m0 + Koo | —mm) a0

1
(8 + 1) s |l =l = 704 (0.

By utilising the inequality (2.2) we get the desired result (2.12). O

Corollary 4. Let f: D — R be a twice differentiable convex function on D. If the
2 2 2

second partial derivatives 8—’;, S and 2L exist on D and are bounded, namely
ox oy 0xdy

7

82

0% f
axg(xay)‘ < 00,

9z
f
Oy?

= sup
D,o0 (m,y)eD
82
a,2 (.’b, y)‘ < 00,

= sup 9y

D,oo (z,y)€D

and
2 2
o 51 (] <o

0x0y

= sup
D,co (z,y)€D

0x0y

then
1
E(@D) /an(x,y)d(E) — f(ZTap,YaD)

2
< ||9°f
— || 022
+|

(2.14) 0<
1 —\2
awamnAD@‘“wd“>
1 2
peo L(D) /aD W —%ep) d()
o*f 1 -
29y |, .. (D) /aD |z —Zopl |y — Tan| d (£) -

f
0y?

+2

3. APPLICATIONS FOR DISKS

Consider the disk centered in C' = (a,b) and of radius R > 0,
D(C,R) :={(z,y)| x =7rcosf+a, y=rsind+b, r € [0,R], 0 €[0,2n]}.
We have for D = D (C, R) that 0D =C (C,R),

¢(0D) =27R, Togp = a and Ygp = b.
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From (2.2) we then get

2m

1
(3.1) O§2— f(RcosO+a,Rsinf +b)db — f (a,b)
T Jo
1 ™ of .
<—R — (Rcosf + a, Rsin 0 + b) cos 0do
2r Jo Oz

1 Tof : :
+ —R B0 (Rcosf + a, Rsin 0 + b) sin 6d,
0 Y

provided that f is convex on D (C, R).
Moreover, if the partial derivatives % and % satisfy the conditions

P < G (00) P p < G (@) < Pafor any (5,) € C(CR)

for some p1, ps, P1 and Ps, then we have

1 27
(3.2) O§2— f(Rcos@ +a,Rsin€ +b)dd — f (a,b)

™ Jo
1 1
< —R(Py—p1)+ —R(P>—p2).
v iy

Let f: D(C,R) — R be a twice differentiable convex function on D (C, R). If
2 2 2
the second partial derivatives %, g—y{ and aaz afy exist on D (C, R) and are bounded,
namely

‘ i = sup 1 (z y)‘ < o0
022 || p(c. )00 (zeD(c.R) |0z ’
an 2 ‘
it = s ey <o,
‘ dy? D(C,R),00 (@.y)eD(C,R) | Oy
and , ,
o*f 0 '
= sup —— (z,y)| < oo,
‘f%@y D(CR)0  (zw)ED(C,R) | 02Ty v
then by the inequality (2.14) we get
1 27
(3.3) 032— f(Rcos@+a,Rsind +b)dd — f (a,b)
T Jo
(- Rars
T2 922 | pcryoe 119%% I D(C,R) 00 T |[020Y || p(c, Ry 00
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