SOME INEQUALITIES FOR DOUBLE AND PATH INTEGRALS
ON GENERAL DOMAINS VIA GREEN’S IDENTITY

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish some upper bounds for the following
quatities

//Dﬂx,y)dxdyf%//])[(wx)%ﬂ%@%ﬁ”]dz@\
and

[ [ r@wday—3§ 1= f@yyde+ @) f @)
b 8D

in the case that D is a simple, closed counterclockwise curve bounding a
region D, f is a complex valued function defined on an open set containing
D and having continuous partial derivatives on D while a and 8 are some
complex parameters. Some exmples for rectangles and disks are also given.

1. INTRODUCTION

Let us consider a point C' = (a,b) € R? and the disk D (C, R) centered at the
point C and having the radius R > 0. In [4] we establish between others the
following Hermite-Hadamard type inequality for a convex function f : D (C, R) —
R,

(L.1) f(C) AD(CR // (z,y) dzdy

1
S GA /C IRIOLIORS VG

1 /
S Sy fy)de(),
(C(C,R)) Jeom)
where C (C, R) is the circle centered at C' and having the radius R and fc(c R) 18

the path integral with respect to arc length, Apc r) = wR? is the area of the disk
and £ (C (C, R)) = 2nR is the length of the circle C (C, R).
In the following, consider D a closed and bounded convex subset of R2. Define

Ap ::// dzdy

the area of D and (a:D,yD ) the centre of mass for D, where

Tp = // zdxdy, yp = // ydxdy.
AD D D
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Consider the function of two variables f = f (z,y) and denote by the partial
derivative with respect to the variable x and {j the partial derlvatlve Wlth respect
to the variable y. '

In the recent paper [7] we obtained among others the following result:

Theorem 1. Let f : D — R be a differentiable convex function on D. Then for
all (u,v) € D we have

o (0,0 @ ) + 5 () (75 - 0)

_AD//fxydzdy J (w,0)

1
<
// x(x,y T udmdy—i— // yxy v) dzdy.

In particular,

(1.2)

(1.3) osﬁ//Dﬂx,wdxdy—f(mrD)

1 af
< — _— —

We also have the reverse of Hermite-Hadamard 1nequahty:
Corollary 1. Let f : D — R be a differentiable convex function on D. Let
[pz gm (w,y)dedy [ [py5E (x,y) dedy
ffD (z,y) dxdy Y= ffDayxyd:rdy
If (xs,ys) € D, then

Trs =

(1.4) 0< f(zs,ys) — // f(z,y) dedy

< o (ws.0) (05~ 75) + 5 (w5,5) (v ~75).

For other multivariate Hermite-Hadamard type inequalities, see [1]-[3] and [8]-
[14].

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bound-
ing a region D. Let L and M be scalar functions defined at least on an open
set containing D. Assume L and M have continuous first partial derivatives.
Then the following equality is well known as the Green theorem (see for instance
https://en.wikipedia.org/wiki/Green%27s _theorem)

//D (aMa(;s,y) _ 8Léz,y)> dxdy =$ (L (x,y)dz + M (x,y) dy) .

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions P and Q.

Moreover, if the curve dD is described by the function r(¢) = (z (¢),y(¢)),

€ [a,b], with z, y differentiable on (a,b) then we can calculate the path integral
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as
b
F L@dot M my)dy) = [ LE@.00) 0+ M @050 ©)d
oD ¢
In this paper we establish some upper bounds for the following quantities

[ [ rwaasty 5 [ [ =020 s 50 2250 oy

[ ] f@udedy =5 §16-0)f @y)dot @-a)f @)
b oD
in the case that 0D is a simple, closed counterclockwise curve bounding a region
D, f is a complex valued function defined on an open set containing D and having
continuous partial derivatives on D while o and § are some complex parameters.

and

2. MAIN RESULTS

We start with the following identity that is of interest in itself:

Lemma 1. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. Then for any o, 8 € C,

@) [ [ remdsy=g [ [ f@-a 250 ) 2L oy
1

45 LD @) de s @) f o) dy).
oD
In particular, we have

(2.2) //Df(x,y)dxdy

= % / /D {(wp— x) 9/ @y) g; B, WD — ) afg;’ v) dady

+17§[(yﬁ—y)f(x,wdm<x—mf<x,y>dy}.

28D
Proof. Observe that
0 0
(@) f (@) = f () + (2 0) LY
e 0 01 (&)
gy (W= B @o) =1 (@0)+ (= 5) =5
for all (x,y) € D and is we add these equalities we get
0 0
(23) 52 (@ =0) f @) + 5 (=B f (@.0)
=21 ) + (o - a) L ) L0,
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Further, if we integrate on D the identity (2.3), then we obtain
@) [ [ |5 te=a)f @)+ 5 (51 @) ded
. O Oz Y 8y ) Y Y

=2//Df<x,y)da:dy

+//D {(:z:—oz) afg;’y) +(y—pB) af((;;,y)} dzdy.

Now, if we apply Green’s identity (G) for the functions M (z,y) = (x — «) f (z,y)
and L (z,y) = (B8 —y) [ (z,y) then we get

//D {;x (z—a) f(z,9)) + a% (y—B)f (x,y))} ddy

= % [(B—y) f(z,y)dx+ (z — ) f (z,y) dy]

oD

and by (2.4) we obtain

2//Df<x,y>dxdy+//D[<x—a>"’fgjy>+<y—a> 8f§;;y)}dxdy

:7{[(5_y)f(x,y)der(:c—a)f(:c,y)dy]

oD

which is equivalent to the desired equality (2.1). O

Corollary 2. With the assumptions of Lemma 1 and if the curve 0D is described
by the function r(t) = (z (t),y(t)), t € [a,b], with z, y differentiable on (a,b),
then

@) [ [ rendsty=3 [ [ l@-a 20200 (52 200 doay
b

3 [ B30 O+ @0 -a)y 01 Oy ®)d

In particular,

(2.6) //Df(x,y)dzdy

=;//D{(m—x)afg;’y)+(zm—y>8féz’y) ddy
1

b
+ 5/ (D —y (1) 2" (t) + (x(t) = 7D)y ()] f (2 (t),y (t)) dt.

We have the following inequalities:

Theorem 2. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
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on D. If the curve OD s described by the function r (t) = (x (t),y (¢)), t € [a,b],
with x, y differentiable on (a,b), then

(2.7) f(z,y) dedy — ~ a—z) 228 (5 )8f(x’y) dady
/] Al o

;/ 18—y @112’ ()] +1 (6) = al Iy’ (O If (@ 2,y (1)) de
[2 mas {18~y (O] 2 (6) = alH o’ ()] + Iy O1f (@ (6) 5 )] d,

INA
N | =

N yOF + o (1) - o 1P [l ()17 + 1y’ ()] 1f (@ (2) ,y (6))] db
L—1

P, q>1, +

Sy max {la’ ()] [y O} 18 =y O]+ () = all [f (@ (£) ,y (1)) dt.

In particular,

(2.8) ‘//Df(x,y)da?dy
1 __
_2//D|:(£CD

1 b
< 5/ [gp —y @] 2" ()| +|= (t) —zp| |y O] |f (@ (t),y (t))|dt

J mas {75 =y (O] | (1) = B} la’ (O] + 1o/ (O] 1f (@ (1) (1)
S 1 =y (OF + 1 () = 7T [l @1 + 1y’ O] 7 1f @ (0).y (1) dt

of (z,y)
dy

} dxdy

((; y)+(y77—y)

IN
N =
s
Q
vV
—_
|
+
|=
I

Sy max {lz @), |y’ OB 175 -y @)] + |2 (&) = ZB]) |f (= (¢),y ()] dt.

Proof. From the identity (2.5) we have

o |f i3 | oo

/[(5 y()a' (t) + (x(t) —a)y' @) f(z(t),y (1)) dt

2
b
<5 [ 1=y O+ @O -y O @ o).y o)
<3 [ 130l @1+ 12 @ —ally 11 @Oyl

which proves the first inequality in (2.8).
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Using Holder’s discrete inequality we have

18—y 2" (O] + | (1) — ally" (t)]
max {|5 —y (@), [z () — o} [|«" ()] + |y @],

1 1
L] B=y®F + @) —aff] [l @1+l (1)1
T2 pg>1 =1,

max {|’ (¢)], [y (D)} |8 =y (D) + [ (¢) — al],

which, by integration on [a, b] over ¢, gives the last part of (2.7). O

Corollary 3. With the assumption of Theorem 2 and if

S o a5t (w,y) dady v I Jpv%E (@,y) dady
= , Ys =
I I 5% (2y) dudy [ Ip % (@) dudy

(2.10) Tg

exist, then

(2.11) ‘//Df(w,y)dwdy‘
b
< %/ lys =y @] 2" @) + |2 (&) — 25|y’ @] 1 (2 (£),y (£))] dt

Sy max{lys —y (0)] |2 (&) = @s |} 12 O]+ 1y @) 1f (@ @),y 0)]dt,

INA
N | =
=

(=l
Q
V
\:—‘

Sy max {la’ ()] [y O} lys —y O+ le () = 2s[] | @ (@), y (@) dt.

Proof. It follows from the inequality (2.7) by observing that

//D [(afs - ) aféz’ Y (ys — ) afg;’ Y) dzdy = 0.

Corollary 4. With the assumption of Theorem 2 and if

1fllop,eo =" sup [f (z,y)| = sup [f(z(t),y(t))] < oo,
(x,y)€dD tela,b]
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(2.12) ‘//Df(x,y)dxdy

o

b
17l [ 185011 O]+ o (2) ~ ol ' (1)) s

IN

|

1

”fHBD 00

\]

In particular,

(2.13) ‘// f(z,y) dedy

1

\V]

Dy (5 Wg;y)} dmdy’

a

Sy max{|8 =y @)], |2 (t) = al} (|2 (6)] + |y’ (£)]) dt,

S8 =y @F + 12 () = o 1" [l O + Iy (517" dt
poa>1l =1,

Sy max{|2 ()], [y OB 18 -y @) + |2 (£) — ] dt

1 om0 e )]
<3 ||f||aDoo/ (7D —y @®)]|2" (&) + |z () —Zp| 1y’ (¢)]] dt

1 lop,00

Also, we have

(2.14) ‘//fxyd:cdy

1

2

Sy max {75 — y ()], |= (t) = ZB1} [/ ()] + |y’ (®)]] dt,

S 15 =y (O + |z () =751 [la’ DI + 1o/ (0)|"] " e
p, 9> 1, ,+,71

Sy maxc{|2" (4)], 1y’ (O} 175 — y ()] + |« () — 75 dt.

<3 IIfllapoo/a lys =y Ol1" O + |z (8) — zs|ly" ()] di

||f||8Doo

Sy max {lys —y @), |z (&) — s} [ )] + |y’ ()] dt,

I llys =y (O + [ () — ws P77 [l (017 + 1o/ (£)]7] " dt

)
D, ¢ >1, ,4_%_1

Sy max {2 ()], 1y (O]} llys — v B)] + o (1) — 2] dt
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Remark 1. Using the upper bound from (2.7), namely

U(f)
Sy max {18 =y ()]l (1) = al} [la" (©)] + |y’ (O] 1f @ (£) ,y ()] dt,

le(t) — a7 [l 1 + Iy O] 1f (@ @),y (1) dt

b
L) [JUB=y@)"+
2 p, ¢ >1, —|—%

1
P

Sy max{|z @)], |y OB 18 =y @) + |2 (&) = all |f (2 (1), (1)) dt

and Holder type inequalities we can provide other inequalities where the function f
and the parametrization of the curve 0D are separated.

One of the natural choices is for p = q = 2, which gives, by applying the weighted
Cauchy-Bunyakovsky-Schwarz inequality, that

[ 8-y +1e0-al]” [ 0F + 1 OF] 17 @0 vl

) 1/2
< ( [ ([5-voP+ww-ar]) [ 0f +1vwF]” dt)

b 1/2 1/2
x ( [ =@ + 1y o] / |f<x<t>,y<t>>|2dt)

2

1/2

= {|ﬁ—y|2+|x—al2} de . f (@ y)Pde)
oD oD

where the latest integrals are arc length integrals.
By utilising the inequality (2.7) we then get the following inequality in terms of
the Euclidian norm

for all a, B € C.
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In particular,

(2.16) ‘// x,y) dxdy
L 0 2
1

(/aD (5~ of* + |o ~ 7’ dg)w </3D f () d€> :

N |

and

where xg, ys are defined by (2.10).
We also have:

Theorem 3. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. If the curve D is described by the function r (t) = (z (t),y (t)), t € [a,b],
with x, y differentiable on (a,b), then

(2.18) ‘//f z,y d:cdy—*j{[(ﬁ ) f (z,y)dz + (z — a) f (z,y) dy]

—2// [0‘ }dxdy

J Jpmax{la - al,18 - yl} [| 252 | + 22522 ] duay,

+ 16 =y

3fxy)‘

of (z,y)
Ay

; 1p [|of(ay) |4 3I7q1/q
J I llo = af? + 18 = yi7? [| 2552 | 4 | 220 ) day

1 1 _
b, q>17 5—1_5_1)

[ [, max { ’ 8f(ﬂv,y)

IN
N |

)

216 L [l — & + |8 — yl] dedy.
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In particular,

@10 | [ [ 1Gy)dody -3 74 (5~ 9) f (2,)do -+ (2~ T5) f (2,) dy]
_2// [ImD 8f(m y)‘Jrlzm—yl‘afg;’y)}dwdy

J Jpmax {175 al 175 — ol} [| 2252 | + | 22522 ] dady,

J— J— 1 of(x of (x
J Jp 175 =l + 75 - o1 | Lea|" |26

1 1 _
b, q>17 5+a_17

J fpma {| 252 | | 22522 Y (175 — af + [ — yl) dady.
Proof. From the identity (2.1) we have

IN
N |

} e dxdy

JARCY! dxdy—;fm—wm ) de+ (2 = ) f (2,9) dy]

‘//[ AL 1 () 2L daay
, x>m+<ﬁ_y>afggw1;xdy
S/L{Ia—xl’W’ﬂﬁ_m 8fg;y)u dudy,

which proves the first inequality in (2.18).
Using Holder’s discrete inequality we have

o — 2] of (z,y) |’3fwy’

20415 -
Af (x, If (x,
max {Ja — o], |8 — |} [| 2422 | 4 |2

} :

lla— " + 18 — yl)/7 [| 222"

1/q
ox :|
1 1 _

p7q>17 ;—’—E_la

IN

xr

max { ‘ Lg’y) ‘ ,

of (x,
206 | L fla— o + 18 — ],
which, by integration on D, proves the last part of (2.18).

We define the quantities

forena
oD _ L f @),y (0)y (¢)dt
74 Fagdy S @O @)y 0d

Tfop 1=
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and

]{ yf (z,y)dx ,
8D Loy @) f(x(t),y () (t)dt

) j{f(x,y)dx - J2f (@ (),y @) e (t)dt
D

provided the denominators are not zero.

Corollary 5. With the assumptions of Theorem 8 we have

(2.20) ‘ / / f(a:,y)dxdy‘
+ lyf.op yl’MH dzdy

<5 [ [ [mran—al|? 5

[ Jmas {100 — 2] losop — ol} H 01(.) ) L ‘ afu v) H dzdy,

()‘

of ) |7 | |ofw) |11
afgy ‘ —l—‘ alyy ’ } dxdy

1
S Jpllesop = ol +lyson — 1" |
pya>1 p+.=1

IN
N | =

)

I/ max{‘af(m Y)

Proof. Observe that

of (z
2L b o 0p — o] + yon — yl] dady.

75 (o0 —9) f (@.9) de + (& — 27.0p) f (z,4) dy] = 0
oD

and by (2.18) we get the desired result (2.20). O

Remark 2. Using the upper bound from (2.18), namely

[ Jpmax{|ja —z|,[8 —y|} [ 8fé;;,y) ‘ + ‘wé?y) H dady,

1p Tl 9f(za) |9 e |771/4
vy L) o lla el 18-y _’aféz’y)‘ - ]Wgy’w\ | dway
pa>1, o+ =1

of(x,
[ i mane { |25z

)

Y

2552} lloe— 2] +18 — y]] ey

and Holder type inequalities we can provide other inequalities where the factors are
separated.
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For instance we have

// [Joo — " + [ — |]1/p[
= {// Ha*$|p+|ﬁfy|p] /p) dwdyr/p

1/q
( 8f 7,9) ‘aﬂx,y) T”)qudy]

sl ;
([ [ et 19 g
/]

q 1/q
{W z,y) ‘afg;y) }dxdy]

forp, ¢ > 1 with —|— £+ =1 and by (2.18) and (2.19) we get

q

Sy, |0 @y’

y

1/q
] dxdy

X

(2.21) ‘//fmydxdy—j{[(ﬁ y) f(z,y)de+ (z — ) f (z,y) dy]

oD

1 1/p
<3| [ [ laar+io-oplasa

" [//D{@f(z,y) qwafgz,y)

JRCY! dxdy—fnyD— ¥) £ (@,y) dz + (z — ) £ (2, ) dy]

1 1/p
<3 |[ [ (o —at + w5 - ol sy
D

y U/D [ of (z,y) q+‘8féz,y)

q 1/q
} dmdy} .

In particular,

(2.22)

q 1/q
] dzdy}

and
(2.93) ‘ / /D f(:c,y)dxdy‘

1 ' 1/p
<3|/ [ Gevop =l lusop P dsas]
D

[//{ny ‘f(af,y)

dy
Corollary 6. With the assumption of Theorem & and if

of of (z,y)
or ox ‘ <0

q 1/q
} dxdy} .

D,co (z,y)eD
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and

f (z,y)

< 00,
dy ‘

D,co (z y)ED

b

then

(2.24) ‘//Df(:c y)dxdy——fm y) f (@) do + (z — a) f (2, y) dy]

oD
1 //|—|dd+ /lb’—\dd
5 o—aldedy+50 y| dwdy| ,

(2.25) ‘//f T,y da:dy—fj{[(yfm—y)f(w y)dz + (z —Zp) [ (x,y) dy]

1
< Z yp — y|dxd
and

(2.26) ‘//f(m,y)dmdy‘
<3 W2, S [ teson = stasa s [22] [ [ son - iaa]

3. EXAMPLES FOR RECTANGLES

Let a < b and ¢ < d. Put A = (a,¢), B = (b,c), C = (b,d), D = (a,d) € R?
the vertices of the rectangle ABC'D = [a,b] X [¢,d]. Consider the counterclockwise

IN

segments
x=(1—-t)a+td
AB : , t€][0,1]
y=c
x=5b
BC': , t€10,1]
y=01—-t)c+td
x=(1—-t)b+ta
CD: , t€0,1]
y=d
and

r=a
DA : , t€[0,1].
y=(1—-t)d+tc

Therefore 0 (ABCD) = ABUBCUCDU DA.
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If o, B € R, then

FlE-0) 1 @pdo+ @ a)f (@) dy

AB

—(b—a) (8 —c/f (L=t)a+the)dt = —C/f“

FUE-0) 1 @pdo+ @) f (@) dy

BC

1 d
:(d—c)(b—a)/o f(b,(l—t)c—I—td)dt:(b—a)/ £ (b,y) dy

]{[(ﬁ—y)f(x,y)d:ﬂr(w—a)f(x,y)dy]

CD

1 a
~@-0E-a) [ f-prtadit=E-a) [ f@dd

b
—@-p) [ S

and
F16-0)7 @ o)+ (@ - a) 1 @v)d)
DA
z/ (a—a)f(a,(1—t)d+tc)(c—d)dt = a—a/fay dy
a—a/fay
Therefore

$ -0 I@dot@-a)f(@y)d

ABCD

b b
=(B—C)/ f(x,c>dx+<d—ﬁ>/ f ( d) de

d d
+<bfa>/ f(b,y)dy+(ozfa)/ f (a) dy

for all a, 8 € R.
We also have Tp = %22 and yp = <5<,

(WD —v) [ (z,y)dz + (z —Tp) f (z,y) dy]
9(ABCD)

:(d_c)/ab(f(x,@;f(x,@)dﬁ(b_a)/cd(f(b,y);f(a,w)dy
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From the identities (2.1) and (2.2) we have for any «, 5 € C that

(3.1) /ab/df (z,y) dzdy
// [a— M (5_)“)}

+/a [B-9f@ar@-nied],

+/Cd [(b_a)f(bvy)‘;(@—a)f(a,y)} .

Y

and, in particular,

b d
(3.2) /G/cf(:z:,y)d:cdy
_;/ab/cha;bx) 8fgi,y)+<c;dy> aféj/’y)}d:cdy

1 (d_c)/ab(f(x,c);rf(x,d)>d$+(b_a)/cd(f(b,y);rf(a,y)>dy]_

+

2

From (3.1) we have for a € [a,b] and 5 € [c, d] that

(33) _/a”[w—c)f(w,c);(d—ﬁ)f(w,co]dw

=) f(by) + (@—a) f(a,y)
[ : Js

1 5 |1 a—“TH’ ?

<5d-c(b-a) [4+< = )]
_c-‘rd

F o) (d— o [1 ( )]H

Y

of
ox

la,b] X [c,d],0c0

fa.b]x[exd] 00
while from (3.2) we get
(3.4) [ (z,y) dedy
_% l“‘c)/ab (f@,@;f@,d)) do (b—a) /Cd <f(b7y)v;f(a,y)) dy]
< % d—c)(b—a) |(b—a) % oen (d—c) Haz [a,b]x[c,d}m] ,
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or, equivalently
1 b pd
a=at=a J, [ 1o

. [bia/ab(f(m);f(w,d))dﬁdic/cd(f@,y);f(a,y))dy]

of of
Ox dy

(3.5)

< +(d—-c)

[a,b] X [c,d],0c0

-0

1 ‘|
8 la,b] X [c,d],0c0

4. EXAMPLES FOR DISKS
We consider the closed disk D (C, R) centered in C (a,b) and of radius R > 0.
This is parametrized by

r=rcost +a
€[0,R], 6 €]0,2n]

y=rsinf +b
and the circle C (C, R) parametrized by
= Rcosf+a
, 8€10,27].
y=Rsinf+1b
Here Ip(Cc,R) = @, YD(C,R) — b and AD(C,R) = 7TR2.
Then
1 . _
o @50 f o) dot (o - 75) f (o.0) d

oD
- % / (7D —y @)’ () + (x(t) —Zp) ¥’ ()] f (2 (1) ,y () dt
1 2

- [sin29 + cos? 9} R%*f (Rcosf + a, Rsin@ + b) df
™ 0
1 2m

= — f (Rcos® + a, Rsin6 + b) df.

T Jo
From (2.25) we then get

(4.1)

1 2m
%// f(z,y)dedy — — f(Rcos@ + a,Rsin6 + b) df
TR D(C,R) 2w 0

2 of
=3 U’ax
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