NEW INEQUALITIES FOR DOUBLE AND PATH INTEGRALS
ON GENERAL DOMAINS VIA GREEN’S IDENTITY

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by the use of the celebrated Green’s identity for
double and path integrals, we establish some inequalities for functions of two
variables defined on closed and bounded subsets of the plane R2. Some exam-
ples for rectangles and disks are also provided.

1. INTRODUCTION

In paper [1], the authors obtained among others the following results concerning
the difference between the double integral on the disk and the values in the center
or the path integral on the circle:

Theorem 1. If f : D(C,R) — R has continuous partial derivatives on D (C, R),
the disk centered in the point C = (a,b) with the radius R > 0, and

0
H L= s f(fcy)’ <,
D(C,R).00 (zweDC.Rr)| O
0
H — sw f(x,y)’ < oo
%l pe,r @yeD(CRr)| Y
then
1
(L1 |f(O) - o) f(z,y)dxdy
™ D(C,R)
SEo | I 7 R |
3 g D(C,R),c0 Ay D(C,R),c0
The constant % is sharp.
We also have
(1.2) // xydﬂﬁdy—i S () dli(v)
R | Jpc.m) 2R Js(c,Rr)
B 377 H D(C,R),00 H@y D(C,R),00 ] ,
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2 S.S. DRAGOMIR
where o (C, R) is the circle centered in C = (a,b) with the radius R > 0 and

1

— dl
R o f(y)dl(v)

(1.3) 'f(C) -

bz
Ox D(C,R),00

In the same paper [1] the authors also established the following Ostrowski type
inequality:

D(C,R),00 H dy

Theorem 2. If [ has bounded partial derivatives on D(0,1), then

(1.4 'f(u,v)—jr J[, . f oy
2

(uarcsmu+ 3 1—u? (24 u? ))

D(0,1),00

For other integral inequalities for double integrals see [2]-[13].

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bound-
ing a region D. Let L and M be scalar functions defined at least on an open
set containing D. Assume L and M have continuous first partial derivatives.
Then the following equality is well known as the Green theorem (see for instance
https://en.wikipedia.org/wiki/Green%27s_theorem)

//D <8M8(;c,y) _ aLéz,y)) dxdy =af (L (x,y) dz + M (x,y) dy) .

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions P and Q.
Moreover, if the curve dD is described by the function r(¢) = (z (¢),y(?)),
€ [a,b], with z, y differentiable on (a,b) then we can calculate the path integral
as

1
(v arcsinv + 3 1—02(2+ v2)>]

D(0,1),00

for any (u,v) € D(0,1).

b
f (L (2, y) di + M (z,) dy) = / LG (8) () 2 (6) + M (x(£),y (£) ¥’ (1)) dt.

oD

In the following, consider D a closed and bounded convex subset of R2. Define

Ap ::// dxdy

the area of D and (:ED,yD ) the centre of mass for D, where

1
Tp = // zdxdy, yp = // ydxdy.
Ap Ap J Jp



INEQUALITIES FOR DOUBLE AND PATH INTEGRALS 3

Consider the function of two variables f = f (z,y) and denote by the partial
derivative with respect to the variable x and {j the partial derlvatlve Wlth respect
to the variable y. '

Motivated by the above results, by the use of Green’s identity (G), in this paper
we establish some bounds for the absolute value of the difference

AD//f T,y dwdy—ﬁ [(B=y) f(2,y)dz+ (v — ) f(z,y) dy]

~ 57 (a~75) - 36(5 - 7p)

for «, 8, 7, § complex numbers, and, in particular,
// [z, y) dody — —— [(yT)—y)f(a?,y)der(w—%)f(%y)dy]
Ap 2A

in the general case of closed and bounded subset of R? and f is defined on an open
set containing D and having continuous partial derivatives on D. Some examples
for rectangles and disks are also provided.

2. SOME IDENTITIES OF INTEREST

We have the following identity of interest:

Lemma 1. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. Then for any o, B, v, 0 € C,

(2.1) AD//fxydxdy

fﬁﬁ v) f(2,9)dz + (¢ — ) f (z.5) dy]

oD

~ 24p

1 1

—57@—%)_55(5—%)

2AD//[ <w—v)+(ﬁ—y) <aféjy)—5>}dxdy.

In particular,

(2.2) Ale//Df(m,y)dxdy

- ﬁf{[(@TD—y)f(w,y)der(w—ﬁ)f(xvy)dy]

QAD// [””D—m (W—v)ﬂw—y)(W—éﬂdmy.

Proof. Observe that

2 (o= f @) = o) + (o — o) LD
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and

2 () ) = £ o)+ (- ) L
for all (x,y) € D and is we add these equalities we get
(2.3) % ((x — ) f (z,9)) + g ((y— B) f (z,v))

— 2 o)+ (@ - ) LD 4 (- ) 2L,

Further, if we integrate on D the identity (2.3), then we obtain

20 [ [ [ s+ g (w-01 @) dy

_2//fxydxdy
A e b i s

Now, if we apply Green’s identity (G) for the functions M (z,y) = (x — @) f (z,y)
and L (z,y) = (8 —y) f (z,y) then we get

[ [ 5 e =a fem+ 5 =01 )| do

— $ B @) dot (- a)f (w0)dy)

0D

and by (2.4) we obtain

2//Df<z,y>da:dy+//])[<za)afgjy)ﬂyﬂ) AHED doay

:?{[(ﬁfy)f(x,y)dxﬂw*a)f(any)dy]

oD

namely,

(2.5) 2//Df(x7y)dwdy—f[(5—y)f(:c,y)dx+(w—a)f(w,y)dy]

S fo

of (z,y)
dy

+(B—v)

dxdy.
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Moreover, we observe that

J a2 - (2
S o520 5] e
[ [ @=s dxdy—&//(ﬁ—y)dxdy

-2 s ]

— v (aAp — a?DAD) (BAD —YpADb)

[ = 0 T

—vAp (a —Tp) — 5<4D (8—79D),

namely
Of (,y)

(2.6) // [a—x 8f($ v) +(B—-v) 8y’ ]dwdy

e () (2

—|—’YAD(04—$D)+5AD(ﬁ %)

By utilising the identity (2.4) we then get

2//f(w)dxdy—74[(ﬁ—y)f(w)dﬁ<x—a)f<m,y>dy}

e () om0 (252

+7Ap (a =7p) +6Ap (B —¥D),
that is equivalent to (2.1). O
Corollary 1. With the assumptions of Lemma 1 and if the curve 0D is described

by the function r(t) = (z (t),y(t)), t € [a,b], with z, y differentiable on (a,b),
then

(2.7) AD//fxydxdy

2A [(ﬂ y()a' (&) +(x(t) —a)y @) f (z(t),y () dt
D
1 1

—57( —ﬁ)—§5(5—%)

QAD//[ ( fe.y) 7)+(B—@<W—6ﬂdxdy.
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In particular,

@8 [ [ 1wy
1 b

~ 94, (7D —y ()" (t) + (x(t) = ZD)y' ()] f (x(t),y (1)) dt

2A
o [ [ @m0 (22 o)+ - (22 - 5) | asay.

We define the quantities

]{xf (@y)dy
zsop =22 _Joz @) f @),y @)y () dt
| ff(x,y) dy S F ),y @)y (b) dt
oD
and
?{yf (z,y)dx \
Yf,oD 1= — Loy@) f(x(t),y @) (t)dt

oD
}{f (z,y)dx J2f((),y (@) e (t)dt
oD

provided the denominators are not zero.

Corollary 2. With the assumptions of Lemma 1 we have the equality

1 1 1
(2.9) an // [ (z,y) dedy — 37 (xrop —TD) — 55 (yr,0p0 — YD)
D D

The equality (2.9) follows by (2.1) on observing that

§ ltwr0 =) 1 (2.9 do + (@ = a70) £ (5.9 dy) = 0.
oD
3. SOME INEQUALITIES FOR BOUNDED PARTIAL DERIVATIVES

Let D be a closed and bounded subset of R%. Now, for ¢, ® € C, define the sets
of complex-valued functions

Up (¢, @)
= {f :D — C|Re [(@—f(w,y)) (m—@)] >0 for each (x,y)¢€ D}

and

Ap(o®)={f:D ) Al P

f(:c,y)—T §§|<I>—¢| for each (q:,y)ED}.

The following representation result may be stated.
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Proposition 1. For any ¢, ® € C, ¢ # ®, we have that Up (¢, ®) and Ap (¢, ®)
are nonempty, convexr and closed sets and

(3.1) Up (¢,®) = Ap (¢, 2).
Proof. We observe that for any w € C we have the equivalence
o+ P 1
_YT R 2 —
L

if and only if
Re [(@ —w) (W—3)] 0
This follows by the equality

1 o+ @ =
4¢_¢2_%_ O Ref(@ - w) (- 9)
that holds for any w € C.
The equality (3.1) is thus a simple consequence of this fact. O

On making use of the complex numbers field properties we can also state that:

Corollary 3. For any ¢, ® € C, ¢ # ®,we have that
(3.2)
Up (6,®) = {f: D —C | (Re®—Ref (z,9)) (Re  (z,5) — Re o)
+(Im®—Imf(z,y)) Im f (x,y) —Im¢) > 0 for each (z,y) € D}.
Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢), then we can define
the following set of functions as well:
(3.3) Sp(¢,®):={f:D —C| Re(®)>Ref(z,y) > Re(p)
and Im (®) > Im f (z,y) > Im (¢) for each (z,y) € D}.

One can easily observe that Sp (¢, ®) is closed, convex and

(3.4) 0# Sp(6,®) CUp (¢,9).
We have:

Theorem 3. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. Assume that % € Ap (¢y,P1) and % € Ap (¢q, P2) for some complex
numbers ¢, # ®1 and ¢y # ®o. Then for any o, f € C we have

//fxydmdy

i P B0 T @yt (- o) f (o) dy
oD

¢1+‘I)1 ¢2+‘I)2

(a—7p) - (8 —9D)

{lél ¢1|// |a—x|dwdy+|<1>2—¢2|// 15— yldwdy]
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In particular,

LD//Df(x,y)dwdy

—myf (@5 — ) f (@) de + (x — 75) f (2, ) dy]
oD

1
s[@lam// o5 — ol dady + |02 ] [ [ |yDy|da:dy}
4Ap D D

and
+ | [ 1@ dedy
SO apon —75) ~ 2522 (0 - )
< {@1 ~aul [ [ ferop —aldody +182 = 631 [ [ luron -0l dwdy] .
Proof. By taking the modulus in the equality (2.1) written for v = 2F%1 and
§ = 22122 we get
68 | [ [ e dzdyfﬁ (5= 9) f (e.) o+ (= ) f (2,) dy]
SR 07 - 252 (5 )
el a2z 232
+(B-v) <afg;’y) _ % J; @2): dady
ot (o232
+(B-v) <8féz’y) _ % J; %)- dady
AT ER N PR
=: B.

Since 2 8 € Ap (¢1, 1) and E Ap (¢, ®2) , hence

1
B§4AD[|<I>1—¢1|//D|Oz—xd:cdy+<I>2—¢2|//D|5—yd$dy}

and by (3.8) we get the desired result (3.5). O
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4. INEQUALITIES FOR LIPSCHITZIAN PARTIAL DERIVATIVES

We assume that the partial derivatives %, % satisfy the Lipschitz type condi-
tions in the point (u,v) € D

0 0
(4.1) ’ai(x,y)—ai(u,v) < Li|lz—ul+ K|y — v
and

0 0
(4.2 X - L wo| < Lale = ul + Kaly ol

for any (z,y) € D, where Ly, K1, Ly and K5 are given positive constants.

Theorem 4. Let 0D be a simple, closed counterclockwise curve bounding a region D
and f defined on an open set containing D and having continuous partial derivatives
on D. Assume that (u,v) € D and %, ?Tg satisfy the Lipschitz type conditions (4.1)
and (4.2). Then for any a, B € C we have

(4.3) i//})f(fc,y)dxdy
1
_E]{[(ﬂ—y)f(x,y)dx—l—(x—a)f(%y)dy]

oD
0 0
3o (o) @ =75) - 55 (u.0) (3 - 7p)

L K
S2A1D//D|afx||x—u|dxdy+2A;//£)|a—z||y7v|dzdy
L2 K2
— —u|dzd - — v| dady.
500 [ [ 18=slle—uldzay+ 5= [ [ 15 =uily—vldeay

In particular,

@9 | [ [t dody
1

o $ (@50 @) do+ (o~ 7D) f (@) dy

oD
L1 1<1 —
< — — — —
< 2AD//D|$D x| |z u|dxdy+2AD//D|xD x| ly — v| dxdy

L o .
+ == //IyD*yIIDJ*UIdzder //\ypfyl\y*vldzdy
2Ap D D

K,
24,
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and

(4.5)

AiD// f (2, ) dudy

5oL (w.0) (orm ~75) ~ 552 (0) (u0 — 75)

2AD//|acf3D—:v||:r—u|dacdy—|— //|xfap—x|\y—v|dxdy
w51 [ [ twsan = lle—uldsdy+ 53 [ [ lupan = slly = vl dody

Proof. Using the equality (2.1) for v = % (u,v) and § = % (u,v) we get

(4.6) // f(z,y) dedy

o F -0 F @) ot = a) £ (@) dy

oD
_%g(u v)(a—ﬁ)—%%(“vv)(ﬁ_yD

D)
“oip [ [, o= (B e en)

+(8-y) (Bf((;;,y) - % (W)))] drdy

for any «, g € C.
Taking the modulus in (4.6) we get

AD//fxydxdy

f{(ﬁ y) f () do + (z — o) f (z,y) dy]

- 24p
oD
—%%(um)(a Tp) — ;gf( ,v) (B=7D)
2AD (&f 2 g£ (um))
+(B8-y) <5féx 'Y) gz( >> dzdy
<si /- \af” o]

o



INEQUALITIES FOR DOUBLE AND PATH INTEGRALS 11

_2AD//|a—x\[L1|x—u|—|—K1|y—v|]dxdy

+—// 18—yl [La |z — ul + Ko |y — of] dzdy
2Ap J Jp

:2/11[Ll//|a—x|m—u|dxdy+K1//|a—x||y—v|dxdy}
b (B [ ol —dsays s [ [ 18-l oldaay]

which proves (4.3). O

Corollary 4. With the assumptions of Theorem 4 and if %, % satisfy the Lip-

schitz type conditions (4.1) and (4.2) for (u,v) = (ZTp,yp), then

%/Lf(x,y)dwdy

_ﬁ]{ (@D — ) f (2,y) dz + (x — 7p) f (z,y) dy]

2AD// 24p // v~ D) dedy

K L
+ 52 [ [l =]y~ 5] dady

and

iD// f (2,) dudy

LT . 1df
59z TpD,YD)\Tf oD

2AD/

e // rop —sl ke =75l dzdy + 5.5 [ [ lpop —ully—70] dady.

Tp) — 5 8 (zp,¥p) (Yr.0p0 — YD)
Assume that f: D — C is twice dlfferentlable on D, convex set, and the second

2 2 2
partial derivatives %, 2 and Lfy are bounded on D. Put

2A /Ixfap—xlly yp|dzdy

’82]‘ sup J( Y) o' = sup ﬁ(w y)‘
dz? D,oo. (z,y)€D Ox? . ’ 83/2 D,oo. (z,y)€D 83/2 ’
and
‘ a2f‘ — sw i(x ))
Oz 0y Do (z)eD OzOy Y
then
of of >*f >*f
el _ < || Z—L _ _
‘833 (z,9) Ox (w,v)| < ‘ 022 || p oo o —ul+ 020y || p o ly =l
and of of o o
ZJ ZJ < —_ —
g @)= g o) || w5 e
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for all (z,y), (u,v) € D.
Therefore the conditions (4.1) and (4.2) are valid for any (u,v) € D with

0% f ‘ 0%f
= || —— s K :L =
! 0z? D.oo ! 2 0x0dy D.oo
and
0% f
Ko = ||—=
? ’ayQ D,oco

Corollary 5. With the assumptions of Theorem 4 and if f : D — C is twice

2
differentiable on D, convex set, and the second partial derivatives 9 ];, 6—5 and
ox Jy
2*f

ooy 0re bounded on D, then for any o, B € C and (u,v) € D we have

//fxydxdy

_ %?{[(5 y) f(z,y)de + (z — @) f(x,y) dy]
oD
10f _. lor _
—§a—x(u,v) (a —Tp) — 5@(“’0) (8 —7D)

1 ||6%f
<94, a2 D’Oo//D|a—x||x—u|dxdy
//|af:c||y7v|d:cdy
D,oco

1 o%f
//Iﬁ yl |z — u| dzdy
D, oo

2Ap 8x8y
1 0% f
// 18 =yl ly — v| dzdy.

2Ap 8x3y

1
2AD 8y

In particular,

(4.10) ‘AID//Df(x,y)dmdy

5 $ @5~ 9) F @) do+ o~ D) £ (@.9) dy]

oD
Si 922 DOO//|$D—x||x—udxdy
+ﬁ ;:czéfy DOO//'"””D_”?H?/—UW:Edy
i B0y Dw//|yDy|$U|dxdy
2/11,3 2 // D — ylly — v| dady
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and
(4.11) // f(z,y) dzdy
—%% (u,v) (xfop —Tp) — %% (u,v) (ys,00 — YD)
Si % DOO//Dlwf,aD—xHx—UWfﬂdy
i (‘fjgy DOO//D|$f,aD—JC||y—U|d$dZ/
i ;fgy // lyr.op =yl |z — ul dedy

// lyr.op — ylly — v| dzdy.
D,oco

Remark 1. If we take in (4.10) and (4.11) (u,v) = (Tp,Yp) , then we get

(4.12) ‘AID//Df(x,y)dmdy

_ﬁf (YD —v) f (z,y) dz + (z — TD) f (z,y) dy]

QAD

aD
<i // (r—Zp 2 dxd
— 2Ap 8.1‘2 D,oo D 4
1 // 2 dxd
2AD o Yy— yD Y
= [ [ 1o =plly— 5] dza
T—T
83683/ Do biy —Yp 4
and
(4.13) //f (z,y) dzdy
_1of ., 1lof

591 (zp,¥p) (xy,0D — TD) — 50y (zp,¥p) (Y100 — YD)

1 ||o2f
< 547 l3a2 Dm//D|xf73D—x||x—xD|dxdy

1 0% f
— — 2| |y — ¥p| dod
ox0y D’Oo//DSUf,aD x| |y — yp| drdy

1 0 f
- —y||z — 75| dzd
54, || 920y DOO//Dyf,aD yl|z — zp| dady

52
a2

1
24,

// lys.op — ylly — Up| dzdy.
o D
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5. EXAMPLES FOR RECTANGLES

Let a < band ¢ < d. Put A = (a,c), B = (bc), C = (b,d), D = (a,d) € R?
the vertices of the rectangle ABCD = [a,b] X [¢,d] . Consider the counterclockwise

segments
z=(1—-t)a+tdb
AB: , t€10,1]
y=c
=5
BC : , t€0,1]
y=(1—-t)c+td
x=(1—-t)b+ta
CD: , t€][0,1]
y=d
and
rT=a
DA : , tel0,1].
=(1-t)d+tc

Therefore 0 (ABCD) = ABUBCUCDUDA.
If o, B € R, then

]{[(ny)f(x,y)dx+(xfa)f(x,y)dy}

AB

=(0b-a)B —c/f (I-t)a+tbc)d —c/fxc

f[(ﬂ*y)f(w,y)drw(fc*oz)f(x,y)dy]

BC

1 d
=<d—c><b—a>/0 f(b7(1—t)c+td)dt=(b—a)/ £ (b,y) dy

]{[(ﬂ*y)f(:c,y)drw(m*a)f(x,y)dy]

CcD

:(a—b)(ﬁ—d)/o f((l—t)b+ta,d)dt:(ﬁ—d)/baf(a:,d)da;

b
—@-9) [ f@dds
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and
F16-9 7 @wdes - a)f (@)dy
DA
:/ (a—a)f(a,(1=t)d+tc)(c—d)dt = a—a/fay) Yy
a—a/fay
Therefore

§ B-0I@det@-a)f @y

ABCD

b b
:(ﬁ—c)/ f(m,c>dx+<d—ﬁ>/ f (2, d) da

d d
+<b—a>/ f(b,y>dy+<a—a>/ £ (ay) dy

for all o, B € R.
We also have Tp = GT-H’ and 75 = C-"Q-d,

(WD —v) [ (z,y)dz + (z —Tp) f (z,y) dy]
d(ABCD)

:(d—c)/ab (f(a:,c)-gf(x,d)>daH_(b_a)/cd (f(bvy)_;f(avy))dy.

From the equality (2.1) we have

(5.1) _al_c/b/df (z,y) dzdy
—(b a; [c/fxcderd B/fxd 1
S A P
_;7<a_a—2|—b> 1 (5—C+d>

_ 1
2(b—a)(d—c)

[l ()i (22

15
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for all o, 8, 7, 0 € R, while from (2.2) we get

(5.2) (b_a)l(d_c)/ab/cdf(:r,y)dxdy
bia/ab<f<x C);f(x d))dxdl /cd<f(b7y)42rf(a,y))dy
s ) (5 -) (5 )

ctd of (z,y)
+< 5 y)( By 0 )| dady
for all v, § € C.

Assume that 8@ € A[a b x[e,d] (01, P1) and 2L y € A[mb]x[gd] (¢q, P2) for some
complex numbers ¢, # ®; and ¢, # Po. Then by (5.2) we get

—a _C//fzydxdy

‘bia/ab<f(x’c);f(x’d))d$‘dic/cd(f(b’y);f(a’y))dy

(@1 = &1 (0= a) + P2 — §yf (d = ¢)].

(5.3)

1
16
If f:[a,b] x e, d] — C is twice differentiable on [a,b] X [¢,d] and the second

partial derivatives gt];, gy{ and ;T afy are bounded on [a, b] X [¢,d] , then by utilising

the inequality (4.12) we also have

(b—a)l(d—C)/ab/cdf(w,y) dady

_bla/: <f<x,c);f<x,d>> e dlc/cd (f(b,y);rf(a,y)) ay

(5.4)

1 2 || 0% f 0? 2
< —(h— ZJ il | i _
SETAL N (Pre oo | 24| 0y2 (d=c)
1| 82f
m’mDym(b_a)(d_C)

6. EXAMPLES FOR DISKS

We consider the closed disk D (C, R) centered in C (a,b) and of radius R > 0.
This is parametrized by

z=rcosb +a
, r€[0,R], 0 €]0,27]

y=rsind +b
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and the circle C (C, R) is parametrized by

r=Rcosf+a
, 0 €10,27].
y= Rsinf+1b
Here xD(C,R) =a, yD(C,R) =b and AD(C,R) = 7TR2.
Then
1
G5~ f e)do+ (o =) f (2.9) d
oD
1 b
- 5/ (@D ()2 (@) + (x () = TD) ' ()] f (2 (£) .y (1)) dt
27
:% [sin20+00529} R%*f (Rcosf + a, Rsin@ + b) df
T
1 27
=— f(Rcos@ + a,Rsin6 + b) df
T Jo

and by (3.6) we get

2
(6.1) // (z,y) dﬂcdy—i f(Rcos® + a,Rsin6 + b) do
7TR2 CR)

2w 0

R
< 3 (121 = 1] + 22 = o],

provided that e AD(C r) (01, ®1) and gL 6 AD(C R) (¢o, ®2) for some complex
numbers ¢, # <I>1 and ¢, # Po.
We also have for D (C, R) that

o] e dein = [ [
T —Tp(c.r)) drdy = 3 cos? Odrdo
Ap(c,r) D(C,R) ( ©m) TR?

R?
_471-/0 cos? 0df = e

1 2 / /27T
- dxdy = 3 sin? Odrdo
Ap(c,r) //D(C,R) v -9em) YR

R? R?
=1 sin® 0df = v

and

1
1 // @~ ZpEm] |y — Ip@m | dedy
p,r) ) Jpe,r)

1 R 2w
= / / 73 |cos 0 sin 8| drdf
™ o Jo

2 2
= R—/ |cos @ sin 0| df = u / |sin 26| df
47 0 71— 0

2 2
= ﬁ sm 20d0 = R—
8T Jo 2’
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From the inequality (4.12) we get

1 1 2m
6.2 —// f(x,y)dedy — —
( ) 7TR2 D(C,R) ( ) 2w 0

1 2 1 2 2
< -R? 8—{ +-R? a—f — o7 :
8 102%|pc,ryc0 8 W Ipicryo 27 1020yl pic,ry0
provided that f : D (C, R) — C is twice differentiable on D (C, R) and the second

partial derivatives %, giy]; and aa;gy are bounded on D (C, R)

f(Rcos@ + a,Rsin6 + b) df

lR2
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