SOME TRIPLE INTEGRAL INEQUALITIES FOR FUNCTIONS
DEFINED ON 3-DIMENSIONAL BODIES VIA
GAUSS-OSTROGRADSKY IDENTITY

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by the use of Gauss-Ostrogradsky identity, we es-
tablish some inequalities for functions of three variables defined on closed and
bounded bodies of the Euclidean space R3. Some examples for 3-dimensional
balls are also provided.

1. INTRODUCTION

Recall the following inequalities of Hermite-Hadamard’s type for convex func-
tions defined on a ball B (C, R), where C = (a,b,c) € R®, R > 0 and

B(C,R) := {(a:,y,z) € R?| (z—a)l+ -0+ (z-0c)°< RQ}.
The following theorem holds [10].

Theorem 1. Let f: B(C, R) — R be a convex function on the ball B (C, R). Then
we have the inequality:

1
(1.1) f(a,b,c) < VIB(CRD BCR) ///B(C,R) f(z,y,2)dedydz

1
= S (B(C.R) //S(C,R) f @y, 2)d5,

S(CR) = { (w,9,2) € Bz — )’ + (4~ )* + (= — " = B*}

where

and
V(B(C,R)) = @, o (B(C,R)) = 4xR2.

If the assumption of convexity is dropped, then one can prove the following
Ostrowski type inequality for the centre of the ball as well, see [11].

Theorem 2. Assume that f : B (C, R) — C is differentiable on B (C,R). Then

f(a,b,c) — m ///B(C,R) f(z,y,2)dedydz

% |3
ox B(C,R),00 0z

(1.2)

3
<-R
-8

)

of
" Hay

B(C,R),00 B(C,R),oo]
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provided
B B)
f I LA G 50| B
B(C,R)oc  (wy)eB(CR)| O
B
H _ sup f(z,y,2) < 0
Wlpc,ryc (uneBCr) | Oy
and 5 5
Hf N L2 A G 7501 I
9z | o (@y,2)eBC,R) | OY

This fact can be furthermore generalized to the following Ostrowski type inequal-
ity for any point in a convex body B C R3, see [11].

Theorem 3. Assume that f : B — C is differentiable on the convex body B and
(u,v,w) € B. If V (B) is the volume of B, then

(1.3) ‘fuvw ///fxy, dxdydz

< B // 2 — ul (/ ai[t(a: y,2) + (1 — 1) (u, v, )] dt)dmdydz

-I—ﬁ// |y—v|( Z—ch[t(x,y,z)—i—(l—t) (u,v,w)]’dt) dzdydz

+%// Iz — | (/ gf [t (2,,2) + (1 — 1) (u, v, w)] dt) dudydz

1
< r — u| drdydz + // — v| dedydz
(el 7 S oo [, i [ o= vt
1
+H5z BOOV(B)///B|2—wdmdydz
provided
of H of
- - < Q.
Ox B,co dy Boo 9z p

In particular,

(1.4) ‘f(vayBaZB V(lB) // f(z,y,2) dzdydz

le /// | — B|( o (z,y,2) + (1 —t) (TB,YB, ZB)] dt> dzdydz
v m B) /// ly - yB'( o (2,y,2) + (1 - 1t) (B, VB, %B)] dt> dzdydz
// |2~ ZB|< (z,y,2) + (1 - t) (TB,YB, %B)] dt) drdydz

// |z — mB|dxdydz+Hay
|3

1 // _
ly — yB| dedydz
B,co (B) B
— |z — Zg| dxdydz,
w1,

S ‘
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where

_ ﬁ///Bxdmydz, U5 = ﬁ///jgydxdydz, 75 = ﬁ///B zdxdydz

are the centre of gravity coordinates for the convex body B.

For some Hermite-Hadamard type inequalities for multiple integrals see [2], [6],
[8], 9], [10], [17], [18], [19], [20], [25], [26] and [27]. For some Ostrowski type
inequalities see [3], [4], [5], [7], [11], [12], [13], [14], [15], [16], [21], [22], [23] and [24].

In this paper we establish some error bounds in approximating the triple integral

% // ; f(z,y,2)dedydz

by either the surface integrals

i [e-or@uamnis [ [ =@ dni

s
or by, the possibly simpler, triple integrals

) 5[] Jle-m G - PG
of (z,y,2)

+(v—2) a;] drdydz

for some «, § and 7 complex numbers.
Examples for functions defined on a ball B (C, R) centered in C = (a,b,c) € R3
and with the radius R > 0 are also provided.

2. SOME PRELIMINARY FACTS

Following Apostol [1], consider a surface described by the vector equation

—

(2.1) r(u,v):x(u,v) ity (u, U) + 2z (u,v) k

where (u,v) € [a,b] x [c,d].
If x, y, z are differentiable on [a,b] X [c¢, d] we consider the two vectors

@7%—)+8y—> 8,2?

auiauz ou ou
and

O _0n 0y 0sp

w _ov et Ta

The cross product of these two vectors g—z X %Z will be referred to as the fundamental
vector product of the representation r. Its components can be expressed as Jacobian
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determinants. In fact, we have [1, p. 420]

or or ou ou | — ou ou | — ou ou | —

(2.2) o _ 7+ 7+ p
Ou  Ov oy 9z 9z oz oz 9y
v v ov ov v ov

_ 022 9= O(xy)
-~ 9(u,v) 0 (u,v) T T (u,v)
Let S = r(T) be a parametric surface described by a vector-valued function r

defined on the box T = [a, ] X [¢,d]. The area of S denoted Ag is defined by the
double integral [1, p 424- 425}

—
+ k.

’I"

(2.3) As = dudv

=L 1 V (223:3)1(2&:3)1(2233%)2@%-

We define surface integrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.

Let S = r(T) be a parametric surface described by a vector-valued differentiable
function r defined on the box T = [a,b] X [¢,d] and let f : S — C defined and
bounded on S. The surface integral of f over S is defined by [1, p. 430]

(2.4) //Sfdsz/:/cdfmy,z) o o

" v

:/a”/cdf(x(u,v),y(u,@,z(u,w)

(B2) L () (e,
ar

If S = r(T) is a parametric surface, the fundamental vector product N = du X §v
is normal to S at each regular point of the surface. At each such point there are
two unit normals, a unit normal n;, which has the same direction as IV, and a unit
normal no which has the opposite direction. Thus

dudv

ny = and ng = —nq.

N
V]
Let n be one of the two normals n; or ny. Let also F' be a vector field defined on
S and assume that the surface integral,

//S(F-n)dS

called the flux surface integral, exists. Here F - n is the dot or inner product.
We can write [1, p. 434]

or Or
//FndS :I:// <au><8v)dudv

_»

where the sign ” + 7 is used if n = nq and the ” sign is used if n = no.
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If
Fley.2)=Pay.2) 7 +Q@y2) 7 + R@y,2) k
and
— — —
r(u,v) =z (u,v) i +y(u,v) j +z(u,v) k where (u,v) € [a,b] x [¢,d]

then the flux surface integral for n = n; can be explicitly calculated as [1, p. 435]

[ 0(y, 2)
(2.5) //S(F~n)d5'—/a j P(x(u,v),y(u,v),z(u,v))8(u7v)dudv
9 (z,x)

The sum of the double integrals on the right is often written more briefly as [1, p.
435]

//SP(x,y,z)dy/\dz+//SQ(Jc,y,z)dz/\dx+//SR(x,y,z)dm/\dy.

Let B C R3 be a solid in 3-space bounded by an orientable closed surface S, and
let n be the unit outer normal to S. If F' is a continuously differentiable vector field
defined on B, we have the Gauss-Ostrogradsky identity

(GO) ///B(divF)dV://S(Fm)dS

If we express

—

F(z,y,2)=P(2,5,2) i +Qx,0,2) J +R(z,y,2) k,

then (GO) can be written as

(2.6) /// <8P LA aQ(g Y )+8R($ v, ))dxdydz
//P T,Y, 2 dyAdz+//Q x,y,2)dz A\ dx
+//SR(x,y,z)dax/\dy.

By taking the real and imaginary part, we can extend the above inequality for
complex valued functions P, (), R defined on B.

3. IDENTITIES OF INTEREST

‘We have:

Lemma 1. Let B be a solid in the three dimensional space R® bounded by an
orientable closed surface S. If f: B — C is a continuously differentiable function
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defined on a open set containing B, then we have the equality

(3.1) ///B f(z,y, 2) dedyd=

=3 [[] Jlamn 212 (5 O )

of (x,y,2)
0z

+;[//S<xa)f(x,y,z>dwdz+//s<ymf(m,y,z)dmdx

+(y—2) } dxdydz

+//S(z—7)f(xayyz)d$Ady

for all a, B and v complexr numbers.
In particular, we have

(3.2) ///B f(z,y,2) dedydz

=3 JJ] @m0 2L gy L0

of (z,y,2)

+(zB — 2) P

. }da?dydz
+:1,)[//S(x—:cB)f(x,y,Z)dyAder//S(y—yB)f(%y,Z)dzAdw
+//S(z—ﬁ)f(x,y,z)dmdy .

Proof. We have

8[(x—a)f(x,y,z)] 8f (x7y,z)

:f(my,z)—i—(x—a)

Ox or
and
a[(z_’ygi(x7y?z)] :f(amy,z)—i—(z—v) af(*;;yvz)

By adding these three equalities we get

Ol@=—0) f@y, 2] Oly=B) f(@y,2)]  9lz=)f(y2)]

(3.3)

+

oz dy 0z
= 3f (.’,C, Y, Z)
@) of (g;% 2 (y— ) of (2;/3/7 2 (2 =) of (ﬂg;y, z)

for all (z,y,2) € B.
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Integrating this equality on B we get

(3.4) ///( (z—a) (xvyaz)]+8[(y—5)a£(x,y,z)}

0 [(Z - ’7) f ({E Y, )]> dxdydz

_3// [ (2,9, z) dedydz
///{ 8f xxy’ )Jr(yg)W

of (x,y, 2)
0z

Applying the Gauss-Ostrogradsky identity (2.6) for the functions
P(xvyaz) = (.’E— oz)f(x,y,z), Q(.’L‘7y72) = (y _B)f(x7yvz)

+

+(z—7) dzdydz.

and
R(:ay,z) = (Z —7)f($,y,2)

we obtain

(3.5) ///< (z—a) (x’yaZ)]+3[(y—6)a£(x,y,z)]

d(z— 7> f (2,9, ”) dedydz

+

// z—a)f(x,y,z dy/\dz+// y—20)f(z,y,2)dz Ndz
—|—//S(z—’y)f(a:,y,z)dax/\dy.

By (3.4) and (3.5) we get

// f(z,y,2) dedydz

/// [ 8f wwy’ )+(y—ﬁ)M+(z—7)M dzdydz

0z

// z—a)f(z,y,z dy/\der// y—0)f(z,y,2)dz Ndx
[ [e=ni@dend,

Remark 1. For a function f as in Lemma 1 above, we define the points

I g2 @0:2) x’y’z) drdydz I y%‘;‘u’z)dwdydz
y Y Of = )

11y Tt T antyas ", Tt vy

[1f, 221522 drdydz
1115 522 drdyd:

which is equivalent to the desired result (3.1).

.rB’af =

and

ZB,of =

O
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provided the demominators are not zero.
If we take o = xp af, B =Yyp,af and v = zpas in (8.1), then we get

36 [[[ 162 daaya:
_é [//S(x_xB’af)f(x’y7z)dyAdz+/[9(y—ﬂyB,af)f(x,y,z)dz/\dx

+// (z = zB.og) f (2,9, 2) dxAdy] :
s
since, obviously,

/// [””B""f‘x T )+<yB,af—y>af(§;,y’z)

0
+(zBaf — %) f(:gjzy,z)} dxdydz = 0.

We also have the following dual approach:

Remark 2. For a function f as in Lemma 1 above, we define the points

, ffsxf z,y,2)dy Ndz . ffsyf z,y,2)dz A\ dz
T [ Jsf(zy, 2 dy/\dz’ys’f' I Js f(x,y,2)dzNdx

zs

and

ffszf x,y,z)dx A dy
[ Js f(xy,z)de ndy

provided the denominators are not zero.
If we take o = x5 5, B =ys,r and v = zg 5 in (3.1), then we get

(3.7) / / f (., 2) dedydz

//””“’Sf‘”“’ f(gy’ )+<ys,f—y>w%;,y’z)

of (x,y,2)
0z

zZs

+ (25,5 — 2) dzdydz

since, obviously,

//(m—xs,f)f(x,y,z)dy/\dz—i—//(y—ys’f)f(x,y,z)dz/\dx
s s
+//S(z—z5,f)f(x,y,z)d:v/\dy:0.

4. INTEGRAL INEQUALITIES

For a measurable function g : B — C we define the Lebesgue norms

1/p
lalls, = ( /I |g<x,y,z>|”dxdydz) <

l9llp.oo == sup |g(z,y,2)| < o0
(z,y,2)€B

for p > 1 and
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for p = o0.
‘We have:

Theorem 4. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S. If f: B — C is a continuously differentiable function
defined on a open set containing B, then for oll o, B, v complex numbers we have
the inequality

(4.1) '//Bf(x,y,z)dzdydz;{//S(xa)f(:c,y,z)dy/\dz
—|—//S(y—ﬁ)f(ac,y,z)dzAdx+//S(z—’y)f(a:,y,z)dac/\dy}‘

_3/// [ ‘3f gy, z) of (z,y,2)

+18-

1B yl’ 9y
of (z,y, z

-z f(azy )

} dzdydz =: M (o, B,7; f) -
Moreover, we have the bounds

(4.2) M (e, 8,7 f)

13| 111

2| 510y by 2 drdyiz:

+(§

of
ox

., 118~ yl dedydz

of

ox

, (Il o= ol dryd) " |55 (117 18 = dady)' "
Bp Uffs 1 - Z|dxdydz) » P4 > 17 sta=1

IN
Wl =

o
2]+l 2]

of
Z| EBl.

sup a—
ey | i

+ Sup(m,y,z)e h/ -

Proof. From the identity (3.1) we have

] @i | [ [@-arfemaana
Jr//(yB)f(x’y’Z)deH//(zV)f(l’vy,z)dxAdyH
‘/// { ot o T )+(/3_y)3f(2;/y’2)

+(vy—2) af(g’ZM} drdydz
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<] [ 2m2) 4 5y 202
+(v=2) af(z;y’z)] dadydz
—3///[ ) P +’(ﬁ—y>8f(§’yy’z)
+’(7—2)8f(g;y’z>]dmdydz:M(a,ﬁ,%f),

which proves the inequality (4.1).
By Holder’s multiple integral inequality we also have

///B (a—x) W dxdydz
‘ 9 e IS5 o — x| dzdydz;
< ‘ 2f oo Ul o — 2| dadydz)/?, pg>1, L4l = 1
SUP(g,y,2)e o — o B1
and the other two similar inequalities for the partial derivatives gy and Whlch,
by addition, provide the bound from (4.2). O

Corollary 1. With the assumptions of Theorem 4 we have the inequalities

(4.3) '///Bf(x,y,z)dxdydz—;[//S(x—xB)f(CC,y,z)dy/\dz
+//(yBB)f(:z:,y,z)dz/\d:r+//(zZ}B)f(:c,y,z)d:r/\dy”
1 el a2

dy
8f (z,9,2)

0z

+|y

+ |25 — 2|

] dxdydz =: M (T5,9B,Z2B; f)

(4.4) M (75,985, %B; f)
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of
ox

a

B fff3|ﬁ—z|dmdydz+’

52\, I 175 — <l oy

g—j’; BoofffB [y — y| drdydz

__ 1/ o 1/
1) S, s 5 — ol dodydz) ™ + [ S| (11 195 — ol dodyaz) "
T3 |8, (I B - el drdyd=) Y pg > 1 B b=
P
Sup(m,y7z)€ |E_ -'I/'| ‘ % B +Sup(a:7y,z)e |y73_ y| H%HBJ

_ af
+Sup(x,y,z)€ |ZB - Z| HE B1

We also have

(4.5) /// f(z,y,2) dedydz

B

1 of (z,y,2) of (z,y,2)
< Z _ _
< 3///3 [|1’5,f x| 97 + 1ys,f — ¥l a9y
a b )
+|zg,5 — 2| 7f (gzy ?) ] dedydz =: M (zg,7,Ys,f, 25,53 )

with

(4.6) M (xs,f,Ys,fs 25,4 f)

‘ % fffB |33S,f_33‘d$dydz+) %5 fffB lys,r — y| dedydz
B, 7 11 B,c0
+ H%‘ oo A5 1755 = 2| dadydz;
1/ 1/
B N I A N Y R Ry
T3 )+ |8 U s - Hldudydz) Y pg> 1 bt =
3P
SUD (5,4, 2)¢ |75, — 7 ‘ 9 . + SUP(4,y.2)¢e |Ys,r — Yl H%HB,1
+SUP (4 y.2)e |zs,; — #| % a1

Remark 3. Using the discrete Héolder’s inequality we have

ox 0z

of(x,y,2)
ox

of (z,y,2)
+ ’ dy

of(x,y,2)
+ [

E

P of(z.y,2)
+ ‘ Oz

max {la o], |8 — I, |y - 2|} |

q q a\1/a [| 0f(z.y,2) Py i/p
(Joc— 27 + 18— y[? + |y — )"/ [| 2Lz ]
forp, a>1, ;+ 5 =1

P of(z.y,2)

IN

ma { | 21652 Yol + 18— 9l + by — 2]

for all (z,y,z) € B and all «, B, v complex numbers.

of(x,y,2)
Jdy

of(z,y,2)
’ Oz

)
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By taking the integral we get
M (o, 8,7 f)

ffffmax{a_$|a|5_y|v|7_z|}

% [ 0f(z.y.2) +‘af(g,yy,z> +’af((a§,zy,z)

IfSs( Ia—x\"+lﬁ Yl + Iy — 2|9
% H af(z,y,z)

} dxdydz;

IN
W =

1/p
} dxdydz

j

n ‘Bf(z,y,Z)

i ‘afu,y,z)

for p, q>1 Ste=

(z,y,2 of(x,y,z
ffmeaX{’ 2.y )"‘ f(ayy )

X[l = 2| +[8 =yl + |y — 2[] dedydz

of(z,y,2)
) 0z

for all a, B, v complex numbers.
One can separate the factors in the above inequality by using Holder’s integral
inequality. For instance, we have

///B (Jao — ]+ 18 =y + |y — 2|9/

p p p
o |9 (@,y,2) n of (z,y,2) n of (z,y,2)
or oy 0z

) (///B [a=af'+13 =yl + - zq)l/q}qudyd)l/q
(/// (Haf .y, %) p+ ‘3f(x,y,z) P+ laf(a:,y,z) p}l/p>pdxdydz>1/p

dy 0z

) <///B (Joo =2l +16 —y|* + by — =) d:z:dyd2> N

Of (x,y,2) 7 |0f (,y,2) [P . |0f (x,,2) | e
(L1522 ¢ J =)

Jy 0z
which gives

1/q
a0 M n <y ([[[ damal 1=yt + b= o doaya:)

of (w,9,2) " |0f (,5,2) 7 |0F (w,9,2)|" e
(L1752 ] q Jdwayiz)

dy 0z
1 1 _
forpaq>17;+5_1

/p
} dxdydz

We also have:

Theorem 5. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S described by the vector equation

—

r(u,0) =2 (u,0) © +y(u,0) j +2wo)k, (u,0)€a,b]x[cd
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where x (u,v), y(u,v), z(u,v) are differentiable. If f : B — C is a continuously

differentiable function defined on a open set containing B, then for all o, (3,
complex numbers we have the inequality
of (z,9,2)

o | e o0

By f(a,yy, )Jr(vf )af( ;y, )]dwdydz

1[//U (120) 00 (00D o (0 0) = | 525

=3
+/@/ f(x(uav),y(u,v),Z(wv))Iy(u7v)—ﬁ|‘a(2’7‘z)’dudv

+/ab/cd|f(x(u7y),y(u,v),z(u,vm|Z(“7”)_7| ‘gg:mdum]

= N (a, 8,7 f).
Moreover, if we put O := [a,b] X [c,d], then we have the bounds
1 bord 9
49) Nl f) < g Uloue | [ [ het) al| 22
zZ, IL‘
o) = 81| D41 1,0) = 21| 52 dua]
1
< —
<3 f
A(y,2) H 3(z :r) _
H Emn —allg + | 52| Iy~ Blles
I(x,
+H<yHwa77mJ,
A(y,z d(z,x)
|53 e = el g + |56 1= Bl
% :
I(x,
+H&3>mﬁv—vmﬂ,
T
I(x,
+H§5meu—ﬂmm-

Proof. From the identity (3.1) we get

(4.10) // f(z,y, 2) dedydz
3 Jff [l G s G
+(V_Z>W dudydz
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L - 9(.2)
_3[/(1/0(32(%11) oz)f(x(u,v),y(u,v),z(u,v))a(uw)dudv
b d
+/ / (y(u’v)_6)f(‘r(uvv)ay(uav)7Z(U7U))ggzv‘z;dud’u

e 9 (z,y)
—|—/a /C (z (u,v) =) f (x (u,v),y (u,v), z (u,v)) 8(u,v)dudv‘|

for all «, 8, 7 complex numbers.
By taking the modulus in (4.10) we get

\///fxyzdmydz//” e

+(B—y) 8f(ay +(v—2) of (g;y, )] dzxdydz
Ly 9(y,2)
SS[a i ( y(u,v), 2z (u v))ﬁ(u,v) dudv
+ [ (y 9(z ) dudv

),y (u,v) z(u,v))ggii) dudv]
l// |z (u,v) — a| |f (z (u, ),y (u,v), 2 (u,v))] g(yzi dudv
/ / 1 (00) = 8115 (o (00 o (0,0) 2 o) | G203 dude

which proves the first inequality in (4.8).
We have

N (o Boi ) < & ||f|soo[//|xuv o |2

(y | dudo

+/:/Cd|z(u,v)—7| gg y; dud

and by Holder’s inequality for each integral we get the last part of (4.9).

O
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Corollary 2. With the assumptions of Theorem 5 we have

(4.11) N (e, 8,7 f) < % (//Sf@,y,zms)
’ <//s(|w0‘|2+yﬁl2+|zvlz) dS>1/

for all a, B, v complex numbers.

1/2

2

Proof. We have, by Cauchy-Bunyakovsky-Schwarz (CBS) discrete inequality, that

d(y, 2) d(z,m) d(z,y)
9 (u,v) 9 (u,v) 0 (u,v)

< (e () = o + Iy (w.0) = B + ]2 () o)

1/2
9(y,2) ?
g (’aw,v) )

for (u,v) € [a,b] X [c,d].
N (o Bo; f) < //|f (u,0) 9 (1,0) , 2 (u, )

Therefore we get
o\ 1/2
x (ke (u,0) = ol + Iy (u,v) = B + |2 (u,0) — %)

|z (u,0) — + |y (w,0) = B + 2 (u,0) =

2

02" [0 o)
) ) ) d d
X('aw,v) ‘aw,v) *‘Mu,v) ) o
=: P (a, 8,7 f)-
By using CBS weighted integral inequality we get

P (o, 8,7; f)

<<//|f (1,0) y (1,0) , = (u, )

‘8(yz

Q

o)

X </ab /Cd (|w (u,0) — af* + |y (u,v) — B> + |2 (u,v) — 7|2)

2\ 1/2 1/2
> dudv)
= ([ [reaaras) " ([ [ (ot et st —ap)as)

which proves the desired result (4.11). (]

‘8(31 2)|?

U,V
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Remark 4. From (4.8) we get

(4.12) ‘// F(wy, 2) dedydz — ~ ///{xB_x (gx%)

+ (U5 —v) 0/ (@y,2) (j’;yy’ ?) +(Z5—2) 0/ (2.y,2) (g;% )] drdydz

< é l/b/d|f(x(u,v),y(u,v),z(u,v))||x(u,v)—3713|‘g(z’z;'dudv

2,
[ e v,z oy - 76 550
9 (z,y)
// o Ca0) ) 2 o) 2 (0) — 5] 12 )’dd]
=N (o, 8,7 [)-
Moreover, if we put O := [a,b] X [c,d], then we have the bounds
2)
(413) N(a 5vf)_||f||soo[//|xuv -3l 5125
+ |y (u,v) — yB| 9(z ) + |z (u,v) — ZB] 0(z, )‘d dv}
9 (u,v) 9 (u,v)
1
< —
-3
(y, O(z, J—
|52, e - xBHm+\ con I R 1 o
+H G|, Nz =Bl
H%((y Z)) |z —TBllg 4 + ‘ % ly = ¥Bllo,
x d(x.y) —
+ 0 ||, 12 = 7B llo g
|5e2 mnx—ﬁnw .ty =7l
+[ 7, @nu,w-

We also observe that under the assumptions of Theorem 5 we have

(4.14) \ JJ] w2 vy
<3 Vab/cdlf(w(w),y<u,v>,z<u,v>>| o o) — 2l [
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z) dudv

w17 w0 o )~ zmarl |3 ‘dd]

=N (xB,aﬂyBﬁf, zp.of; f) -

+/b/d|f(m(u,v),y(u,v),z(u,v))||y(uvv)yB,8f|’5 2

Moreover, we have the bounds

1 b pd d(y, z
(4.15) N {(zpos.yBor 2o ) < 3 1flls.00 [/ / |z (u,v) — Bof| ‘58@;‘

1
< 21750
i o
H yZ) ||x_xB Bf”D 1+H (Z T) E\oo”y_yB)afHD71
acy)H _ZB,BfHD,l’
o
|53, 1o = wmarto, + | 55, o - vmarl,
X d(:c y) _
+ ||z ZBaf”Dq’
Iy,
H 6((yz)) 0,1 |z —2p, Bf”D,oo D,pHy_yB’BfHD’OO
SEE

5. APPLICATIONS FOR THREE DIMENSIONAL BALLS

Now, let us compute the surface integral

K(S(C,R),f) :=/[9(CR)f<x,y,z>ds,

S(C.R) == {(z.9.2) €| (z — )" + (y =) + (2 — 0)° = R?}.

where

If we consider the parametrization of S (C, R) given by:

x = Rcosipcosp+a o
S(C,R):< y=Rcosysing+b ; (¥,9)€ [—5 5} [0, 27]
z=Rsiny +c¢

and putting

Oy 0z

A= | g"z/j v ‘ = —R?cos® 1 cos g,
op Oy
Oz Oz

B = ‘ g g ‘ = R?cos® sin g,
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and
oz Oy
C:=| % %75 = —R?sin cos 1),
dp By

we have that
A? + B? + C? = R*cos® ¢ for all (¢,¢) € [—27 g} x [0, 27] .
Thus,

(5.1) K<S<O,R>,f>=//S(Cmf<m,y,z>ds

5 2
:/ / [f (Rcoscosp + a, Recostsinp + b, Rsiny + ¢)
-z Jo
><\/A2+B2+02} dipdip

5 2
= R2/ / costf (Rcosvcos + a, Rcossinp + b, Rsin + ¢) dypdp.
—z Jo
2
We also have

62) LSER.N=[ [ e dyns
—I—//S(C,R) (y—b)f(x,y,z)dz/\dx—I—//S(C’R)(z—c)f(x,y,z)dmAdy

5 2
=-R? / / cos® ) cos? ¢
- 0
2

X f(Rcostpcosg+ a, Recosysinp + b, Rsiny + ¢) dipdyp

K 2m
+ R? / / cos® 1 sin?
—z= Jo
2

x f(Rcoscosp + a, Rcostsinp + b, Rsiny + ¢) dipdyp
—R3//sin21/Jcosz/Jf(Rcoswcos<p+a,Rcosz/Jsingo—i—b,Rsind;—i—c)dzbdap.
s

Let us consider the transformation 75 : R?* — R? given by:
Ts (1,9, ) := (rcosipcosp + a,rcossing + b, rsiny + ¢) .
It is well known that the Jacobian of T5 is
J(Ty) = r*cos

and Th is a one-to-one mapping defined on the interval of R?, [0, R] x [fg, g] X

[0,27], with values in the ball B (C,R) from R3. Thus we have the change of
variable:

(5.3) I(B(C,R),f):= ///B(C’R)f(:p,y,z) dzdydz

R 3 27
:/ /2 / f (rcostpcosp + a,rcosysing + b, rsin + ¢) r? cos hdrdipdep.
0 -z Jo
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We also have

R % 2T T
/// la — x| dedydz = / / / 73 cos? 9 |cos | drdipdp = = R*
B(C,R) 0 -5 J0 2

and, similarly

/// |b—y|dwdydz:/// |c—z|da:dydz:zR4
B(C,R) B(C,R) 2

Therefore

or /// |75 — x| dzdydz
Tl B(C,R),00 B(CR

+ /// yB — y| dedydz
C"y B(C.R), B(C,R)
+ H /// |zZ5 — 2| dedydz
0z B(C,R),00 B(C,R)
ok (2 P 7 I -
2 ox B(C,R),00 B(C,R),00 B(C,R),00
and by the inequalities (4.3) and (4.4) we get
1
54 [1BER.-jLEER.D)
Sl U I 1 IO -
6 Ox B(C,R),00 B(C,R),00 B(C,R),00

provided f : B(C,R) — C is a continuously differentiable function defined on a
open set containing B (C, R).
We also consider

(5.5) T (B ///[me (:;y,)

+@-n (g, Y, 2) of (ﬂgzy, 2)

R z 2m
— / / / (T3 cos? 1 cos 90)
o J-zJo

o Of (rcospcosp + a,rcossing + b, rsiny + ¢)

ox
R 5 2w
— / / / (r3 cos? 1 sin <p)
o J-zJo

“ f (rcospcosp + a,rcossinp + b, rsiny + ¢)

Y
R 5 2m
—/ / / 2 sin ) cos
o J-zJo

y Of (rcoscosp + a,rcosysing + b, rsiny + ¢)
0z

+(zg — 2) dxdydz

drdypdy

drdypdy

drdiyde.
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By the inequality (4.11) we obtain
1/2

N (asbyes f) < //S(CR)u(x,y,z)?ds

1
3
1/2
2 2 2
x(// (|:c—a| + |y — b +|z—c|)dS
S(C,R)

B 2 5 9 1/2
= SVAR[K (S(C.R),IfP)]
and by utilising (4.12) we also get

1

(5.6) |[(B(C.R).f)~ 3T (B(C. R),f)‘ < 2R [K (S(C.R).| )]
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