SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR
CONVEX FUNCTIONS DEFINED ON CONVEX BODIES VIA
GAUSS-OSTROGRADSKY IDENTITY

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by the use of Gauss-Ostrogradsky identity, we es-
tablish some integral inequalities of Hermite-Hadamard type for functions of
three variables defined on closed and bounded convex bodies of the Euclidean
space R3. Some examples for 3-dimensional balls are also provided.

1. INTRODUCTION

Recall the following inequalities of Hermite-Hadamard’s type for convex func-
tions defined on a ball B (C, R), where C = (a,b,c) € R?, R > 0 and

B(C,R) := {(x,y,z) ERY(z—a) +(y—b)’+(:—0c)’ < R2}.
The following theorem holds [6].

Theorem 1. Let f : B(C, R) — R be a convex mapping on the ball B (C, R). Then
we have the inequalities:

(1.1)  f(a,b,c) < ///B(CR) x,y, z) dedydz

N //CR (®:9,2)d5,

where
S(C,R) := {(m,y,z) ERY|(z—a)® + (y—b)°+ (2 —c)* = RQ}
and ,
V(B(C,R)) = 4”3R . A(B(C,R)) = 4rR>.

Let D be a bounded convex domain from R? with a piecewise smooth boundary

S. We use the notations
5= [ / as. vo) - [f / av,
N
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7= g 205 T = g [ vds mna 5 o= s [ as.

Let us assume that the surface S is oriented with the aid of the unit normal h
directed to the exterior of D

and

h = (cos a, cos 3, cosy) .

The following Hermite-Hadamard type inequalities for convex functions defined
on general convex domains were obtained by B. Gavrea in 2000, [9]:

Theorem 2. Let f: D — R be a convex function on D, a bounded convexr domain
from R3 with a piecewise smooth boundary S. Then we have the inequalities

(1.2) f(zp,9p,7p) < ﬁ///ijfdvs fw)//sfds
1 . _ _
+m//s [(x —Tg)cosa+ (y —yg)cosf + (z — Zg) cos] f (z,y, z) dS.

For other multivariate Hermite-Hadamard type inequalities, see [2]-[4] and [10]-
[16].

Motivated by the above results, we obtain in this paper other integral inequalities
of Hermite-Hadamard type for convex functions defined on convex domains from
the space. Some examples for three dimensional balls are also provided.

2. SOME PRELIMINARY FACTS AND RESULTS

Following Apostol [1], consider a surface described by the vector equation
(2.1) r(u,0) =2 (u,0) T +y ()G +z @)k
where (u,v) € [a,b] x [c,d].
If x, y, z are differentiable on [a, b] X [c, d] we consider the two vectors
or (Q)x—,>+8y—,>+az?
g Y o=
Ju  Ou ou’ T ou
and
or (9w—,>+8y—,>+82—>
_——= —_—1 _— -_ .
ov  Ov v’ T v
The cross product of these two vectors % X % will be referred to as the fundamental
vector product of the representation r. Its components can be expressed as Jacobian
determinants. In fact, we have [1, p. 420]

5 5 dy 9z 9z oz oz 9y
ou ou ou ou ou ou
(22) xS T+ 7+ |
ou v oy o 9 Om o By
v v ov ov v v
7] 0 7]
_ w2z O@wy)p
0 (u,v) 0 (u,v) d (u,v)
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Let S = r(T) be a parametric surface described by a vector-valued function r
defined on the box T = [a, ] X [¢,d]. The area of S denoted Ag is defined by the
double integral [1, p. 424-425]

(2.3 As/ab/j
LG () (Gt

We define surface integrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.

Let S = r(T) be a parametric surface described by a vector-valued differentiable

function r defined on the box T = [a,b] X [¢,d] and let f : S — C defined and
bounded on S. The surface integral of f over S is defined by [1, p. 430]

(2.4) //Sfdsz/ab/cdf(x,y,@

/;/Cdﬂx(u,v),y<u,v>,z<u,v>>

0.2\, (02" (9w
dudv.
% \/(8(u,v) * 0 (u,v) * 0 (u,v) uew
If S = r(T) is a parametric surface, the fundamental vector product N = % X %
is normal to S at each regular point of the surface. At each such point there are

two unit normals, a unit normal ny, which has the same direction as N, and a unit
normal no which has the opposite direction. Thus

or Or
70 X % dudv

o o
ou

e dudv

n1 and ny = —ng.

N
1Vl

Let n be one of the two normals nq or ny. Let also F' be a vector field defined on
S and assume that the surface integral,

//S(F-n)als7

called the flux surface integral, exists. Here F - n is the dot or inner product.
We can write [1, p. 434]

//S(F-n)dS:i/ab/ch(r(u,v)).(g;Xg})dudv

where the sign ” + 7 is used if n = ny and the 7 —”

If

sign is used if n = no.
— — —
k

F(z,y,2) = P(x,y,2) i +Q(z,y,2) j +R(z,y,2)

and

— —

r(u,v) =z (u,v) i +y(u,v) j +z(u,v)? where (u,v) € [a,b] X [c, d]
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then the flux surface integral for n = n; can be explicitly calculated as [1, p. 435]

(2.5) //S(F~n)d.5’:/ab/ch(x(u,v)w(u,v),z(u,v))g(zzz))dudv
[ [ e e s 2E

(u,v)
" 9 (,y)
+/a /C R(x(u,v),y(u,v%z(u,v))a(uw)dudv.

The sum of the double integrals on the right is often written more briefly as [1, p.

435)
// T,Y, % dy/\der//Q T,Y, 2 dz/\der// x,y, z)dz A dy.

Let B C R? be a solid in 3-space bounded by an orientable closed surface S, and
let n be the unit outer normal to S. If F' is a continuously differentiable vector field
defined on B, we have the Gauss-Ostrogradsky identity

(GO) ///B(divF)dV://S(F-n)dS

If we express

—

—_0 - —
F(z,y,2) = P(z,y,2) i +Q(z,y,2) j +R(z,y,2) k

then (GO) can be written as

(2.6) /// <8P vY2 8Q(g Y )+8R(x Y ))dxdydz
// (v, dy/\dz+//me, )dz A de
+//SR(z,y,z)dxAdy.

By taking the real and imaginary part, we can extend the above inequality for
complex valued functions P, @), R defined on B.
For the body B we consider the coordinates for the center of gravity G (T, vY5,ZB)

defined by
1 . 1
j ///B zdxdydz, yg = m ///B ydxdydz
and
1
= m ///B zdzxdydz.
We have:

Lemma 1. Let B be a solid in the three dimensional space R® bounded by an
orientable closed surface S. If f: B — C is a continuously differentiable function
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defined on a open set containing B, then we have the equality

(2.7) ///B f(z,y, 2) dedyd=

=3 [[] Jlamn 212 (5 O )

of (x,y,2)
0z

+;[//S<xa)f(x,y,z>dyAdz+//s<ymf(m,y,z)dmdx

+(y—2) } dxdydz

+//S(z—7)f(x,y,Z)dedy

for all a, B and v complexr numbers.
In particular, we have

(2.8) ///B f(z,y,2) dedydz

=3 JJ] @m0 2L gy L0

of (z,y,2)
0

+ (25— 2) =
+:1,)[//S(x—:cB)f(x,y,Z)dyAdz+//S(y—y3)f(w7y72)dzAdw

} dxdydz

s
Proof. We have

8[(x—a)f(x,y,z)] 8f (x7y,z)

:f(l'7y72)+(x_0l)

Ox or
and
a[(z_7>a£(x7y?z)] :f(:uy’z)_’_(z_,y) af(*;;y?z)

By adding these three equalities we get

Ol@=—0) f@y, 2] Oly=B) f(@y,2)]  9lz=)f(y2)]

(29) Ox * Oy 0z
= 3f (.’,C, Y, Z)
@) of (g;% 2 (y— ) of (2;/3/7 2 (2 =) of (ﬂg;y, z)

for all (z,y,2) € B.
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Integrating this equality on B we get

(2.10) ///( T —a) <w7y,z>1+a[<y—5g£<x,y,z>]

0 [(Z - ’7) f ({E Y, )]> dxdydz

_3// [ (2,9, z) dedydz
///{ 8f xxy’ )Jr(yg)W

of (x,y, 2)
0z

Applying the Gauss-Ostrogradsky identity (2.6) for the functions
P(xvyaz) = (.’E— oz)f(x,y,z), Q(.’L‘7y72) = (y _B)f(x7yvz)

+

+(z—7) dzdydz.

and
R(:ay,z) = (Z —7)f($,y,2)

we obtain

(2.11) ///( z = o) (%y’Z)]+5[(y—6()9§(w7y,z)]

d(z— 7> f (2,9, ”) dedydz

+

// z—a)f(x,y,z dy/\dz+// y—20)f(z,y,2)dz Ndz
—|—//S(z—’y)f(a:,y,z)dax/\dy.

By (2.10) and (2.11) we get

// f(z,y,2) dedydz

/// [ 8f wwy’ )+(y—ﬁ)M+(z—7)M dzdydz

0z

// z—a)f(z,y,z dy/\der// y—0)f(z,y,2)dz Ndx
[ [e=ni@dend,

Remark 1. For a function f as in Lemma 1 above, we define the points

I g2 @0:2) x’y’z) drdydz I y%‘;‘u’z)dwdydz
y Y Of = )

11y Tt T antyas ", Tt vy

[1f, 221522 drdydz
1115 522 drdyd:

which is equivalent to the desired result (2.7).

.rB’af =

and

ZB,of =

O
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provided the demominators are not zero.
If we take o = xp oy, B =Yyp,af and v = zpas in (2.7), then we get

(2.12) // : f(z,y,2)dedydz

:zl)){//S($—.TB,Bf).f(lZ?,y,Z)dy/\dZ—F//S(y—ﬂvaaf)f($7y’Z)dz/\dx

"’// (z —zBas) [ (2,9, 2) dx/\dy] ,
s
since, obviously,

I (emar = 22522 1 g = 215202

+(zB,af — 2) Bf(rg;y,z)} dzdydz = 0.

We also have the following dual approach:
Remark 2. For a function f as in Lemma 1 above, we define the points

ffszz:f x,y,2) dy A dz . ffsyf x,y,2)dz A dx
[ Jsf(xy, 2 dy/\dz’y I S f(x,y,2)dzNdx

and

e ffszf x,y,z)dx A dy
Sf = [ Js f(xy,z)de ndy

provided the demominators are not zero.
If we take o = xg f, B =ys 5 and v = zg,f in (2.7), then we get

(2.13) /// f(z,y,2) dedydz

///{msfaC f(gy’ )+(ys,fy)W

0
+ (25,5 — 2) % drdydz

since, obviously,

//(m—xs’f)f(x,y,z)dy/\dz—i—//(y—ys’f)f(x,y,z)dz/\dx
s s
+//S(z—z5,f)f(x,y,z)dm/\dy:0.

3. INEQUALITIES FOR CONVEX FUNCTIONS
We have the following result:

Theorem 3. Let B be a convex body in the three dimensional space R3 bounded by
an orientable closed surface S and f: B — C a continuously differentiable function
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defined on a open set containing B. If f is convex on B, then for any (u,v,w) € B
we have

@UﬂwwH@%mﬁ%Qﬂ
+(yB_U)af(uv w)+(zB—w)w

1

VB // f(z,y,2)dedydz

([// x—u) f(x,y,2)dy Ndz
// —v) f(z,y,2 dz/\da:—l—// z—w) f(x,y,2)dz ANdy]| .

In particular, we have

< f(uvw

(3.2) f(=B,YB.%ZB) <

V(lg)///f(f y, 2) dedydz

1
< f(xBayB»ZB {// (x —7B) f (z,y,2)dy Ndz

+/L@*%U@%@WAW+/L@*EN@%@MA@~

Proof. By the gradient inequality for the convex function f on the convex set B we
have

(m—u)af(g’;)’w)—&-(y—v) 8f(1gyv7w)_’_(z_w) 8][(15:71”)
gf(x,y,z)ff(u,v,w)
3 s Y, a s Yy a y I
< (z— ) f(gxy Z)+(y—v) f(gyy Z)+(z—w) f(gzy z)

for all (u,v,w), (z,y,2) € B.
If we take the integral mean over the variables (x,y, z) € B, we get

/// “”wddydz+ /// y—v Mddydz
/// ‘9f “”w)d dydz
g%// f(z,y,z dxdydz—ﬁ// f (u,v,w) dedydz

af“” ddydz+v(13 /// y—v 6f$y’ @ Y2) s

/// Z—w wdxdydz
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namely

3 @—“)W“W o 2] | (o DL L)
—V ///f €, Y,z dmdde—f(u,v,w)

< /// (w—u afmy, dddz—|— /// my, dxdydz

/// (@ y, )dmdydz:

for all (u,v,w) € B, which is an inequality of interest in itself.
The first inequality in (3.3) gives now the first part of (3.1).
From the identity (2.7) we get for (o, 8,7) = (u,v,w) that

///Bf(x y, z) dedydz
///{“_ W+(v—y)5f(2;/yaz)

W(gy’)] dxdydz

1
3{// x—u)f(z,y,z dy/\dz+// —) f(z,y,2)dz Adx
// (z—w) f(z,y,2)dz Ndy]| ,
namely

v [ [ 25 - 2

of (2,y,2)
0z

[// f (o2 dy/\dz+// ) f(@,y,2) de A da
// c—w) (e dm/\dy}—SV(B)///Bf (2., 2) dedydz.
From the second part of (3.3) we get
%///Bf(x,y,z)dxdydz—f(u,v,w)
_1[//(m—u)f(x,y,z)dy/\dz—l—//s(y—v)f(x,y,z)dz/\da:
// c—w) (e dat/\dy}—3‘/(13)///13f(x,y,z)dxdydz,

+(w = 2)

+ (2 —w) ] dzdydz =
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/// (x,y, 2) dedydz < f (u,v,w)
{// Fly.2 )dy/\dz+// —v) f(2,y,2)dz Adx
+//S(Z—w)f(w7y,Z)dxAdy :

which gives the second part of the inequality (3.1). O

namely

Remark 3. The first inequality in (3.2) is the same as the one from inequality

(1.2).

Corollary 1. With the assumptions of Theorem 3 and if (zs,f,ys f,%s,f) € B,
then

Of (ws,f,Ys.f>25,1)
ox

+ (ZB — #s.f)

(3.4) f(zs,f,ys,f 25,f) + (TB —xs,f)

Of (xs,f,yYs,f»25,f) Of (xs,5,Ys,1,25,5)
oy 0z

1 1
< m//}gf(x,y,z)dmdydz < zf(x&f’ys)f’zs,f)_

The proof follows by (3.1) observing that

//(m—xs,f)f(a:,y,z)dy/\dz—l—//(y—y&f)f(x,y,z)dz/\dx
s s
—I—//S(z—z&f)f(a:,y,z)dx/\dy:O.

Corollary 2. With the assumptions of Theorem 3, we have

///fxy, dudydz < %% [// z—7Tg) [ (z,y,2)dy Adz
—i—//s(y—y?)f(x,y,z)dzAdx+//g(z—@)f(%y,z)dx/\dy .

Proof. From (3.2) we get

// f(z,y, 2) dedydz
< f(xB,yB,zB [// f(z,y,2)dy Ndz
+//<yw)f(x,y,zmwdaw//(zzB>f<x,y,z>dmdy]
gii///f T,y 2 dmdydz+4v {// f(@,y,2)dy Adz
+//S(y—yB)f(x,y,z)dz/\dx—i-//S(z—ZB)f(l"vy’Z)dx/\dy],

+ (UB — ys,5)
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which implies that

// f(z,y,2) dedydz < 3(7 [// r—7B) f (z,y,2)dy A dz
+//S(y—y73)f($7yyz)dz/\dx+//S(z—@)f(x,y,z)dx/\dy

that is equivalent to (3.5). O

Corollary 3. With the assumptions of Theorem 8 we have

tsy | fo7 s+ g [ [ [ -0 25

M—i—(z _w)a}dg

< V // f(z,y, z) dedydz

+ @B —v)

1
gz //fuvwdS—i—[// fx,y,2)dy Ndz
+//(y—ys)f(w,y,Z)dzAder//(Z—ZS)f(m,y,Z)dw/\dy].
s s
Proof. By taking the integral mean ffS ) dS over the variables (u,v,w) in

the integral (3.1), we get

4@/4f@wm“+ //[ N

3f(1(gv w)} S

1
4
+iv(13)[//( A(S)//“ds) (0 2)dy 1z
+ /Svd5> (x,y,2)dz A dx
(z—A(S)//SwdS>f(x,y,z)dx/\dy ,

which is equivalent to (3.6). O

Remark 4. The second inequality in (3.6) is an equivalent formulation of the
second inequality in (1.2).
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4. APPLICATIONS FOR THREE DIMENSIONAL BALLS

Now, let us compute the surface integral
KS©R). D= [[  f@vsas
S(C,R)
where
S(C,R) := {(x,w) R (z—a)’+(y—b) +(z—c)?= R2}.

If we consider the parametrization of S (C, R) given by:

z = Rcosycosp+a o
S(C,R):< y=Rcosypsinp+b ;(¢,p)€ {—5,5} x [0, 27]

z= Rsiny + ¢
and putting
Oy 9z
A= gﬁ g;f = —RZ%cos? 1) cos p,
oy oy
Oz Oz
B:=| % 9% | = R?cos®¢sing,
o o
and
dz Oy
C:=| % ‘glﬁ = —R?sin cos 1,
dp  dp

we have that

A2+ B2+ C? = R*cos? 4 for all (v, ¢) € [—g g} x [0, 27].
Thus,
@y KESCR.N=[[ ey
S(C,R)
5 2m
:/ / [f (Rcostcosg + a, Rcosysinp + b, Rsiny + ¢)

x\/A% + B2 + 02] dpdy

z 2m
:RZ/2 / cos f (Rcosv cos + a, Rcospsinp + b, Rsiny + ¢) didep.
—= Jo
2
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We also have
(4.2) L(S(C,R),f) :z// (x—a) f(x,y,2)dy Ndz
S(C,R)

+//S(C,R) (y—b)f(x,y,z)dz/\dm—l—//s(cﬂ)(z—c)f(x,y,z)dm/\dy

5 2m
=-R? / / cos® ) cos? ¢
-z 0
2

X f(Rcostpcosg+ a, Recosysinp + b, Rsiny + ¢) dipdyp

3 5o 3 2
+R/ / cos” Y sin®
—_z Jo
2

x f(Rcoscosp + a, Rcostsinp + b, Rsiny + ¢) dipdyp
~R? / /S sin 1 cos ¥ f (R cos ) cos ¢ + a, Rcosvsin o + b, Rsin + ¢) dipdep.
Let us consider the transformation 75 : R?® — R? given by:
T (r,1), @) := (rcostpcosp + a,rcossing + b, rsiny + ¢).
It is well known that the Jacobian of T is
J(Ty) = r*cosp

and T is a one-to-one mapping defined on the interval of R3, [0, R] x [fg, g] X

[0,27], with values in the ball B (C,R) from R3. Thus we have the change of
variable:

@3) 1BCR.N= [[[  f@ps)dodya:
B(C,R)
R 5 2w
= / / / f (rcostpcosp + a,rcostpsing + b, rsin 4 ¢) 72 cos Ydrdipdep.
o J-zJo
Assume that f is convex on the ball B (C, R). From the inequality (3.2) we get

(4.4) f(abe) < s

< S(C,R), f),

FNg-

1
f(a,b,C)—FmL(

where V (B (C, R)) = 4”5{3, while from the inequality (3.5) we also have

1 1

(4.5) mI(B (C.R), f) < W (B(C.R)

L(S(C,R),f).
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Further, consider

rsempe [, oo

. of (u,v,w) Of (u,v,w)
+(yB—U)T+(zB—w)T ds
5 27 : :
_ —R/ / Cosqpcoswaf(Rcoswcosngra,R(éc;sdzsmga+b,Rs1n¢+c)d¢d<p
z 27 : .
—R/ / Coswsimp@f(Rcoswcosgo+a,R(éoswsmgo—|—b,Rsm@Zz+c)d¢d¢
_n Y
5 2 . .
—R/ / Sinqpaf(Rcoswcosgo—i—a,R;osz/Jsmgo—i—b,Rsmz/J—i—c)dwd(p
=z 2
Then from the inequality (3.6) we get the following inequalities of interest:
1
(4.6) mK(S(C,R),f)+ mJ(S(C’R)J)
1
<——I(B
< v B R
< e K SOR), )+ oma e LS (O R), )
4A(S(C,R)) Y 4V (B(C,R)) e

where A (S (C, R)) = 47 R? is the area of the sphere.
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