SOME TRIPLE INTEGRAL INEQUALITIES FOR BOUNDED
FUNCTIONS DEFINED ON 3-DIMENSIONAL BODIES

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we provide some bounds for the absolute value of
the quantity

ﬁ///]gf(m,y,z)dmdydz—&

s [l [ ) oy Ot
of (ag Ys Z)}

+ (v —2) drdydz

for some choices of the parameters «, 3, v, 6 and under the general assumption
that B is a body in the 3-dimensional space R® and f : B — C is differentiable
on B. For this purpose we use an identity obtained by the well known Gauss-
Ostrogradsky theorem for the divergence of a continuously differentiable vector
field. An example for 3-dimensional ball is also given.

1. INTRODUCTION

Recall the following inequalities of Hermite-Hadamard’s type for convex func-
tions defined on a ball B (C, R), where C = (a,b,c) € R®, R > 0 and

B(C,R) := {(x,y,z) € R?| (z—a)l+ -0+ (z—¢)° < RQ}.
The following theorem holds [10].

Theorem 1. Let f : B(C, R) — R be a convex mapping on the ball B (C, R). Then
we have the inequality:

1
(1.1) f(a,b, C) < ‘/(‘B(W///B(C’R) f(m,y,z) da:dydz

1
< S BO.R) //Sw,m f (@9, 2)d5,

where
S(C.R) = {(@,9,2) € R| (@ — )’ + (y = 8)° + (= — ) = B2}
and .
V(B(C,R)) = 4”5 , 0(B(C,R)) = 4nR?%.
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If the assumption of convexity is dropped, then one can prove the following
Ostrowski type inequality for the centre of the ball as well, see [11].

Theorem 2. Assume that [ : B(C, R) — C is differentiable on B (C,R). Then

120 (1000~ gty [ oo it

<°R ‘f H N Hf |
8 [I9zllpcmc 110y Roo 11921 5c.R).00
provided
‘ af = sup M < 00
Oz B(C,R),0 (z,y,2)€EB(C,R) ox
0
H = sup M < 00
Oy B(C,R),00  (2,y,2)€B(C,R) Oy
and
0
H = sp  |HEwA)
B(C,R),c0  (2,4,2)EB(C,R) Jy

This fact can be furthermore generalized to the following Ostrowski type inequal-
ity for any point in a convex body B C R3, see [11].

Theorem 3. Assume that f : B — C is differentiable on the convex body B and
(u,v,w) € B. If V(B) is the volume of B, then

(1.3) 'f(u v, W) // f(z,y, 2) dedydz

v(lg // zu|</ 8;[(1‘%) + (1 —1) (u, v, w)] dt)dxdydz
o [ ""( 5

" [t(z,y,2)+ (1 —1)(u,v, w)]‘ dt> dzdydz

+<13/// o — w|(/ S @ 2) 4 (1 1) (] ) dadya:

1
< x—udwddz—I—H /// — | dzdydz
H v [ e laez + | o V(B) ) fp 10 ey
1
+Haz BooiV(B) //B|z—w\dxdydz

provided

of H of

- - < 0.

Ox B,co dy Boo 0z || g
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In particular,
(L9 | @5.55.%) - 3755 /// f (2.9, 2) dedyd:
<y /]~ B'(o
i [l (][5
RV (

(5,9 2) + (1 - 1) (m,yB,an\dt) drdydz

(er92) + (1 - 1) (:rB,yB,an\dt) drdydz

(5r92) + (1 - 1) <zB,yB,zB>1\dt> dedydz

1 _
ooV(B)///B |z — Tp| dedydz
5 Il
— dxdydz
BOOV(B) B|y Z/B| Y

of 1 _
+Haz 73) //B|Z—ZB|dJ:dydz,

Tg = ﬁ ///B zdxdydz, yg = %B) ///B ydxdydz,
ZB = ﬁ ///B zdxdydz

are the centre of gravity coordinates for the convex body B.

4

where

For some Hermite-Hadamard type inequalities for multiple integrals see [2], [6],
[8], 9], [10], [17], [18], [19], [20], [25], [26] and [27]. For some Ostrowski type
inequalities see [3], [4], [5], [7], [11], [12], [13], [14], [15], [16], [21], [22], [23] and [24].

In this paper we provide some bounds for the absolute value of the quantity

7/// f(z,y,2)dedydz — ¢

3V /// { Bf gxy, )+(57y) 5‘f(r§;jy,2)

of (x,y,2)
0z

for certain choices of the parameters «, 3, v, § and under the general assumption
that B is a body in the 3-dimensional space R and f : B — C is differentiable on B.
For this purpose we use an identity obtained via the well known Gauss-Ostrogradsky
theorem for the divergence of a continuously differentiable vector field. An example
for 3-dimensional balls is also given.

We need the following preparations.

+(y—2) dxdydz

2. SOME NOTATIONS, DEFINITIONS AND PRELIMINARY FACTS

Following Apostol [1], consider a surface described by the vector equation

(2.1) 7*(u,v)::U(u,v)?+y(u,v)7+z(u,fu)z>
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where (u,v) € [a,b] X [¢,d] .
If x, y, z are differentiable on [a,b] X [c, d] we consider the two vectors

or OJr— 8y—> 0z —
du_ ou’ *ou ou *ou ou K

and
or 8x—> 8ye 0z —
o' T % It ek

The cross product of these two vectors 2 Fu X 81; = will be referred to as the fundamental

vector product of the representation r. Its components can be expressed as Jacobian

determinants. In fact, we have [1, p. 420]

Oy Oz Oz oz oz 9y
(2 2) or or ou ou — 4 ou ou — L ou ou ?
. — X — = i J
du v dy 92 9z o oz dy
v v ov ov v v

—
k.

_ 3(y72)7+3(2,x)7 d(x,y)

0 (u,v) 0 (u,v) 0 (u,v)
Let S = r(T) be a parametric surface described by a vector-valued function r

defined on the box T = [a,b] x [¢,d]. The area of S denoted Ag is defined by the
double integral [1, p. 424- 425}

+

(2.3) Ag = dudv

v V (225:;3)1(2&2:33>2+<§§z:z§>2dudv-

We define surface integrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.

Let S = r(T) be a parametric surface described by a vector-valued differentiable
function r defined on the box T = [a,b] X [¢,d] and let f : S — C defined and
bounded on S. The surface integral of f over S is defined by [1, p. 430]

(2.4) //Sde:/ab/cdf(m,y,z) or o

" Bv

:/:/Cdf<x<u7v>,y<u,v>,z<u,v>>

0w,2)\* (02N, (9w
dudv.
. \/(a(u,v) * 0 (u,v) + 0 (u,v) uaw
If S = r(T) is a parametric surface, the fundamental vector product N = du X g;
is normal to S at each regular point of the surface. At each such point there are

two unit normals, a unit normal n, which has the same direction as IV, and a unit
normal no which has the opposite direction. Thus

dudv

ny = and ng = —nq.

N
V]
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Let n be one of the two normals n; or ny. Let also F' be a vector field defined on
S and assume that the surface integral,

//S(F-n)ds

called the flux surface integral, exists. Here F - n is the dot or inner product.
We can write [1, p. 434]

//FndS i// <g; §T>dudv

_»

where the sign 7 + 7 is used if n = n; and the ” sign is used if n = no.

If

—

F(z,y,2) = P(2,5,2) i +Q(z,9,2) j +R(z,y,2) k
and

r(u,v) = x(u,v)?—l—y(u,v)?—l—z(u,v)? where (u,v) € [a,b] X [c,d]
then the flux surface integral for n = ny can be explicitly calculated as [1, p. 435]
(2.5) //S(Fn)dS = /ab/ch(x(u,v) y (u,v), 2 (u,v)) ggy’zgd dv

b pd 8 (z, )
<[ [ ey o) 522
(

)
b d 8 Z',y)
+/a / R (e () (.0) 2 (0,0) G Ddude,

The sum of the double integrals on the right is often written more briefly as [1, p.

435
//P(m,y,z)dy/\dz—i—//Q(x,y,z)dz/\da:—i—//R(x,y,z)dx/\dy.
s s s

Let B C R? be a solid in 3-space bounded by an orientable closed surface S, and
let n be the unit outer normal to S. If F' is a continuously differentiable vector field
defined on B, we have the Gauss-Ostrogradsky identity

(GO) ///B(divF)dV://S(F.n)ds

If we express

Z,x

dudv

— —

F(2,9,2) = P(2,5,2) @ +Q(z,9,2) j +R(z,y,2) k,

then (GO) can be written as

(2.6) /// BPrEy, L Q@y2)  OR(wy 2) dodydz
dy 0z
//P T,Y, 2 dyAdz+//Q x,y,2)dz A dx
—I—//R(m,y,z)dx/\dy.
s

By taking the real and imaginary part, we can extend the above inequality for
complex valued functions P, @), R defined on B.
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3. SOME IDENTITIES OF INTEREST
We have:

Lemma 1. Let B be a solid in the three dimensional space R® bounded by an
orientable closed surface S. If f: B — C is a continuously differentiable function
defined on a open set containing B, then we have the equality

%// f(z,y,2) dedydz — 6
3V ///[O‘_x afxy’) (ﬁ—y)af(g;/y’z)

—z) W(gg'y,)} dadydz

[// fx,y,z) —0)dy ANdz
+//S<y—ﬂ>[f<m,y,z>—6]dzAdw
+//S(Z*7)[f(:c,y,2)*(ﬂdmdy

for all a, B, v and & complex numbers.
In particular, we have

ﬁ///jgf(m,y,z)dxdydz—d

— v [ @m0 LG22 gy 2L

0z

+3V1(B)[//Su—m)[f(x,y,z)—61dyAdz
+ [ [w=m)1f @) - dznda
+//S(z—@>[f<x,y,z>—6]dmdy .

Proof. Tt would suffice to prove the equality (3.1) for 6 = 0 since the general case
will follows by replacing f with f — 0.

+(zB — 2)

We have
8[(‘17_0‘).]0(3:7:%2)] :f($ y Z)—I—(CL'—Oz) 8f(m,y,z)
oz e or
8[(y_ﬁ)a£(xuyvz)] =f($7y,z)+(y—ﬁ) af(g;yaz)
and

B :f(z7y’z)+(szy) Ep
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By adding these three equalities we get

0 [(:C — a) f(m,y,z)] + 9 [(y - B) f (xvy"z)] 0 [(Z — 7) f (:c,y,z)]

(3:3) Ox Oy * 0z
=3f(z,9,2)
0

@) of (;;:yw) P of (:;;1%2) t(z—n) f(-’gzy, )

for all (x,y,2) € B.
Integrating this equality on B we get
(3.4) /// ( (@—0) f(z,y.2)] | 3[(y—ﬁé£($,y,z)}
+8[(2—7)f(x Y, )]) drdyd-
*3/// f (z,y, 2) dedydz
/ // [ e TWTP dy
+(z—7) of (@.y.2) dxdydz.

0z
Applying the Gauss-Ostrogradsky identity (2.6) for the functions

P(z,y,2)=(z—a) f(z,y,2), Qx,y,2) = (y—B) f(2,y,2)
and

R(:ay,z) = (2_7)f(x7yvz)

we obtain

(3.5) ///( (z—a) wy=2)}+6[(y—,839£(x,y,z)}

dl(= - W f (z,y, ”) dedydz

+

// x—a)f(z,yz dy/\dz+// y—205)f(z,y,2)dz Ndx
// z—) f(z,y,2)dx Ady.

By (3.4) and (3.5) we get

3///fxy,z dxdydz
/// {x_ M +(y _5)M+(2_7)w dadydz
// x—a)f(x,y,z dy/\dz+// y—0)f(z,y,2)dz Ndx
// 2 =) f (@0, 2) da A dy,
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which is equivalent to

// f(z,y, 2) dedydz

/// (am ) 2LEE) 5y L) ) S0 gy

{// (z—a)f(z,y,2 dy/\dz-i—// (y—0B) f(z,y,2)dz N dzx
+//S(27)f(fvay,2)dIAdy}

that, by division with V' (B) proves the claim. O

Remark 1. For a function f as in Lemma 1 above, we define the points

[f[; x2ltwz) ) dadydz - fffo%f’z)da:dydz
I f—w dz P M drdydz

TB,Of ‘=

and
Jff5 220582 by
111 52 dadyd:

ZB,0f ‘=

provided the demominators are not zero.
If we take o = xp oy, B =Yyp,af and v = zpas in (3.1), then we get

%// f(z,y,2)dedydz — 6
[// —apof) [f (2,y,2) = 0l dy N dz

+//S(y—6y373f) [f (z,y,2) — d]dz A dx

+// (z—zBar) [f (z,y,2) — 9] dx/\dy] ,
s
since, obuviously,

T (emar = 22522 ¢ g = 21502

+(zB,af — %) Bf(:g;y,z)} dzdydz = 0.

Remark 2. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S described by the vector equation

r(u,v) :m(uw)?—l—y(u,v)?—l—z(u,v)?, (u,v) € [a,b] X [c,d]

where x (u,v), y(u,v), z (u,v) are differentiable.



TRIPLE INTEGRAL INEQUALITIES

From the equation (3.1) we get

(3.7 ﬁ ///B f(x,y,2)dedydz — ¢

- ari [ Jla- 0 2522 1 gy 2L G

0
+(v—2) % dxdydz

b d
:3V1(B) /a/c(:p(u,v)a)[f(x(u,v),y(u,v),z(u,v))5]28:3dudv
b d o
[ <y<u,v>ﬁ)[f(x(u,w,y(u,v),z(u,v))a]ggu’vidudv

e 0 (z,y)
+/a / (2 00) = ) 1f (& (0,0) y (:0) 2 0,0) = ] 5 5 e

for all o, B, v and & complex numbers, while from (8.2) we have

(3.8) ﬁ ///B f(z,y,2)dedydz — ¢

s 25

of (x,y,2)
0z

+(zZ5 —2) drdydz

b d
v | [ @) =T o o) o) 2 0)) = 0] G e
b pd 2
[ ) - gm 1 o )y ) 2 ) = 6] G5 o

e o 9(z,y)
Jr/a /C (z(u,v)sz)[f(z(u,v),y(u,v),z(u,v))75]8<u’v)dudv

for all § € R.
From (8.6) we get

(3.9) ﬁ ///B f(z,y,2)dzedydz — 6

b d
v | [ @ = enon o)y wo) x () - 8 5 P S dude
b pd sz
[ ] w0 =) o o)y ) 2 ) = ] =

b 9 (z,y)
+/a /C (z(u,v)—ZB7af)[f(z(u,v),y(u,v),z(u,v))75]8(u’v)dudv

for all § € R.
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4. INEQUALITIES FOR BOUNDED FUNCTIONS

Let B be a solid in the three dimensional space R?® bounded by an orientable
closed surface S. Now, for ¢, ® € C, define the sets of complex-valued functions

Us (¢, ®)
= {f:S—>C|Re {(@—f(a:,y,z)) (W—@)} >0 for each (x,y,z)eS}

and

Ag (¢, ®) := {f:S—>(C| ’f(m,y,z)—qb_gq)‘géﬁ—@ for each (m,y,z)eS}.

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that Us (¢, ®) and Ag (¢, ®)
are nonempty, convexr and closed sets and

Proof. We observe that for any w € C we have the equivalence
o+ P 1
_ T P <2 p—
=52 <Gl

if and only if

Re [(® — w) (W —¢)] > 0.
This follows by the equality
2

1 o+ @ S—
4(13—(;52—’11)—2 — Re [(® — w) (@—9)]
that holds for any w € C.
The equality (4.1) is thus a simple consequence of this fact. (Il

On making use of the complex numbers field properties we can also state that:
Corollary 1. For any ¢, ® € C, ¢ # ®,we have that
(42) [75 ((ba (I)) - {f :§—C | (Re@ - Ref (LIJ,y,Z)) (Ref (w7yaz) - Re¢)
+(Im®—Imf(z,y,2)) (Im f (z,y,2) —Im¢) > 0 for each (x,y,z) € S}.

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(4.3) Ss(¢,®):={f:S—C| Re(®) >Ref(z,y,2) > Re(9)
and Im (®) > Im f (z,y,2) > Im (¢) for each (z,y,z2) € S}.
One can easily observe that Sg (¢, ®) is closed, convex and

Theorem 4. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S described by the vector equation

r(uv) =2 (u,0) 7 +y (o) § +2wo)k, (uv)€ab]x[cd
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where x (u,v), y(u,v), z(u,v) are differentiable. If f € Ag (¢, ®) for some ¢,
®eC, ¢p+# D, then

‘Vl// f (e, 2) dudydz — 222
3V ///[ )2 s u(ﬁ—g)W

of (x,y,2)
+(v—2) P dzxdydz
1
<
<V )|<I> ¢l M (S, e, 8,7)
where
M (S, a,B8,7) : //|xuv 0y, )dd
’ 9 (u,v)
//|yuv 6|' Stk ddv—&—//\zuv 'y|‘ ’dudv.
Moreover, if we put O := [a ,b} [c, d], then we have the bounds
9(z,x)

H A(y,2)
8(7)

. |z — 04“5,1 +

ICON | Iy —5||D,1

) .
_lz =l

A(z,x)

Ha(y,z) |z — o —|—H || =Bl
T 0 5 Y o,
(4.6)  M(S.p,9) < o el q
+H oo -l
2 d(z,x
H 8(y )) 7a||D7OO + H 8((-,‘)) D’pHy*ﬂHD,oo
O(x
+ % Pl oS

Proof. From (3.7) we have for § = ¢+<I> that

‘// f(z,y,2) dxdydz—qﬁ%

///[ )& xxy’)ﬂﬁ—y)af(g;j’z)

+(v—2) 8]0(2;/’)] dzxdydz

—3V //L“” (x(uvv),y(u,v%z(u,v))_‘ﬁ;‘I’HgEz:i; dudo
+/a/c|y<u,v>—ﬂ|'f@(u,m,y(u,w,z(u,v))_@"ggm »
9(2,1)

Jr/ab/ch(u,v)’Y|'f(m(u,v)ay(u,v),z(u,v))d);q)‘ ‘a(z:z)
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<T@ [//W |53
//|yw 5|’ dd+//|zuv 'Euvgldd]

1

= m@—ﬂﬂ M (S, o, B,7)

dudv

which proves the inequality (4.5).
The bounds in (4.6) follow by Holder’s inequalities, for which we only mention

[ [ et ol 52

Ay
Sup(uv) €la,b] x[c,d] ‘a (u,v)

dudv

fab fcd |z (u,v) — | dudv,

9(y,2)
A(u,v)

(o i e () - a\qd“d”)l/q (e pdudv>1/p

: : 1 1 _
if p, q>1w1th5—|—g—1,

IA

SUP (u,v)€[a,b] x[c,d] |x U ’U a\f f

Corollary 2. With the assumptions of Theorem 4 we have the inequality

(4.7 ‘ ///fccy, da?dydz—t
3V /// [ 8f gx% )+(5_y) 5f(3(;iyy,Z)

+(vy—2) Z?lf((‘a;y,)] dxdydz

<gr -9 [ [ (ol r=sr+ls-ar) "

Ag 1/2
< o—¢| sup (le—af+ly—B7+1z—9

Proof. Using the discrete Cauchy-Bunyakovsky-Schwarz inequality we have

9 (y,2) T CACE ] T (A 2% )
By T YY) 5"8@ oy| TP @) ”‘aw,v)

< (e ) — o+ Iy (w.0) = B + ]2 () o)

o) [P\
0 (u,v)

(4.8) |z (u,v) — «f

for all (u,v) € [a,b] X [c,d].
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By taking the double integral over (u,v) on [a,b] X [c, d] we get

b d /2
ME a8 [ [ (o o) - af +ly(wo) - 5P+ | o) =)

0, |06, [0y )
" (‘aw,v) aeal ot ) dudv
2 2 2\ 1/2
— [ [ (lo—af +ly= g0 +12 =) " as
s
and by (4.5) we get the desired result (4.7). O

Remark 3. If f € Ag (¢,®) for some ¢, ® € C, ¢ # ®, then by taking (o, 8,7) =
(TB,YB,zB) in Theorem 4 we get

o ‘ // [y, 2) da?dydz_w

3V ///[ 75~ @) 8f(xy’) (yB—y)af(g;/’Z)
0

+ e - ) LE22 doayds] < 10 - ol M o9, 70)

1
6V (B)

where

(4.10) M (ZTp,UB,%B) : // |z (u,v) — TE| E ;
yuv yB| udv + \zuv) zB| udv.
( ) (u,v)
Moreover,
9 Z —_— o(z,x J—
152 e =7Blo. + || 522, v -9Blo,
+[|5e |, 1z ==Blo,
o(y.2) _ d(z) —
I B R - R b I
M (ZB,YB,7B) < ) C e
+H 3o, Ve~ loa
9(y,2) _ ‘B(z,w) ‘ o
|52l e = FBlo e + || 565 I~ Bl o
+ |52, 1z - o e
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From (4.7) we also have
1 o+ P
(4.11) ‘V(B) // Bf(x,y, ) dedydz — —5—

- s [ -0 LG g ) 2L

+ - 2 LG22 dnaya:
<gw o [ [ (e-mnl -t - mmt)

A B — gl o~ 75+ |y — 7B + |2 —757)
< - sup (mfﬁ +1|y —YB +Z,@> .
6V (B) (2.y,2)€S

If f € Ag (¢, ®) for some ¢, ® € C, ¢ # ®, then by taking o« = zp sy, 8 = yn.af
and v = zp gy in Theorem 4 we get

(4.12) ‘ // f(z,y,z dxdydz—&

1
< — | d—o¢| M(S
S |® — @l M (S,2507,YB.07 2B,0f)

where

(4.13) M (S,zBaf,YB,0f2B,0f) / / |z (u,v) xB&f‘

+/:/Cd|y<u,v>y3,af\w dud
+/;/Cd|z<u, )

7

Moreover, we have the bounds

(4.14) M (S,zBofYB,0fs 2B, 8f)

7 )
H ! Z) —zpoflg, + H e "L) 0,00 lv=v5.01llo.2
+ d( H - ZBﬁfHD,l J
o d
H (yz) |x—xBaf||Dq+H (“3) Dp”y—yB,Bf“D,q
. :
4 H L2 ,u) -, Iz — ZB,afHQq )
P oz,
H Zi((yz) *l'BafHDOO+H 3((2,3) ly —yBosllo o
) llop ’
+ 8(“’) H 12 = zB0f |l o -
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From (4.7) we also have

(4.15) ‘V // f(z,y, 2 d:cdydzfM

1
<6V(B — 9| // |z —zp.0¢)* + |y — yB,os|’ +|z—zBaf|>
g | 2+ 2+ )"
hS - sup (IfﬂﬂB,a + 1Y —YBofl + 12— 2B, ) .
6V (B) (z,y,2)€S ! ! !

5. SOME EXAMPLES FOR SPHERE

Consider the 3-dimensional ball centered in C' = (a, b, ¢) and having the radius
R >0,

B(C,R)i={(z.9,2) € B*|(z — a)* + (y =) + (2 — )" < R?}

and the sphere

S(C,R) := {(m,y,z) €R’|(x —a)’ 4+ -0’ +(z-0’= R2}.
Consider the parametrization of B (C, R) and S (C, R) given by:

T =rcospcosp+a o
B(C,R):{ y=rcostsing+b ; (r,9,¢)€|0,R] x {—5,5] x [0, 27|
z=rsiny+c

and
x = Rcosycosp+a -
S(C,R):< y=Rcosysinp+b ; (¢¥,p)€ [ 5 §]X[0,27T].
z=RsinY+c
By setting
Oy 0z
A= 2,;5 ‘(?,f = —RZ%cos? 1) cos p,
oy oy
Oz Oz
B:=| %% 9 |=R*cos®¥singp,
dp Oy
and
dx Oy
C:= gi; ‘?ﬁ = —R?%sin cos v,
dp Oy

we have that
2 2 2 4 2 T T
A2+ B% 4+ 02 = Rhcos? ¢ for all (1, ¢) € [—5 5} [0, 27] .

Obviously Tg = a, yg = b, Zp = ¢ and

1/2
[ [ (1o —wat + 1y -5t +1s - z5t) s
s
1/2 3 27
://(|5C*a|2+|y*b|2+|2*6|2> dS:R3/2/ cos pdipdyp = 4w R3.
S -z Jo



16

S.S. DRAGOMIR

Inequality (4.11) written for B = B (C, R) and S = S (C, R) becomes

1 o+
(5.1) VBC.R) ///B(QR) f(z,y,2)dedydz — —5

e e 00 G 0 PG

+(c—2) P

] dxdydz| <

N |

provided f € AS(C’R) (¢, @) for some ¢, & € C, ¢ # @, where V (B (C, R)) = @.
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