
OSTROWSKI TYPE TRIPLE INTEGRAL INEQUALITIES FOR
FUNCTIONS DEFINED ON 3-DIMENSIONAL BODIES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we provide some bounds for the absolute value of
the quantity
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under the general assumption that B is a body in the 3-dimensional space
R3; (a; b; c) 2 B and f : B ! C is di¤erentiable on B: For this purpose we
use an identity obtained by the well known Gauss-Ostrogradsky theorem for
the divergence of a continuously di¤erentiable vector �eld. An example for
3-dimensional ball is also given.

1. Introduction

Recall the following inequalities of Hermite-Hadamard�s type for convex func-
tions de�ned on a ball B (C;R) ; where C = (a; b; c) 2 R3; R > 0 and

B (C;R) :=
n
(x; y; z) 2 R3

�� (x� a)2 + (y � b)2 + (z � c)2 � R2
o
:

The following theorem holds [10].

Theorem 1. Let f : B (C;R)! R be a convex mapping on the ball B (C;R) : Then
we have the inequality:

(1.1) f (a; b; c) � 1

V (B (C;R))

ZZZ
B(C;R)

f (x; y; z) dxdydz

� 1

� (B (C;R))

ZZ
S(C;R)

f (x; y; z) dS;

where

S (C;R) :=
n
(x; y; z) 2 R3

�� (x� a)2 + (y � b)2 + (z � c)2 = R2
o

and

V (B (C;R)) =
4�R3

3
; � (B (C;R)) = 4�R2:
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2 S. S. DRAGOMIR

If the assumption of convexity is dropped, then one can prove the following
Ostrowski type inequality for the centre of the ball as well, see [11].

Theorem 2. Assume that f : B (C;R)! C is di¤erentiable on B (C;R) : Then

(1.2)
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#
;

provided 
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:= sup
(x;y;z)2B(C;R)

����@f (x; y; z)@x

���� <1 ;





@f@y





B(C;R);1

:= sup
(x;y;z)2B(C;R)

����@f (x; y; z)@y

���� <1
and 



@f@z






B(C;R);1

:= sup
(x;y;z)2B(C;R)

����@f (x; y; z)@y

���� <1:
This fact can be furthermore generalized to the following Ostrowski type inequal-

ity for any point in a convex body B � R3, see [11].

Theorem 3. Assume that f : B ! C is di¤erentiable on the convex body B and
(u; v; w) 2 B: If V (B) is the volume of B; then

(1.3)
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In particular,

(1.4)

����f (xB ; yB ; zB)� 1
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+
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V (B)
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where

xB :=
1

V (B)

ZZZ
B

xdxdydz; yB :=
1

V (B)

ZZZ
B

ydxdydz;

zB :=
1

V (B)

ZZZ
B

zdxdydz

are the centre of gravity coordinates for the convex body B:

For some Hermite-Hadamard type inequalities for multiple integrals see [2], [6],
[8], [9], [10], [17], [18], [19], [20], [25], [26] and [27]. For some Ostrowski type
inequalities see [3], [4], [5], [7], [11], [12], [13], [14], [15], [16], [21], [22], [23] and [24].
In this paper we provide some bounds for the absolute value of the quantity

1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (a; b; c)

� 1

3V (B)

ZZZ
B

�
(a� x) @f (x; y; z)

@x
+ (a� y) @f (x; y; z)

@y

+(a� z) @f (x; y; z)
@z

�
dxdydz

under the general assumption that B is a body in the 3-dimensional space R3;
(a; b; c) 2 B and f : B ! C is di¤erentiable on B: For this purpose we use an
identity obtained by the well known Gauss-Ostrogradsky theorem for the divergence
of a continuously di¤erentiable vector �eld. An example for 3-dimensional ball is
also given.
We need the following preparations.

2. Preliminary Facts and Results

Following Apostol [1], consider a surface described by the vector equation

(2.1) r (u; v) = x (u; v)
�!
i + y (u; v)

�!
j + z (u; v)

�!
k
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where (u; v) 2 [a; b]� [c; d] :
If x; y; z are di¤erentiable on [a; b]� [c; d] we consider the two vectors

@r

@u
=
@x

@u

�!
i +

@y

@u

�!
j +

@z

@u

�!
k

and
@r

@v
=
@x

@v

�!
i +

@y

@v

�!
j +

@z

@v

�!
k :

The cross product of these two vectors @r@u�
@r
@v will be referred to as the fundamental

vector product of the representation r: Its components can be expressed as Jacobian
determinants. In fact, we have [1, p. 420]

@r

@u
� @r

@v
=

������
@y
@u

@z
@u

@y
@v

@z
@v

�������!i +
������
@z
@u

@x
@u

@z
@v

@x
@v

�������!j +
������
@x
@u

@y
@u

@x
@v

@y
@v

�������!k(2.2)

=
@ (y; z)

@ (u; v)

�!
i +

@ (z; x)

@ (u; v)

�!
j +

@ (x; y)

@ (u; v)

�!
k :

Let S = r(T ) be a parametric surface described by a vector-valued function r
de�ned on the box T = [a; b] � [c; d] : The area of S denoted AS is de�ned by the
double integral [1, p. 424-425]

AS =

Z b

a

Z d

c





 @r@u � @r

@v





 dudv(2.3)

=

Z b

a

Z d

c

s�
@ (y; z)

@ (u; v)

�2
+

�
@ (z; x)

@ (u; v)

�2
+

�
@ (x; y)

@ (u; v)

�2
dudv:

We de�ne surface integrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.
Let S = r(T ) be a parametric surface described by a vector-valued di¤erentiable

function r de�ned on the box T = [a; b] � [c; d] and let f : S ! C de�ned and
bounded on S: The surface integral of f over S is de�ned by [1, p. 430]Z Z

S

fdS =

Z b

a

Z d

c

f (x; y; z)





 @r@u � @r

@v





 dudv(2.4)

=

Z b

a

Z d

c

f (x (u; v) ; y (u; v) ; z (u; v))

�

s�
@ (y; z)

@ (u; v)

�2
+

�
@ (z; x)

@ (u; v)

�2
+

�
@ (x; y)

@ (u; v)

�2
dudv:

If S = r(T ) is a parametric surface, the fundamental vector product N = @r
@u�

@r
@v

is normal to S at each regular point of the surface. At each such point there are
two unit normals, a unit normal n1, which has the same direction as N , and a unit
normal n2 which has the opposite direction. Thus

n1 =
N

kNk and n2 = �n1:
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Let n be one of the two normals n1 or n2: Let also F be a vector �eld de�ned on
S and assume that the surface integral,Z Z

S

(F � n) dS;

called the �ux surface integral, exists. Here F � n is the dot or inner product.
We can write [1, p. 434]Z Z

S

(F � n) dS = �
Z b

a

Z d

c

F (r (u; v)) �
�
@r

@u
� @r

@v

�
dudv

where the sign " + " is used if n = n1 and the "� " sign is used if n = n2:
If

F (x; y; z) = P (x; y; z)
�!
i +Q (x; y; z)

�!
j +R (x; y; z)

�!
k

and

r (u; v) = x (u; v)
�!
i + y (u; v)

�!
j + z (u; v)

�!
k where (u; v) 2 [a; b]� [c; d]

then the �ux surface integral for n = n1 can be explicitly calculated as [1, p. 435]Z Z
S

(F � n) dS =
Z b

a

Z d

c

P (x (u; v) ; y (u; v) ; z (u; v))
@ (y; z)

@ (u; v)
dudv(2.5)

+

Z b

a

Z d

c

Q (x (u; v) ; y (u; v) ; z (u; v))
@ (z; x)

@ (u; v)
dudv

+

Z b

a

Z d

c

R (x (u; v) ; y (u; v) ; z (u; v))
@ (x; y)

@ (u; v)
dudv:

The sum of the double integrals on the right is often written more brie�y as [1, p.
435]Z Z

S

P (x; y; z) dy ^ dz +
Z Z

S

Q (x; y; z) dz ^ dx+
Z Z

S

R (x; y; z) dx ^ dy:

Let B � R3 be a solid in 3-space bounded by an orientable closed surface S, and
let n be the unit outer normal to S. If F is a continuously di¤erentiable vector �eld
de�ned on B, we have the Gauss-Ostrogradsky identity

(GO)
ZZZ

B

(divF ) dV =

Z Z
S

(F � n) dS:

If we express

F (x; y; z) = P (x; y; z)
�!
i +Q (x; y; z)

�!
j +R (x; y; z)

�!
k ;

then (GO) can be written as

(2.6)
ZZZ

B

�
@P (x; y; z)

@x
+
@Q (x; y; z)

@y
+
@R (x; y; z)

@z

�
dxdydz

=

Z Z
S

P (x; y; z) dy ^ dz +
Z Z

S

Q (x; y; z) dz ^ dx

+

Z Z
S

R (x; y; z) dx ^ dy:

By taking the real and imaginary part, we can extend the above inequality for
complex valued functions P; Q; R de�ned on B:
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3. Some Identities of Interest

We have:

Lemma 1. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S. If f : B ! C is a continuously di¤erentiable function
de�ned on a open set containing B, then we have the equality

(3.1)
1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

=
1

3V (B)

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y

+(p� z) @f (x; y; z)
@z

�
dxdydz

+
1

3V (B)

�Z Z
S

(x�m) [f (x; y; z)� f (m;n; p)] dy ^ dz

+

Z Z
S

(y � n) [f (x; y; z)� f (m;n; p)] dz ^ dx

+

Z Z
S

(z � p) [f (x; y; z)� f (m;n; p)] dx ^ dy
�

for all (m;n; p) 2 B.
In particular, we have

(3.2)
1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (xB ; yB ; zB)

=
1

3V (B)

ZZZ
B

�
(xB � x)

@f (x; y; z)

@x
+ (yB � y)

@f (x; y; z)

@y

+(zB � z)
@f (x; y; z)

@z

�
dxdydz

+
1

3V (B)

�Z Z
S

(x� xB) [f (x; y; z)� f (xB ; yB ; zB)] dy ^ dz

+

Z Z
S

(y � yB) [f (x; y; z)� f (xB ; yB ; zB)] dz ^ dx

+

Z Z
S

(z � zB) [f (x; y; z)� f (xB ; yB ; zB)] dx ^ dy
�
:

Proof. It would su¢ ce to prove the equality (3.1) without the value f (m;n; p) since
the general case will follows by replacing f with f � f (m;n; p) :
We have

@ [(x�m) f (x; y; z)]
@x

= f (x; y; z) + (x�m) @f (x; y; z)
@x

;

@ [(y � n) f (x; y; z)]
@y

= f (x; y; z) + (y � n) @f (x; y; z)
@y

and
@ [(z � p) f (x; y; z)]

@z
= f (x; y; z) + (z � p) @f (x; y; z)

@z
:
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By adding these three equalities we get

(3.3)
@ [(x�m) f (x; y; z)]

@x
+
@ [(y � n) f (x; y; z)]

@y
+
@ [(z � p) f (x; y; z)]

@z

= 3f (x; y; z)

+ (x�m) @f (x; y; z)
@x

+ (y � n) @f (x; y; z)
@y

+ (z � p) @f (x; y; z)
@z

for all (x; y; z) 2 B:
Integrating this equality on B we get

(3.4)
ZZZ

B

�
@ [(x�m) f (x; y; z)]

@x
+
@ [(y � n) f (x; y; z)]

@y

+
@ [(z � p) f (x; y; z)]

@z

�
dxdydz

= 3

ZZZ
B

f (x; y; z) dxdydz

+

ZZZ
B

�
(x�m) @f (x; y; z)

@x
+ (y � n) @f (x; y; z)

@y

+(z � p) @f (x; y; z)
@z

�
dxdydz:

Applying the Gauss-Ostrogradsky identity (2.6) for the functions

P (x; y; z) = (x�m) f (x; y; z) ; Q (x; y; z) = (y � n) f (x; y; z)

and
R (x; y; z) = (z � p) f (x; y; z)

we obtain

(3.5)
ZZZ

B

�
@ [(x�m) f (x; y; z)]

@x
+
@ [(y � n) f (x; y; z)]

@y

+
@ [(z � p) f (x; y; z)]

@z

�
dxdydz

=

Z Z
S

(x�m) f (x; y; z) dy ^ dz +
Z Z

S

(y � n) f (x; y; z) dz ^ dx

+

Z Z
S

(z � p) f (x; y; z) dx ^ dy:

By (3.4) and (3.5) we get

3

ZZZ
B

f (x; y; z) dxdydz

+

ZZZ
B

�
(x�m) @f (x; y; z)

@x
+ (y � n) @f (x; y; z)

@y
+ (z � p) @f (x; y; z)

@z

�
dxdydz

=

Z Z
S

(x�m) f (x; y; z) dy ^ dz +
Z Z

S

(y � n) f (x; y; z) dz ^ dx

+

Z Z
S

(z � p) f (x; y; z) dx ^ dy;
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which is equivalent toZZZ
B

f (x; y; z) dxdydz

=
1

3

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y
+ (p� z) @f (x; y; z)

@z

�
dxdydz

+
1

3

�Z Z
S

(x�m) f (x; y; z) dy ^ dz +
Z Z

S

(y � n) f (x; y; z) dz ^ dx

+

Z Z
S

(z � p) f (x; y; z) dx ^ dy
�

that, by division with V (B) ; proves the claim. �

Remark 1. For a function f as in Lemma 1 above, we de�ne the points

xB;@f :=

RRR
B
x@f(x;y;z)@x dxdydzRRR

B
@f(x;y;z)

@x dxdydz
; yB;@f :=

RRR
B
y @f(x;y;z)@y dxdydzRRR

B
@f(x;y;z)

@y dxdydz
;

and

zB;@f :=

RRR
B
z @f(x;y;z)@z dxdydzRRR

B
@f(x;y;z)

@z dxdydz

provided the denominators are not zero.
If we takem = xB;@f ; n = yB;@f and p = zB;@f in (3.1) and assume (xB;@f ; yB;@f ; zB;@f ) 2

B; then we get

(3.6)
1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (xB;@f ; yB;@f ; zB;@f )

=
1

3V (B)

�Z Z
S

(x� xB;@f ) [f (x; y; z)� f (xB;@f ; yB;@f ; zB;@f )] dy ^ dz

+

Z Z
S

(y � nyB;@f ) [f (x; y; z)� f (xB;@f ; yB;@f ; zB;@f )] dz ^ dx

+

Z Z
S

(z � zB;@f ) [f (x; y; z)� f (xB;@f ; yB;@f ; zB;@f )] dx ^ dy
�
;

since, obviously,ZZZ
B

�
(xB;@f � x)

@f (x; y; z)

@x
+ (yB;@f � y)

@f (x; y; z)

@y

+(zB;@f � z)
@f (x; y; z)

@z

�
dxdydz = 0:

Remark 2. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S described by the vector equation

r (u; v) = x (u; v)
�!
i + y (u; v)

�!
j + z (u; v)

�!
k ; (u; v) 2 [a; b]� [c; d]

where x (u; v) ; y (u; v) ; z (u; v) are di¤erentiable.
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From the equation (3.1) we get

(3.7)
1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

� 1

3V (B)

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y

+(p� z) @f (x; y; z)
@z

�
dxdydz

=
1

3V (B)

"Z b

a

Z d

c

(x (u; v)�m) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)] @ (y; z)
@ (u; v)

dudv

+

Z b

a

Z d

c

(y (u; v)� n) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)] @ (z; x)
@ (u; v)

dudv

+

Z b

a

Z d

c

(z (u; v)� p) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)] @ (x; y)
@ (u; v)

dudv

#
for all (m;n; p) 2 B, while from (3.2) we have

(3.8)
1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (xB ; yB ; zB)

� 1

3V (B)

ZZZ
B

�
(xB � x)

@f (x; y; z)

@x
+ (yB � y)

@f (x; y; z)

@y

+(zB � z)
@f (x; y; z)

@z

�
dxdydz

=
1

3V (B)

"Z b

a

Z d

c

(x (u; v)� xB) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)]
@ (y; z)

@ (u; v)
dudv

+

Z b

a

Z d

c

(y (u; v)� yB) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)]
@ (z; x)

@ (u; v)
dudv

+

Z b

a

Z d

c

(z (u; v)� zB) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)]
@ (x; y)

@ (u; v)
dudv

#
for all (m;n; p) 2 B:
From (3.6) we get

(3.9)
1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

=
1

3V (B)

"Z b

a

Z d

c

(x (u; v)� xB;@f ) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)]
@ (y; z)

@ (u; v)
dudv

+

Z b

a

Z d

c

(y (u; v)� yB;@f ) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)]
@ (z; x)

@ (u; v)
dudv

+

Z b

a

Z d

c

(z (u; v)� zB;@f ) [f (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)]
@ (x; y)

@ (u; v)
dudv

#
for all (m;n; p) 2 B:
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4. Inequalities for Lipschitzian Functions

Let (m;n; p) 2 B:We assume that the function is surface Lipschitzian in (m;n; p)
if there exists the constants (depending on (m;n; p)) L1; L2; L3 > 0 such that

(4.1) jf (x; y; z)� f (m;n; p)j � L1 jx�mj+ L2 jy � nj+ L3 jz � pj

for all (x; y; z) 2 S:
We observe that, if f is di¤erentiable on an open neighborhood of B and has the

partial derivatives bounded on S then we have

jf (x; y; z)� f (m;n; p)j �




@f@x






S;1

jx�mj+




@f@y






S;1

jy � nj+




@f@z






S;1

jz � pj

for all (m;n; p) 2 B and (x; y; z) 2 S where



@f@x





S;1

:= sup
(x;y;z)2S

����f (x; y; z)@x

���� < 0; 



@f@y





S;1

:= sup
(x;y;z)2S

����f (x; y; z)@y

���� <1
and 



@f@z






S;1

:= sup
(x;y;z)2S

����f (x; y; z)@z

���� <1:
Theorem 4. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S. If f : B ! C is a continuously di¤erentiable function
de�ned on a open set containing B, (m;n; p) 2 B and f satis�es the Lipschitz type
condition (4.1), then we have

(4.2)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

� 1

3V (B)

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y

+(p� z) @f (x; y; z)
@z

�
dxdydz

����
� 1

3V (B)
[L1B1 (m;n; p) + L2B2 (m;n; p) + L3B3 (m;n; p)]

where

B1 (m;n; p) :=

Z b

a

Z d

c

�
jx (u; v)�mj

����@ (y; z)@ (u; v)

����
+ jy (u; v)� nj

����@ (z; x)@ (u; v)

���� + jz (u; v)� pj ����@ (x; y)@ (u; v)

����� jx (u; v)�mj dudv;

B2 (m;n; p) :=

Z b

a

Z d

c

�
jx (u; v)�mj

����@ (y; z)@ (u; v)

����
+ jy (u; v)� nj

����@ (z; x)@ (u; v)

���� + jz (u; v)� pj ����@ (x; y)@ (u; v)

����� jy (u; v)� nj dudv
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and

B3 (m;n; p) :=

Z b

a

Z d

c

�
jx (u; v)�mj

����@ (y; z)@ (u; v)

����
+ jy (u; v)� nj

����@ (z; x)@ (u; v)

���� + jz (u; v)� pj ����@ (x; y)@ (u; v)

����� jz (u; v)� pj dudv:
Proof. From the equation (3.7) we get

(4.3)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

� 1

3V (B)

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y

+(p� z) @f (x; y; z)
@z

�
dxdydz

����
� 1

3V (B)

"Z b

a

Z d

c

jx (u; v)�mj jf (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)j
����@ (y; z)@ (u; v)

���� dudv
+

Z b

a

Z d

c

jy (u; v)� nj jf (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)j
����@ (z; x)@ (u; v)

���� dudv
+

Z b

a

Z d

c

jz (u; v)� pj jf (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)j
����@ (x; y)@ (u; v)

���� dudv
#

=:
1

3V (B)
A:

By the Lipschitzian condition (4.1) we have

Z b

a

Z d

c

jx (u; v)�mj jf (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)j
����@ (y; z)@ (u; v)

���� dudv
�
Z b

a

Z d

c

jx (u; v)�mj [L1 jx (u; v)�mj+ L2 jy (u; v)� nj+ L3 jz (u; v)� pj]
����@ (y; z)@ (u; v)

���� dudv
= L1

Z b

a

Z d

c

jx (u; v)�mj2
����@ (y; z)@ (u; v)

���� dudv
+ L2

Z b

a

Z d

c

jx (u; v)�mj jy (u; v)� nj
����@ (y; z)@ (u; v)

���� dudv
+ L3

Z b

a

Z d

c

jx (u; v)�mj jz (u; v)� pj
����@ (y; z)@ (u; v)

���� dudv;
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a

Z d

c

jy (u; v)� nj jf (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)j
����@ (z; x)@ (u; v)

���� dudv
�
Z b

a

Z d

c

jy (u; v)� nj [L1 jx (u; v)�mj+ L2 jy (u; v)� nj+ L3 jz (u; v)� pj]
����@ (z; x)@ (u; v)

���� dudv
= L1

Z b

a

Z d

c

jy (u; v)� nj jx (u; v)�mj
����@ (z; x)@ (u; v)

���� dudv
+ L2

Z b

a

Z d

c

jy (u; v)� nj2
����@ (z; x)@ (u; v)

���� dudv
+ L3

Z b

a

Z d

c

jy (u; v)� nj jz (u; v)� pj
����@ (z; x)@ (u; v)

���� dudv
andZ b

a

Z d

c

jz (u; v)� pj jf (x (u; v) ; y (u; v) ; z (u; v))� f (m;n; p)j
����@ (x; y)@ (u; v)

���� dudv
�
Z b

a

Z d

c

jz (u; v)� pj [L1 jx (u; v)�mj+ L2 jy (u; v)� nj+ L3 jz (u; v)� pj]
����@ (x; y)@ (u; v)

���� dudv
= L1

Z b

a

Z d

c

jz (u; v)� pj jx (u; v)�mj
����@ (x; y)@ (u; v)

���� dudv
+ L2

Z b

a

Z d

c

jz (u; v)� pj jy (u; v)� nj
����@ (x; y)@ (u; v)

���� dudv
+ L3

Z b

a

Z d

c

jz (u; v)� pj2
����@ (x; y)@ (u; v)

���� dudv:
If we add these three inequalities, we get

A � L1

Z b

a

Z d

c

�
jx (u; v)�mj2

����@ (y; z)@ (u; v)

����+ jy (u; v)� nj jx (u; v)�mj ����@ (z; x)@ (u; v)

����
+ jz (u; v)� pj jx (u; v)�mj

����@ (x; y)@ (u; v)

����� dudv
+ L2

Z b

a

Z d

c

�
jx (u; v)�mj jy (u; v)� nj

����@ (y; z)@ (u; v)

����+ jy (u; v)� nj2 ����@ (z; x)@ (u; v)

����
+ jz (u; v)� pj jy (u; v)� nj

����@ (x; y)@ (u; v)

����� dudv
+L3

Z b

a

Z d

c

jx (u; v)�mj jz (u; v)� pj
����@ (y; z)@ (u; v)

����+jy (u; v)� nj jz (u; v)� pj ����@ (z; x)@ (u; v)

����
+ jz (u; v)� pj2

����@ (x; y)@ (u; v)

����� dudv
= L1B1 (m;n; p) + L2B2 (m;n; p) + L3B3 (m;n; p) ;

which proves the desired result (4.2). �
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Remark 3. If f is di¤erentiable on an open neighborhood of B and has the partial
derivatives bounded on S; then we have

(4.4)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

� 1

3V (B)

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y

+(p� z) @f (x; y; z)
@z

�
dxdydz

����
� 1

3V (B)

"



@f@x





S;1

B1 (m;n; p) +





@f@y





S;1

B2 (m;n; p) +





@f@z





S;1

B3 (m;n; p)

#

for all (m;n; p) 2 B:

Corollary 1. With the assumptions of Theorem 4 and if (xB ; yB ; zB) 2 B and f
satis�es the Lipschitz type condition (4.1) for the point (xB ; yB ; zB) ; then we get

(4.5)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (xB ; yB ; zB)

� 1

3V (B)

ZZZ
B

�
(xB � x)

@f (x; y; z)

@x
+ (yB � y)

@f (x; y; z)

@y

+(zB � z)
@f (x; y; z)

@z

�
dxdydz

����
� 1

3V (B)
(L1B1 (xB ; yB ; zB) + L2B2 (xB ; yB ; zB) + L3B3 (xB ; yB ; zB))

where

B1 (xB ; yB ; zB) :=

Z b

a

Z d

c

�
jx (u; v)� xB j

����@ (y; z)@ (u; v)

����
+ jy (u; v)� yB j

����@ (z; x)@ (u; v)

���� + jz (u; v)� zB j ����@ (x; y)@ (u; v)

����� jx (u; v)� xB j dudv;

B2 (xB ; yB ; zB) :=

Z b

a

Z d

c

�
jx (u; v)� xB j

����@ (y; z)@ (u; v)

����
+ jy (u; v)� yB j

����@ (z; x)@ (u; v)

���� + jz (u; v)� zB j ����@ (x; y)@ (u; v)

����� jy (u; v)� yB j dudv
and

B3 (xB ; yB ; zB) :=

Z b

a

Z d

c

�
jx (u; v)� xB j

����@ (y; z)@ (u; v)

����
+ jy (u; v)� yB j

����@ (z; x)@ (u; v)

���� + jz (u; v)� zB j ����@ (x; y)@ (u; v)

����� jz (u; v)� zB j dudv:



14 S. S. DRAGOMIR

Remark 4. Observe that

jx (u; v)�mj
����@ (y; z)@ (u; v)

����+ jy (u; v)� nj ����@ (z; x)@ (u; v)

����+ jz (u; v)� pj ����@ (x; y)@ (u; v)

����
�
�
jx (u; v)�mj2 + jy (u; v)� nj2 + jz (u; v)� pj2

�1=2
�
 ����@ (y; z)@ (u; v)

����2 + ����@ (z; x)@ (u; v)

����2 + ����@ (x; y)@ (u; v)

����
!1=2

;

which implies that

B1 (m;n; p) �
Z b

a

Z d

c

�
jx (u; v)�mj2 + jy (u; v)� nj2 + jz (u; v)� pj2

�1=2
�
 ����@ (y; z)@ (u; v)

����2 + ����@ (z; x)@ (u; v)

����2 + ����@ (x; y)@ (u; v)

����
!1=2

jx (u; v)�mj dudv

=

Z Z
S

�
jx�mj2 + jy � nj2 + jz � pj2

�1=2
jx�mj dS;

B2 (m;n; p) �
Z b

a

Z d

c

�
jx (u; v)�mj2 + jy (u; v)� nj2 + jz (u; v)� pj2

�1=2
�
 ����@ (y; z)@ (u; v)

����2 + ����@ (z; x)@ (u; v)

����2 + ����@ (x; y)@ (u; v)

����
!1=2

jy (u; v)� nj dudv

=

Z Z
S

�
jx�mj2 + jy � nj2 + jz � pj2

�1=2
jy � nj dS

and

B3 (m;n; p) �
Z b

a

Z d

c

�
jx (u; v)�mj2 + jy (u; v)� nj2 + jz (u; v)� pj2

�1=2
�
 ����@ (y; z)@ (u; v)

����2 + ����@ (z; x)@ (u; v)

����2 + ����@ (x; y)@ (u; v)

����
!1=2

jz (u; v)� pj dudv

=

Z Z
S

�
jx�mj2 + jy � nj2 + jz � pj2

�1=2
jz � pj dS:
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Therefore by (4.4) we get

(4.6)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (m;n; p)

� 1

3V (B)

ZZZ
B

�
(m� x) @f (x; y; z)

@x
+ (n� y) @f (x; y; z)

@y

+(p� z) @f (x; y; z)
@z

�
dxdydz

����
� 1

3V (B)

(



@f@x





S;1

Z Z
S

�
jx�mj2 + jy � nj2 + jz � pj2

�1=2
jx�mj dS

+





@f@y





S;1

Z Z
S

�
jx�mj2 + jy � nj2 + jz � pj2

�1=2
jy � nj dS

+





@f@z





S;1

Z Z
S

�
jx�mj2 + jy � nj2 + jz � pj2

�1=2
jz � pj dS

)

for all (m;n; p) 2 B:
In particular, we have

(4.7)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (xB ; yB ; zB)

� 1

3V (B)

ZZZ
B

�
(xB � x)

@f (x; y; z)

@x
+ (yB � y)

@f (x; y; z)

@y

+(zB � z)
@f (x; y; z)

@z

�
dxdydz

����
� 1

3V (B)

(



@f@x





S;1

Z Z
S

�
jx� xB j2 + jy � yB j2 + jz � zB j2

�1=2
jx� xB j dS

+





@f@y





S;1

Z Z
S

�
jx� xB j2 + jy � yB j2 + jz � zB j2

�1=2
jy � yB j dS

+





@f@z





S;1

Z Z
S

�
jx� xB j2 + jy � yB j2 + jz � zB j2

�1=2
jz � zB j dS

)

and

(4.8)

���� 1

V (B)

ZZZ
B

f (x; y; z) dxdydz � f (xB;@f ; yB;@f ; zB;@f )
����

� 1

3V (B)

(



@f@x





S;1

Z Z
S

�
jx� xB;@f j2 + jy � yB;@f j2 + jz � zB;@f j2

�1=2
jx� xB;@f j dS

+





@f@y





S;1

Z Z
S

�
jx� xB;@f j2 + jy � yB;@f j2 + jz � zB;@f j2

�1=2
jy � yB;@f j dS

+





@f@z





S;1

Z Z
S

�
jx� xB;@f j2 + jy � yB;@f j2 + jz � zB;@f j2

�1=2
jz � zB;@f j dS

)
:
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5. Some Examples for Sphere

Consider the 3-dimensional ball centered in C = (a; b; c) and having the radius
R > 0;

B (C;R) :=
n
(x; y; z) 2 R3

�� (x� a)2 + (y � b)2 + (z � c)2 � R2
o

and the sphere

S (C;R) :=
n
(x; y; z) 2 R3

�� (x� a)2 + (y � b)2 + (z � c)2 = R2
o
:

Consider the parametrization of B (C;R) and S (C;R) given by:

B (C;R) :

8<: x = r cos cos'+ a
y = r cos sin'+ b
z = r sin + c

; (r;  ; ') 2 [0; R]�
h
��
2
;
�

2

i
� [0; 2�]

and

S (C;R) :

8<: x = R cos cos'+ a
y = R cos sin'+ b
z = R sin + c

; ( ;') 2
h
��
2
;
�

2

i
� [0; 2�] :

By setting

A :=

����� @y
@ 

@z
@ 

@y
@'

@z
@'

����� = �R2 cos2  cos';
B :=

����� @x
@ 

@z
@ 

@x
@'

@z
@'

����� = R2 cos2  sin';

and

C :=

����� @x
@ 

@y
@ 

@x
@'

@y
@'

����� = �R2 sin cos ;
we have that

A2 +B2 + C2 = R4 cos2  for all ( ;') 2
h
��
2
;
�

2

i
� [0; 2�] :

Obviously xB = a; yB = b, zB = c andZ Z
S(C;R)

�
jx� xB j2 + jy � yB j2 + jz � zB j2

�1=2
jx� xB j dS

=

Z Z
S(C;R)

�
jx� aj2 + jy � bj2 + jz � cj2

�1=2
jx� xB j dS

= R4
Z �

2

��
2

Z 2�

0

cos2  jcos'j d d' = 2�R4:

Similarly,Z Z
S(C;R)

�
jx� xB j2 + jy � yB j2 + jz � zB j2

�1=2
jy � yB j dS

=

Z Z
S(C;R)

�
jx� xB j2 + jy � yB j2 + jz � zB j2

�1=2
jz � zB j dS = 2�R4
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and by (4.7) we get

(5.1)

����� 1

V (B)

ZZZ
B(C;R)

f (x; y; z) dxdydz � f (a; b; c)

� 1

3V (B)

ZZZ
B(C;R)

�
(a� x) @f (x; y; z)

@x
+ (b� y) @f (x; y; z)

@y

+(c� z) @f (x; y; z)
@z

�
dxdydz

����
� 1

2
R

"



@f@x





S(C;R);1

+





@f@y





S(C;R);1

+





@f@z





S(C;R);1

#
:

References

[1] Apostol, T. M.; Calculus Volume II, Multi Variable Calculus and Linear Algebra, with Appli-
cations to Di¤ erential Equations and Probability, Second Edition, John Wiley & Sons, New
York, London, Sydney, Toronto, 1969.

[2] Barani, A.; Hermite�Hadamard and Ostrowski type tnequalities on hemispheres, Mediterr.
J. Math. 13 (2016), 4253�4263

[3] Barnett, N. S.; Cîrstea, F. C. and Dragomir, S. S. Some inequalities for the integral
mean of Hölder continuous functions de�ned on disks in a plane, in Inequality The-
ory and Applications, Vol. 2 (Chinju/Masan, 2001), 7�18, Nova Sci. Publ., Hauppauge,
NY, 2003. Preprint RGMIA Res. Rep. Coll. 5 (2002), Nr. 1, Art. 7, 10 pp. [Online
https://rgmia.org/papers/v5n1/BCD.pdf].

[4] Barnett, N. S.; Dragomir, S. S. An Ostrowski type inequality for double integrals and appli-
cations for cubature formulae. Soochow J. Math. 27 (2001), no. 1, 1�10.

[5] Barnett, N. S.; Dragomir, S. S.; Pearce, C. E. M. A quasi-trapezoid inequality for double
integrals. ANZIAM J. 44 (2003), no. 3, 355�364.

[6] Bessenyei, M.; The Hermite�Hadamard inequality on simplices, Amer. Math. Monthly 115
(2008), 339�345.

[7] Budak, Hüseyin; Sar¬kaya, Mehmet Zeki An inequality of Ostrowski-Grüss type for double
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