OSTROWSKI TYPE TRIPLE INTEGRAL INEQUALITIES FOR
FUNCTIONS DEFINED ON 3-DIMENSIONAL BODIES

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. In this paper we provide some bounds for the absolute value of
the quantity

ﬁ///]gf(m,y,z)dmdydz — f(a,b,¢c)

B/ U
of (ag Ys Z)}

+ (a — 2) drdydz

under the general assumption that B is a body in the 3-dimensional space
R3, (a,b,¢) € B and f : B — C is differentiable on B. For this purpose we
use an identity obtained by the well known Gauss-Ostrogradsky theorem for
the divergence of a continuously differentiable vector field. An example for
3-dimensional ball is also given.

1. INTRODUCTION

Recall the following inequalities of Hermite-Hadamard’s type for convex func-
tions defined on a ball B (C, R), where C = (a,b,c) € R®, R > 0 and

B(C,R) := {(x,y,z) € R?| (z—a)l+ -0+ (z—c)° < RQ}.
The following theorem holds [10].

Theorem 1. Let f : B(C, R) — R be a convex mapping on the ball B (C, R). Then
we have the inequality:

1
(1.1) f(a,b, C) < ‘/(‘B(W///B(C’R) f(m,y,z) da:dydz

1
< SBO.R) //Sw,m f (@9, 2)dS,

where
S(C.R) = {(@,9.2) € B[ (@ =) + (y=1)° + (= 0)° = B}
and ;
V(B(C,R)) = 47? , 0(B(C,R)) = 47R?.

1991 Mathematics Subject Classification. 26D15.
Key words and phrases. Ostrowski inequality, Hermite-Hadamard inequality, Double integral
inequalities, Gauss-Ostrogradsky identity.

1

RGMIA Res. Rep. Coll. 22 (2019), Art. 63, 18 pp. Received 13/06/19


e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 22 (2019), Art. 63, 18 pp.     Received 13/06/19


2 S.S. DRAGOMIR

If the assumption of convexity is dropped, then one can prove the following
Ostrowski type inequality for the centre of the ball as well, see [11].

Theorem 2. Assume that [ : B(C, R) — C is differentiable on B (C,R). Then

120 (1000~ gty [ oo it

<°R ‘f H N Hf |
8 [I9zllpcmc 110y Roo 11921 5c.R).00
provided
‘ af = sup M < 00
Oz B(C,R),0 (z,y,2)€EB(C,R) ox
0
H = sup M < 00
Oy B(C,R),00  (2,y,2)€B(C,R) Oy
and
0
H = sp  |HEwA)
B(C,R),c0  (2,4,2)EB(C,R) Jy

This fact can be furthermore generalized to the following Ostrowski type inequal-
ity for any point in a convex body B C R3, see [11].

Theorem 3. Assume that f : B — C is differentiable on the convex body B and
(u,v,w) € B. If V(B) is the volume of B, then

(1.3) 'f(u v, W) // f(z,y, 2) dedydz

v(lg // zu|</ 8;[(1‘%) + (1 —1) (u, v, w)] dt)dxdydz
o [ ""( 5

" [t(z,y,2)+ (1 —1)(u,v, w)]‘ dt> dzdydz

+<13/// o — w|(/ S @ 2) 4 (1 1) (] ) dadya:

1
< x—udwddz—I—H /// — | dzdydz
H v [ e laez + | o V(B) ) fp 10 ey
1
+Haz BooiV(B) //B|z—w\dxdydz

provided

of H of

- - < 0.

Ox B,co dy Boo 0z || g
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In particular,

0w |iEmmmm - /// § (0,0, ) dodyd=
<o /[, B'(O
i [ (15
s [ ZB|(

(x,y,2) + (1 —1t) (mya,zg)]’ dt) drdydz

(x,y,2) + (1 —t) (l'BayBaZB)]’ dt> drdydz

(x,y,2) + (1 —t) (myxamg)]‘ dt) drdydz

V B /// |z — ZTg| dzdydz
! / / ly — yB| dzdydz
—YB

af 1 _
+H82 ﬁ//B|z—zB|dxdydz,

Tp = ﬁ ///B zdzxdydz, ypg = ﬁ ///B ydzdydz,
Zp = ﬁ ///B zdzxdydz

are the centre of gravity coordinates for the convex body B.

Hay

where

For some Hermite-Hadamard type inequalities for multiple integrals see [2], [6],
[8], 9], [10], [17], [18], [19], [20], [25], [26] and [27]. For some Ostrowski type
inequalities see [3], [4], [5], [7], [11], [12], [13], [14], [15], [16], [21], [22], [23] and [24].

In this paper we provide some bounds for the absolute value of the quantity

75 /// @y, ) dedydz = f (a,b,c)
/// [ o4 o i )+(a_y)f9f(gay%2)

of (x,y, 2)
0z

under the general assumption that B is a body in the 3-dimensional space R?,
(a,b,c) € B and f : B — C is differentiable on B. For this purpose we use an
identity obtained by the well known Gauss-Ostrogradsky theorem for the divergence
of a continuously differentiable vector field. An example for 3-dimensional ball is
also given.

We need the following preparations.

+(a—2z) dxdydz

2. PRELIMINARY FACTS AND RESULTS

Following Apostol [1], consider a surface described by the vector equation

(2.1) 7*(u,v)::U(u,v)?+y(u,v)7+z(u,fu)z>
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where (u,v) € [a,b] X [¢,d] .
If x, y, z are differentiable on [a,b] X [c, d] we consider the two vectors

or OJr— 8y—> 0z —
du_ ou’ *ou ou *ou ou K

and
or 8x—> 8ye 0z —
o' T % It ek

The cross product of these two vectors 2 Fu X 81; = will be referred to as the fundamental

vector product of the representation r. Its components can be expressed as Jacobian

determinants. In fact, we have [1, p. 420]

Oy Oz Oz oz oz 9y
(2 2) or or ou ou — 4 ou ou — L ou ou ?
. — X — = i J
du v dy 92 9z o oz dy
v v ov ov v v

—
k.

_ 3(y72)7+3(2,x)7 d(x,y)

0 (u,v) 0 (u,v) 0 (u,v)
Let S = r(T) be a parametric surface described by a vector-valued function r

defined on the box T = [a,b] x [¢,d]. The area of S denoted Ag is defined by the
double integral [1, p. 424- 425}

+

(2.3) Ag = dudv

v V (225:;3)1(2&2:33>2+<§§z:z§>2dudv-

We define surface integrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.

Let S = r(T) be a parametric surface described by a vector-valued differentiable
function r defined on the box T = [a,b] X [¢,d] and let f : S — C defined and
bounded on S. The surface integral of f over S is defined by [1, p. 430]

(2.4) //Sde:/ab/cdf(m,y,z) or o

" Bv

:/:/Cdf<x<u7v>,y<u,v>,z<u,v>>

0w,2)\* (02N, (9w
dudv.
. \/(a(u,v) * 0 (u,v) + 0 (u,v) uaw
If S = r(T) is a parametric surface, the fundamental vector product N = du X g;
is normal to S at each regular point of the surface. At each such point there are

two unit normals, a unit normal n, which has the same direction as IV, and a unit
normal no which has the opposite direction. Thus

dudv

ny = and ng = —nq.

N
V]
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Let n be one of the two normals n; or ny. Let also F' be a vector field defined on
S and assume that the surface integral,

//S(F-n)ds

called the flux surface integral, exists. Here F - n is the dot or inner product.
We can write [1, p. 434]

//FndS i// <g; §T>dudv

_»

where the sign 7 + 7 is used if n = n; and the ” sign is used if n = no.

If

—

F(z,y,2) = P(2,5,2) i +Q(z,9,2) j +R(z,y,2) k
and

r(u,v) = x(u,v)?—l—y(u,v)?—l—z(u,v)? where (u,v) € [a,b] X [c,d]
then the flux surface integral for n = ny can be explicitly calculated as [1, p. 435]
(2.5) //S(Fn)dS = /ab/ch(x(u,v) y (u,v), 2 (u,v)) ggy’zgd dv

b pd 8 (z, )
<[ [ ey o) 522
(

)
b d 8 Z',y)
+/a / R (e () (.0) 2 (0,0) G Ddude,

The sum of the double integrals on the right is often written more briefly as [1, p.

435
//P(m,y,z)dy/\dz—i—//Q(x,y,z)dz/\da:—i—//R(x,y,z)dx/\dy.
s s s

Let B C R? be a solid in 3-space bounded by an orientable closed surface S, and
let n be the unit outer normal to S. If F' is a continuously differentiable vector field
defined on B, we have the Gauss-Ostrogradsky identity

(GO) ///B(divF)dV://S(F.n)ds

If we express

Z,x

dudv

— —

F(2,9,2) = P(2,5,2) @ +Q(z,9,2) j +R(z,y,2) k,

then (GO) can be written as

(2.6) /// BPrEy, L Q@y2)  OR(wy 2) dodydz
dy 0z
//P T,Y, 2 dyAdz+//Q x,y,2)dz A dx
—I—//R(m,y,z)dx/\dy.
s

By taking the real and imaginary part, we can extend the above inequality for
complex valued functions P, @), R defined on B.
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3. SOME IDENTITIES OF INTEREST
We have:

Lemma 1. Let B be a solid in the three dimensional space R® bounded by an
orientable closed surface S. If f: B — C is a continuously differentiable function
defined on a open set containing B, then we have the equality

— // f(z,y,2)dedydz — f (m,n,p)

3V /// { 8f ;xy, )+(n—y) Bf(fgjyy,Z)

(p—2) of (z,y,2)
0z

{// f(z,y,2) = f(m,n,p)ldy Ndz

+//S(yfn)[f(:v,y,2)ff(m,n,p)]dzAdﬂc
+//S<z—p>[f<x,y,z>—f(m,n,m]dxwy

] dxdydz

for all (m,n,p) € B.
In particular, we have

i [ £ @2 deduaz — 1 @555 75)
s [ -0 LG gy 20D

of (z,y,2)
0z

1 T o — — —
) {//s@_xf’)[f(%y’z) — [ (@B,Y5, %) dy N dz

+(z5 —2) } dxdydz

[ [ =)l @2) — @557 do .

Proof. Tt would suffice to prove the equality (3.1) without the value f (m,n, p) since
the general case will follows by replacing f with f — f (m,n,p).
We have

Oz —m) f(2,y,2)]

= f@y,2) + (@ —m) L E9:2)

Ox or
8[(y_nz9£ (Jj,y,Z)] _ f(m,y,z) 4 (y_n) af (giyywz)
and

Oz :f(z7yaz)+(zfp) 9z
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By adding these three equalities we get

(3:3) Ox Oy 0z
=3f(z,9,2)
(@ —m) of (g;:yw) (5 —n) of (g;/% ), (z—p) of (gzy, )
for all (x,y,2) € B.
Integrating this equality on B we get
(34) / / /B ( Oz i Ay
ICTEER)
*3/// f (z,y, 2) dedydz
8f T y, ) af (:my,z)
/ / / [ t-n) dy
+(z—p) of (@.y.2) dxdydz.

0z
Applying the Gauss-Ostrogradsky identity (2.6) for the functions

P(z,y,2) = (x—m)f(z,y,2), Q(z,y,2) = (y —n) f (z,9,2)
and

R(x,y,z) = (z—p)f(x,y,z)

we obtain

(3.5) / / /B (‘9 [(z — m(; ch (2.9, 2)] , Oly~ ngi (@9, 2))

// x—m)f(z,y,2 dyAdz+// —n) f(z,y,2)dz ANdz
// z—p) f(x,y,2)de A dy.

By (3.4) and (3.5) we get

3///Bf(x,y,z)da:dydz
+/// [a:—m 8f($’y’z)+( —n)W—I—(z—p)W dzdydz
// v—m) f 2,y dy/\dz+// y—n) f (2,9, 2) dz A dz
// e —p) f (@9, 2) de Ady,
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which is equivalent to

// Bf(x,y,z) dxdydz

:é///B {(mx) af(g;cy’z)ﬂn*y) 3f(r;,yy,2)+(pz) af(g,zy,zqudydz

—1—;{//S(m—m)f(a:,y,z)dy/\dz—i—//s(y—n)f(x,y,z)dz/\dax
[ [e-piaana

that, by division with V' (B), proves the claim. O

Remark 1. For a function f as in Lemma 1 above, we define the points

I g v:2) S 2) d:cdydz ypop — [ff; v ’U7Z)dxdydz
I5 oL 5 Z)d dydz I5 oL 5y 2 dadydz

1‘373]« =

and
[ #2252 drdya:
115 T8 dadya

provided the demominators are not zero.

If we takem =z gf, n = yp,of andp = zp oy in (3.1) and assume (xB.of,YB,of, 2B,0f) €
B, then we get

ZB,0f ‘=

1
= // [ (z,y,2)dxdydz — f (xB,of,YB,0f5%B,0f)
[// —xpoy)f (x,y,2) — f(zBos,yBay, 2B0f)] dy A dz
+ // (v —nysor) If (x,y,2) — f(*Bof YB.of: 2B0f) dz N dx
s

+// (z = zBaf) If (x,y,2) — f(zBos YB.af, 2B,0s)] dx A dy] ,
s

since, obviously,

/// [x“f‘”” e )+<y3,af—y>w§fj”z)

of (x,y,2)

+ (zBof — 2) P

} dxdydz = 0.

Remark 2. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S described by the vector equation

r(u,0) = 2 (u,0) T 4y () J +2 )k, (u,0) € [a,b] x [c,d]

where x (u,v), y(u,v), z (u,v) are differentiable.
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From the equation (3.1) we get

3.7) V;// f(z,y,2)dadydz — f (m,n,p)

[ B 3f my, )+(ny)3f(gyy,2)
+(p— %) of (gzy ,2) dxdydz

b pd .
,%(B) //(x(u,v)m)[f(x(u,v),y(uyv),Z(U,v))f(m,n,p)]ggzzvidudv

b pd 2.1
[ ) = w1 ) ) 2 ) = £ ) 5D

u, v)

e 9 (z,y)
[ ) =) F o 0) ) 2 0) = £ (o) G dude

for all (m,n,p) € B, while from (3.2) we have

///f r,y,z)dxdydz — f (TB,YB,ZB)
] g

+(Z5 — 2) of (z;y’ 2) dxdydz
/ / )—Tp) x(u,v),y(u,v%z(u,v))—f(m,n,p)]ggz:i;dudv

+/a ‘/c (y(u,v)—yTg) [f(x(u,v),y(u,v),z(u,v))_f(m’n,p)] Z(Z’i)dUdU
(

b rd B -
+/a /C (2 (u,v) —ZB) [f (z (u,v) ,y (u,v), 2 (u,v)) — f (m,n,p)] a(u,v)dUdv

for all (m,n,p) € B.
From (3.6) we get

7/// f (@, y, 2) dedydz — f (m,n, p)

// (u,v) —xB,af) f(a?(u,v),y(u,v),z(u,v))—f(m,mp)]géz:i;dudv

—i—/a /C (y (u,v) —yB,of) [f(a?(u,v),y(u,v),z(u,v))—f(m,n,p)]ggz:i;dudv

b d N
+/a /C (z (u,v) — zBof) [f (x (u,v),y (u,v), 2z (u,v)) — f (m,n,p)] ggu:z; duduv

for all (m,n,p) € B.



10 S.S. DRAGOMIR

4. INEQUALITIES FOR LIPSCHITZIAN FUNCTIONS
Let (m,n,p) € B. We assume that the function is surface Lipschitzian in (m,n,p)
if there exists the constants (depending on (m,n,p)) L1, La, L > 0 such that
(41) |f (x,y,z) - f (manap)| < Ll |I - m| + L2 |y - Tl| + L3 ‘Z 7p|

for all (x,y,2) € S.
We observe that, if f is differentiable on an open neighborhood of B and has the
partial derivatives bounded on S then we have

B R I o I o G
for all (m,n,p) € B and (z,y,2) € S where
' o~ p f(x Y, 2 H = sup |L@®A|
Oz S, 00 (z,y,2)ES 8y S, 00 (z,y,2)€S 8y
and
Haf = sup 710 (x,y,z) < Q.
0z (z,y,2)€S 0z

Theorem 4. Let B be a solid in the three dimensional space R3 bounded by an
orientable closed surface S. If f: B — C is a continuously differentiable function
defined on a open set containing B, (m,n,p) € B and f satisfies the Lipschitz type
condition (4.1), then we have

(4.2) '1 // f(z,y,2)dedydz — f (m,n,p)

3V ///[ B c’)f :;m% )+(n_y)3f(:gzyy72)

+(p—=2) (?f(a’zy’)} dzdydz
S 3V1(B) [LlBl (m,nap) + L2B2 (m7nap) + L3B3 (manap)]
where

A )

mmn)= [ [t - [23
o) =l | 55 o ) ol G o ) e,

[ |9, 2)

Bs (m,n,p) .—/a /C {x(u,v) m| '8(u,v)
) =l S0 12 o) = | S ) ol
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and
b pd
Bg(m,n,p)::// {x(u,v)m
+ |y (u,v) — n| m + |z (u,v) — p| ggz:z; }z(u,v)—p|dudv.

Proof. From the equation (3.7) we get

3) ) L ///fmyzdmdydz f(m,n,p)
3V ///[ B wayz n_y)af(gvyy,Z)

+(p—z)8f(gyz)}d dyd=

_3V / / |z (u,v) = m||f (z (u,v),y (u,v), z(u,v))—f(m,n,p)|‘ggz:z; dudv
/ / ly (u,v) = n||f (z(u,v),y (u,v), 2z (u,v)) = f (m,n,p)] ggii; dudv
[ ) s e ) )~ o) |§Ejjzi\dudv]
1
R
By the Lipschitzian condition (4.1) we have
b pd
/ / |z (u,v) = m||f (x (u,v),y (u,v), 2 (u,v)) = f (m,n,p)] géy ; dudv

//'z —m|[Ly |z (u,v) =m| + La |y (u,v) = n|+ Ly |z (u,v) — I]‘E ;‘ddv

=1, )
9(y,2)

+L2//|x ~ mlly (u,0) - |8<M)
—I—L3// @ (1, 0) — m] | (u, 0) — |”

dudv




S.S. DRAGOMIR

[ [ e =il ) ) 2 o) = )l [ 5E5 dua
/[ /d|y<u,v>—n|b[L1d|m<u,v>—m|+L2|y<u,v>—n|+L3|z<uv | 5 duae
:Ll/ / ly (u,v) —n||x uv)m|‘agz’3 dudv
+L2// ly (u, 0) — nl? E ;‘d dv
w2 [ [ ) - nllz ) -l |52
and
[ [ =11 @ ) @)= ) = 1 | 522 e
/b/d|z (u,v) — p| [L1 |2 (u,0) — m| + La |y (u,v) — n| + L3 |2 (u, v) — |]‘§Eizzg‘dudv
—Ll// 1= (u,0) — p| & (u, v) m|‘ dudv
+L2//|zuv —p|ly (u,v) —n| E i
—|—L3/a/c 1= (u,v) — p|? ‘a(u:zg’dudv
If we add these three inequalities, we get
asn [ [ e -m? {382 by ) al o o) -l |52
+z(u,v)—p||x(u,v)—m|‘ggz:z§’}dudv
+L2/ab/6d{|x<u,v>—m||y<u,v>—n| TSl w) =l 52
+ 1z (u,0) — p| [y (u,v) — ] ggz:z;‘}dudv
+L3/b/ 12 (u,v) — m] |2 (, 0) p|‘ y’z)’+y(u,v |2 (u,v) — |’ i;
+ 1z (u,0) - p|? Eug)}
= L1 By (m,n,p) + L2Bs (m, n,p) + L3 Bz (m,n,p),

which proves the desired result (4.2).
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Remark 3. If f is differentiable on an open neighborhood of B and has the partial
derivatives bounded on S, then we have

'1// f (z,y,2) dedydz — f (m,n,p)

W ///[ —) LGy () LG

+(p—2) (w(gzy,)} dzdydz

1

of
=3y (B) ||| 0z

ox

Bl (m7n7p) + H B2 (man p) ‘ B3 (mvnap)]

Y ls,00 0z

S,00
for all (m,n,p) € B.
Corollary 1. With the assumptions of Theorem 4 and if (Tg,yB,25) € B and f
satisfies the Lipschitz type condition (4.1) for the point (Tg,Ys,ZE5), then we get

‘1 / / f (2,y, 2) dadydz — f (%575, 75)

3V ///{xB afgy’)wm—y)W

+(Zg — 2) o (@y,z) (g;y’ )] dzdydz
< 3V1(B) (LlBl (ﬁa UB, 5) + L2B2 (ﬁa YB, E) + LSBS (@7 YB, @))
where
_ bt 9 (y,2)
B (T5,UB,2B) :z// {|x(u,v)—z3‘ 7 (u,v)
1y ,0) 81| 550 4 00) = 531 G122 o 010) - ]
By (TB,UB,ZB) // {|$ (u,v) ZCB\ 3 (u, ;
1y o) = 751 G =D ) = 731 | 52 ) — ] e
and
B3 (TB,UB,%B) : / / {|$ (u,v) — 75| ggz’i;
9(z,x) d(z,y)

+12 (u,v) - Z5]

+ |y (u,v) — 7B ‘} |z (u,v) — Zg| dudv.

0 (u,v) 0 (u,v)
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Remark 4. Observe that

0(z,)
0 (u,v)

1/2
< (I () =l + Iy (w,0) = nf* + |2 (w,0) = pI°)

+ |y (u,v) —

+lzu0) - |20

which implies that

Bionnp) < [ (1) —mf -y )~ ) o)

1=

2 |y 1/2
‘ (z,2) > | (u,v) —m| dudv

’ ‘a@,y)
9 (u,v)

0 (u,v)

1/2
= [ [ (le=mi+1y=nP +12=5) " la = mias

By (m,n,p) < /ab /Cd (‘m (u,v) _m|2 +ly (u,0) _n|2 2 (u,v) _p|2>1/2
1/2
(B8] sz o)) -

1/2
[ [ (o= +y=nf +12=5) "ty = nlas

and

1/2

Bamnp) < [ [ (1) —m ) - 4 ) - of)

1/2
) |z (u,v) — p| dudv

1/2
= [ [ (lo=mP 1y =nf+12 =) " o = plas.
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Therefore by (4.4) we get

'1// f (z,y,2) dvdydz — f (m,n,p)

W ///[ 0 LDy () L)

+(p—2) af(a’z’)} dxdydz
1 af 2 2 2 1/2
) { el S S (b =Pl o) e mias
1/2
//(ufm\?ﬂy—nﬁﬂz—pﬁ) [y~ nlds
S,00 S
1/2
A I A CEEURATE |z—p|ds}
z S,00 S

for all (m,n,p) € B.
In particular, we have

IN

H@y

'1 / || # @2 dodyiz 1 5,75, 79)

5‘ T of (z,y, 2

e [ im0 2 gy 2

0f (2,9,2) )]dxdydz
ot (]2
~— 3V (B) || 0x

0z
of 2 2 __2\'/? _
o R A G e R

1/2
// (\z—ﬁ|2+|yfy73|2+|z—@|2) |z — z5|dS
S,00 S
0 1/2
ol [ (w-mmP oty gml 1 - mt) e - 7l as
Z S,00 S

+(zB — 2)

and

'V(IB) // B f(x,y,2) dedydz — f(xB.o7,YB0s ZB,Bf)'

sl

Oz
2 2 2\ 1/2
(|-T_37Bﬁf| + 1y — yB,a5l +|Z—ZB,af|) ly — yB,of| dS
S,00 S

2 2 2 1/2
(|»’C*$B,af| + |y — yB,oyl Jr|Z*ZB,af|) |z — zp,af|dS ¢ .
S,00 S

2 2 2 1/2
(|=T*93B,Bf| + 1y —y.asl” + |2 — 2oyl ) |z —xpor|dS
S, 00 S

Hay

af

Jr‘(?z
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5. SOME EXAMPLES FOR SPHERE

Consider the 3-dimensional ball centered in C' = (a,b, ¢) and having the radius
R >0,

B(C.R) = {(2,y.2) € R (@~ ) + (y = b + (= 0 < R*}
and the sphere

S(C,R) = {(m,y,z) R (z—a) +(y—b)> +(z—0c) = R2} .
Consider the parametrization of B (C, R) and S (C, R) given by:

T =rcosycosy+a
B(C,R): ¢ y=rcostypsinp+b ; (r,,p)€[0,R] x {—g,g] x [0, 27|
z=rsinyY +c
and
x = Rcosycosp+a o
S(C,R):< y=Rcosysing+b ; (¥,0)€ [75,5] x [0, 27] .
z= Rsiny +c

By setting

= —R?cos® 1 cos g,

I

oy 29 ‘ = R? cos® 1 sin o,

and
C = ‘ o %ﬁf ‘ = —R?%sin cos v,

we have that
A? + B? + C? = R*cos® ¢ for all (¢, ¢) € [—g, g} x [0, 27] .

Obviously Tg = a, yg = b, Zg = ¢ and

1/2
[ Jn (=78 + =73l 412 —55°) b 1
1/2
[ oo (e ety bf sl =) e s
z 2
:R4/ / cos® 1) |cos ¢| dypdp = 2 R*.
. 0
2
Similarly,
1/2
[ [ (e-al+ly-val+ 1o - =5) "y - 7mlas
S(C,R)

2 __2 2\ _ 4
:// (|$—$B\ + |y — 7B +|z—zB\) |z — z5|dS = 27R
S(C,R)
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and by (4.7) we get

50 |5 / / /B o 0 s = .0

(1]

2]
(3]

[9]

[10]

[11]

[13]

[14]

[15]

+(c—2) W(z,y,z)} dzdydz
z
1
U
2 Oz S(C,R),00 dy S(C,R),00 0z S(C,R),00
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