PERTURBED OSTROWSKI TYPE INEQUALITIES FOR
MULTIPLE INTEGRAL ON GENERAL DOMAINS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by making use of Divergence Theorem for multiple
integral, we establish some perturbed Ostrowski type inequalities for functions
of independent variables defined on closed and bounded convex subsets of the
Fuclidian space R™. Some examples for 3-dimensional space are also provided.

1. INTRODUCTION

Let f be a complex valued function defined on an open set containing D C R? and

having continuous partial derivatives on D. We assume that the partial derivatives
of of

55 By satisfy the Lipschitz type conditions
(1) O )~ 2 ()| < Lol + K fy v
and
0 0
(12 (o) = 3 o) < Lalo—ul+ Kaly—v

for any (z,y), (u,v) € D, where L1, K1, Lo and K5 are given positive constants.
In the recent paper [8] we obtained among others the following result:

Theorem 1. Let 0D be a simple, closed counterclockwise curve bounding a con-
vex region D and f defined on an open set containing D and having continuous
partial derivatives on D. If the partial derivatives g£ , % satisfy the Lipschitz type
conditions (1.1) and (1.2), then

(1.3) + | | r@wdedy

_,f(u v) — gAlD% {(v—y)f(w y)dx+(w—u)f(w y)dy}

1
G[LIAD// T —u) da:dy—l—KgA // —0) dxdy}

Ki+ Ly 1
+ 16 2 // |z — u| |y — v| dzdy
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and

wy [ [ U e+ w —y>%<w,y>] dudy

2 11

—gf(u v) — 34,

1
3[L1AD// x —u) dxdy—i—Kg // —0) dxdy]

K Lo 1
S [ o= ully ol dady

for all (u,v) € D.

f{(y—v)f(x y) di + (u— ) f (2, ) dy]

For other integral inequalities for multiple integrals see [3]-[16].

In this paper, by making use of Divergence Theorem for multiple integral, we
establish some perturbed Ostrowski type inequalities for functions of independent
variables defined on closed and bounded convex subsets of the Euclidian space R™.
Some examples for 3-dimensional space are also provided.

2. SOME PRELIMINARY FACTS

Let B be a bounded open subset of R™ (n > 2) with smooth (or piecewise
smooth) boundary 0B. Let F = (Fi,..., F,) be a smooth vector field defined in
R™, or at least in BU dB. Let n be the unit outward-pointing normal of 9B. Then
the Divergence Theorem states, see for instance [17]:

(2.1) /dideV: F - ndA,
B 0B

where
OF;,

divFE=V-F= Za
$k

dV is the element of volume in R™ and dA is the element of surface area on dB.
If n=(ny,..,n,), z = (x1,..,2,) € B and use the notation dz for dV we can
write (2.1) more explicitly as

(2.2) Z / az;,; 5 :; /8 i Fy (z) ny (z) dA.

By taking the real and imaginary part, we can extend the above equality for
complex valued functions Fy, k € {1,...,n} defined on B.

If n = 2, the normal is obtained by rotating the tangent vector through 90°
(in the correct direction so that it points out). The quantity ¢ds can be written
(dz1, dzs) along the surface, so that

ndA := nds = (dzo, —dz1).

Here ¢ is the tangent vector along the boundary curve and ds is the element of
arc-length.
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From (2.2) we get for B C R? that

F F:
(2.3) / 0 1(x1’$2)dm1dm2+/ 0 Q(xl’x2>dw1dx2
B 8x1 B 8.T2

=/ F1(£C17$2)d3?2—/ F> (21, 22) dzy,
oB oB

which is Green’s theorem in plane.

If n = 3 and if 9B is described as a level-set of a function of 3 variables i.e. 0B =
{xh Zo, T3 € R3 | G(x1,29,23) = 0}, then a vector pointing in the direction of n is
grad G. We shall use the case where G (21,2, 23) = 3 — g(z1,22), (z1,22) € D,
a domain in R? for some differentiable function g on D and B corresponds to the

inequality 3 < g(x1,x2), namely
B = {(1‘1,1‘2,1’3) eR? | z3 < g(:z:l,zg)}.

Then

Gy —Gpay 1
n— ( 9z15 — Yz, 1)27 dA — (1+g§1 +g§2)1/2d$1d$2
(1492, +92,)"

and
ndA = (7.9%1 y —Gx5, 1) dl’ldﬂ?g.

From (2.2) we get

(2.4) / OF (x1,x2,x3) n OF; (x1,%2,23) n OF3 (x1,x2,x3) diydasdis
B 0x1 0xs O3

= —/ Fy (z1,72,9(21,22)) gz, (21, 72) doydy
D
—/ Fy (z1,72,9(21,22)) o (21, 22)dz1dT2
D
+/ F3 (w1, 22, g(21,22)) dr1das,
D

which is the Gauss-Ostrogradsky theorem in space.
Following Apostol [1], consider a surface described by the vector equation

T(U,U) =21 (U;,U)?‘Fl’g (U,’U)?-FJC:;(U,’U)?

where (u,v) € [a,b] X [¢,d] .
If 1, 9, x5 are differentiable on [a, b] X [c, d] we consider the two vectors

or Ori— Oro— Orz—
0= T T ”

and
0 0 0 0
or _om-p  Om— Omap
v v v v
The cross product of these two vectors g—z X %Z will be referred to as the fundamental

vector product of the representation r. Its components can be expressed as Jacobian
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determinants. In fact, we have [1, p. 420]

Omy Ozg Ozg Ozy Ozy Omy
or or Ou ou | — ou ou | — ou ou | —
— X — = i+ J+ k
ou v dza day dxy dzy dzy dza

ov ov ov ov ov v

8(5E2,3§'3)—_> 8(.’)53,:131)—) a(Il,ﬂ?Q)—)
0 (u,v) v 0 (u,v) 7+ 0 (u,v)
Let 0B = r(T) be a parametric surface described by a vector-valued function r
defined on the box T = [a,b] X [¢,d]. The area of 9B denoted App is defined by

the double integral [1, p. 424- 425]

// 31"
LI ¢ ) () () e

We define surface mtegrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.

Let 9B = r(T') be a parametric surface described by a vector-valued differentiable
function r defined on the box T = [a,b] x [¢,d] and let f : 9B — C defined and
bounded on dB. The surface integral of f over OB is defined by [1, p. 430]

//andA:/ab/cdf(m’xz’x?’) ’87" or

g
_/ab/cdf(xl(u,v),zz(u,v)7$3(uyv))

0(az,23)\* | (O(es,w1)\*  ((x1,22)\?
dudv.
X \/( 0 (u,v) + 0 (u,v) + 0 (u,v) uaw
If 0B = r(T) is a parametric surface, the fundamental vector product N =

% X g—; is normal to B at each regular point of the surface. At each such point

there are two unit normals, a unit normal n;, which has the same direction as N,
and a unit normal ny which has the opposite direction. Thus

dudv

dudv

n; = —— and ny = —n;.
|V

Let n be one of the two normals n; or nsy. Let also F' be a vector field defined on
0B and assume that the surface integral,

J [ rome

called the flux surface integral, exists. Here F' - n is the dot or inner product.
We can write [1, p. 434]

//FndA :t//F (u,v) & or dudv
oB ou’ v

_»

where the sign ” + 7 is used if n = n; and the ” sign is used if n = no.
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If
- - -
F(z1,29,23) = 1 (21, 22,23) @ + F2 (21, 22,23) J + F3 (21, 72,23) k
and
— — —
r(u,v) = z1 (u,v) @ + a2 (u,v) j +x3(u,v) k where (u,v) € [a,b] X [c,d]

then the flux surface integral for n = n; can be explicitly calculated as [1, p. 435]

(2.5) //83 (F-n)dA= /ab /Cd F (21 (u,v), 22 (u,v) , 23 (u,v)) mdudv

e 8(9173,961)
+/u /c F (21 (u,v)7m2(u,v),x3(u,v))mdudv

e 8(1‘1,332)
+/a [ F3 (21 (u,v)7x2(u,v),x3(u,v))mdudv_

The sum of the double integrals on the right is often written more briefly as [1, p.
435)

/ Fy (%1,$2,$3)d$2Ad$3+// FQ l‘l,mg,l’g)dmg/\dml

// F3 1‘1,1‘2,2?3)(1:1?1/\(1[132
OB

Let B C R? be a solid in 3-space bounded by an orientable closed surface 0B,
and let n be the unit outer normal to dB. If F is a continuously differentiable
vector field defined on B, we have the Gauss-Ostrogradsky identity

(GO) ///B(divF)dV://aB(F.n)dA

If we express
— — —
F(x1,29,23) = Fy (w1, %2,23) © + Fo (21,22, 23) § + F3(21,22,23) k,

then (2.4) can be written as

(2.6) /// <5F1 (1,22, 23) n OF, (x1,%2,23) + 0F3 (961,952,953)) diry dodas
B dx1 Do Oxs

:// Fi ($1,$2,$3)d$2/\d.’173+// FQ($1,$27$3)d.’E3/\d1‘1
0B oB

"’/ F3 (21,22, 23) dzy A dxs.
B

3. IDENTITIES OF INTEREST

We have the following identity of interest:

Lemma 1. Let B be a bounded closed subset of R™ (n > 2) with smooth (or
piecewise smooth) boundary 0B. Let f be a continuously differentiable function
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defined in R™, or at least in an open neighborhood of B and with complex values.
If ag, v, € C for k € {1,...,n} with Y ;_, cu, = 1, then

(3.1) / Fde =3 / m—magf)dx

k

(3.2) + Z o, / (xk — vi) [ (z) ng () dA.

In particular,

(3.3) / ) dv = Z/ ) azf)dx
(3.4) + = kZ:l /SB (zx — 3,) f (z) ng (z) dA.

If u = (uy,...,un) € B, then

1 1 1 of (z)
(3.5) V(B)/Bf(w)dx_n;‘/B)/B(uk_xk) i dx

(3.6) +

Proof. Let z = (21, ...,x,) € B. We consider
Fy () = ag (xx —vi) [ (2), ke {l,..,n}

and take the partial derivatives 8%(;) to get

OFy () _ of (x)
i = ayf (z) + ag (zk vk)ka7 ke{l,..,n}.
If we sum this equality over k from 1 to n we get
OFy (z 8f( of (x)
(3.7) Z 8azk Zakf + Zak Tk — Vi) B

=f<x>+zak<xk—vk)w
k=1

8a:k

for all x = (21, ...,2,) € B.

Now, if we take the integral in the equality (3.7) over (z1,...,x,) € B we get

(3.8) /(Zag];k )d —/f dx—l—Z/ozk Tk — Vi) 8f()

By the Divergence Theorem (2.2) we also have

(3.9) / (Z 8?;}@ ) do = ;/63 iz — i) [ (2) ni (z) dA
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and by making use of (3.8) and (3.9) we get
/ f(x)dfﬂ-FZak/ (e — k)
B Pt B

- ;ak /aB (zk —vi) [ (z) i () dA,

[ (x)

0
d
8xk v

which gives the desired representation (3.1).
The identity (3.3) follows by (3.1) for oy, = 1, k € {1,...,n}. The identity (3.5)
follows by (3.3) for ), = ug, k € {1, ...,n}. O

For the body B we consider the coordinates for the centre of gravity

G = (23371, ...,JTBJL)

defined by
)
TRk = = | zrdx, k€ {l,..,n},
V(B s o}

where
V(B) := / xdx
B
is the volume of B.

Corollary 1. With the assumptions of Theorem 2 we have

Y — of ()
(3.10) /Bf (z)dx = kzﬂ /B o (TBk — Tk) O, dx
(3.11) +;/@Bak (zk — Tx) [ () nk (7) dA
and, in particular,

1 - 7 of (x)
(3.12) /Bf (z)dx = - ;/B (TBk — k) kadaz
(3.13) i1 i:/ (zk — Tx) [ (z) ni (z) dA.

"= /oB 7

The proof follows by (3.1) on taking v, =T, k € {1,...,n}.
For a function f as in Theorem 2 above, we define the points

Bf(x)d
fB Lk ox -z
TBofk ‘= 76]0(3”;611. s k¢ {17...,’[1},

B 8a7k

provided that all denominators are not zero.

Corollary 2. With the assumptions of Theorem 2 we have

(3.14) /B faydr =% /8 (o= ap070) f @) ) 4
k=1

and, in particular,

1 n
(3.15) /B f (@) do = — ;;1 /8 . (zk — zBofk) f () 1y (2) dA.
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The proof follows by (3.1) on taking v, = zpasi, k € {1,...,n} and observing

that
- 0
Zak/ (mB)aﬁk — JCk) f (:L') dr = 0.
k=1 B

aa'}k

For a function f as in Theorem 2 above, we define the points

vop s i Jop TR (@)1 (2) dA
B Jop f(@)ny (z)dA

provided that all denominators are not zero.

ke{l,..n}

Corollary 3. With the assumptions of Theorem 2 we have

(3.16) /Bf (z)dx = Z /B ax (ToB, ok —Tk) 0f (z) dz
k=1

8:ck

and, in particular,

I r of (x)
(3.17) /B (@) dx—ﬁg /B (wom. g —1) 5

The proof follows by (3.1) on taking v, = zsp, sk, k € {1,...,n} and observing
that

E / ai (xp — xoB,f.i ) [ (z) ng () dA = 0.
k=1 OB
We have:

Lemma 2. If f : B — C is differentiable on B, a convex subset of R™ (n > 2),
then for all x = (x1,...,2n), 4 = (U1,...,un) € B and A\, € C, k € {1,...,n} we
have the equality

(3.18) Flu)=f(z)+ ) (e — zx) M

k=1
n 1 8f
e [ (2 s
In particular,
(3.19) fw) =f(@)+ ) (up — ) agg)
k=1
+;(uk—$k)/0 <8xk[t +(A-t)a] - Oy, )dt
and
(3.20) f(u)= ﬁ () dz +) V (B) /B(“k 2 8aa§f)dx
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Proof. By Taylor’s multivariate theorem with integral remainder, we have

n

1
(3.21) flu)=f()+) (ux— zk)/o (%fk [tu+ (1 —t)z] dt

k=1

for all x = (21, ..., Zn), u = (U1, ..., uy) € B.
If \p €C, ke{1,..,n}, then

(ukxk)/ol <8f [tqu(lt)x])\k) dt

82%
1
= (uk 7%[6)/0 %[tuﬁ’(l*ﬂx]dt* (uk *xk)Ak

and by (3.21) we get the desired result (3.18).
The identity (3.19) follows by (3.18) on taking A\, = % ggjj), ke {l,..,n}, while
the identity (3.20) follows by (3.19) on taking the integral mean ﬁ J over the

variable z.

We have the following equalities that will be used in the sequel:

Theorem 2. Let B be a bounded closed convex subset of R™ (n > 2) with smooth
(or piecewise smooth) boundary OB. Let f be a continuously differentiable function
defined in R™, or at least in an open neighborhood of B and with complex values.
Then for all u = (uy,...,u,) € B we have

(3.22) ﬁ/}gf(w) dx
1

and

(3.23) L/B (ug — xg) 0 (x)dx




10 S.S. DRAGOMIR

Proof. From the equality (3.5) we have

k=1
Sty [, [ o0 [ (G e 000 - 252 ) ] a
=i @Y g [ w0 s @ an
+I§:1V13)/B[(uk—xk) 01 ‘ifk[tw(l—t) ]—agaf:))dt}d,
namely
i e
f<u>+kzijlle>/aB<zkw)f(z)nk(a:)dA
+§V13)/B[(xk—uk)/ol ((aagi[tu—#(l—t)x]—@gm(:))dt} do

which is equivalent to (3.22).
Further, if we replace ﬁB) Jp f (z) dz from (3.5) into (3.20) we get

f(u):%zv(lB A(uk—xk)(raafx(kw)dx

k=1
~ 1 of (x)
+ 2 W/B (up — k) kadm
1
+ m/aB(xk—uk)f(x)nk(a:)dA

Il
—

[(uk —mk)/ol (W tu+ (1 —t)a] — 2L (‘”)) dt} da

8$k 8$k

_|_
M= 2=
<
5
o

B
Il
—
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k=1
St e | (L weana-22) o
namely, the desired identity (3.23). .

Corollary 4. With the assumptions of Theorem 2 we have the following inequalities
concerning the centre of gravity G = (Tg1,....TB.n)

(3.24) L
= f >+nil;le)/aB<xkak>f< ) () dA
+n-1|-1]§VIB)
« B{(xk ka)/Ol (;ﬂi[tG—k(l—t) ]—agagk)>dt}d
and
(3.25) i‘fmé(m—xk)‘wdx

We consider the point

S = (xaB,fal PRRET] xaB,fﬂI)
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where

T . fankf ( )dA
OB, fsk -— faB )dA )

Corollary 5. With the assumptions of Theorem 2 and if S € B, then we have the
equalities

ke{l,...,n}.

(3.26) ﬁ /B f () da

J— 1 -

n+ 1 — B

></B[( k— TaB,fk ) (3f S+ (1—t)z] — ag;f»dt}d
and

~ 1 L\ Of (@)
(3.27) k_lVB)/B(xaB’f’k .’L‘k) axk dx

n n 1
:n+1f(s)+n+1kz::1V(B)
f

x/B[(xk—xaB,f,k)/ol (8:% [tS—s—(l—t)x]—agx(k))dt}d

4. SOME INEQUALITIES

We assume that the partial derivatives W7 k € {1,...,n} satisfy the Lipschitz
type conditions

(4.1)

ZLkJ |zj —

for all z = (21,...,2n), v = (U1,...,un) € B where Ly; > 0, k, j € {1,...,n} are
given positive constants.

We have the following generalization for n-dimensional spaces of the result from
Theorem 1:

8x;€ 8l‘k

‘Bf (2)

Theorem 3. Let B be a bounded closed convex subset of R™ (n > 2) with smooth
(or piecewise smooth) boundary OB. Let f be a continuously differentiable function
defined in R™, or at least in an open nezghborhood of B and with complex values
and assume that the partial derivatives 2 8 , ke {l,...,n} satisfy the Lipschitz type
conditions (4.1). Then for all u = (uy, ... un) € B we have the inequalities

1 1
(4.2) \V(B) [ 1@ —rw)

1
n—i—lZV(B)/aB( —ug) f(z)ng (x)dA

n+1 ZZL’“JV /|azk ugl|z; —uj| de
15=1

k
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and

n+ 14V (B)
< i iiij 1 / |z — ug| |z; — uj| da
2(n+1) P V (B)

1 1

i L@ s )
1 & 1
_TMX_EWAB(%_WH(%)W@MA
o1 "1
_n—i-lk:lV(B)
Y[ of of (z)
X/B (@ =) | (&Bk[tqu(lt) -2 )dt}d'

k=1
Y[ of of (z)
X 5 (SL‘k—’LLk) A (axk[t’u—i‘(l—t) ] Tr )dt'd
1 &1
S P
n—i—lk:lV B)
Y of of (z)
X B|xkuk|(/0 Tu[tqu(lft)x]f . dt)dz
=B

Since ;Tfk, k € {1,...,n} satisfy the Lipschitz type conditions (4.1), hence

/

of of (x)
T%[tu+(1ft)m]f i

n 1
dt < Zij/ tu; + (1 —t)z; — x| dt
j=1 0
1 n
= 52% ) — u,
j=1

for all x = (21, ..., Tn), u = (u1, ..., up) € B.
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Therefore

I — 1 1 &
B< Y e - = Ly lwy —wl | d
_n—l—lk_lV(B)/Bxk u 2 g =l | o

= Z k]V /|mk ugl|z; — uj| de,

which proves the desired result (4.2).
The inequality (4.3) follows in a similar way by (3.23). O

If f: B — C is twice differentiable on the convex set B and the second partial
2
derivatives %aij for k, j € {1,...,n} are bounded on B (for j = k we denote

8%f  _ 8%f
Ox0x; — Ox3

), namely

then Bw , k € {1,...,n} satisfy the Lipschitz type conditions (4.1) for L;; =
’ aizaij . where k, j € {1,...,n}. We observe that for k # j, Ly; = Ljx.
Corollary 6. Let B be a bounded closed convex subset of R™ (n > 2) with smooth

(or piecewise smooth) boundary OB. Let f be a twice differentiable function defined
i R™, or at least in an open neighborhood of B and with complex values and such

0% f

8mk8xj

f (x)
00

= su
B, r€B

< 00,

that the second partial derivatives 882f for k, j € {1,...,n} are bounded on B.
Then for all u = (uq,...,u,) € B we hcwe the inequalities

@) | [ 1@ g

n—i—lZV / —uy) f(x)ng (z) dA

; 7f ;/(x —u )2dx
2+ 1) = ||0ad |, V(B) Syt
1 0 f
MRS Eevan WA o =l = do
and
" 1 B of (z) n
49 gy ) e = )
S i1/< —a0) f (2) e (2) dA
N1 V(B) Jop F TR EITIRE
n " 82f 1 2
2(n+1); oz2 BWV(B)/B(””“_“’“) de
n 0% f
+(n+1) O0x0xj || g B)/Bwk_ukaj_uj'dx'
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Remark 1. If we take in Corollary 6 u to be the centre of gravity G = (T 1, TB.n) »
then we get the inequalities

1 1
(4.6) V(B)/Bf(w) da — mf(G)
I & 1
_?ﬂz@/ﬂ; (zr —Tpx) f(z) g (z) dA
.y
Z an L /|g; — 57| [z; — 75| do
= MNowda; || V(B) Jp T TR
and
—~ 1 S of (z) n
(47) 24V B)/B(xB’k ) G nr1! (@)
S i | e @ @) a4
nt 14V (B) Jop 7" 7" »
n " 82f 1 2
= 2(n+1); o2 BOOV(B)/B(“_”CB”“) d
n 0% f 1
MCESY 1<k§<n D0z} || V(B)/B‘xk_xB’kaj_xB’”dx'
Also, if we take in Corollary 6 w to be S = (aB,f+1 .-, ToB,fm ), then we get
1
R / @) e~ g (9)
_1 J 1 / _ 2
*2(n+1) 2| 0a7 B /|, @~ Ton.m ) de
1 82f
_|_
(n+1) 1§l;§n 0x,0z; || g
1
VB s |Tx — 2oB,fok | |5 — ToB, g5 | da
and
—~ 1 of (z ) n
(4.9) ;V(B)/ ToB, frk —Tk) . dz — n+1f(5)
_n ﬁ 1 /(mk—xank)de
T 2(n+1) = oz || B) ’
n 82f
_|_
(n+1) 1§;§n Ork0z; || 5

k (9B7 sk j BB, 3J .
‘7 (B) f J o3
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5. EXAMPLE FOR 3-DIMENSIONAL SPACES

Let B be a bounded closed convex subset of R?® with smooth (or piecewise
smooth) boundary dB. Let f be a twice differentiable function defined in R?,
or at least in on open neighborhood of B and with complex values and assume that

0% f *f (x)
8$kaxj B 8$k81‘j
for all k, j € {1,...,3}.
Consider a surface described by the vector equation

zEB

r(u,v) =z (u,v)?—i—xg (um)?—&—mg(u,v)?

where (u,v) € [a,b] X [¢,d]. Then, by using the notations from the second section,
we have from (4.4) that

(5-1) '( [ @dr— 1)
4V13 / =) f(z1 (Uw),:cz(u,v),x?)(u’v))Wdudv
4VB// —y2) f (21 (u,v),xQ(u,v),wS(u,v))fmdudv
4V(B// — ) f (21 (Uvﬂ),xz(u,v),xs(u’v))Wdudv
3
1 ¥ |, e vl

for all Y= (ylnyaZ%) € B.
If we take y = (Tp1,TB.2,Z5.3) in (5.1), then we get

(5.2) 'V/f ~f (T61, 753,75 5)
4V1(B / / 21 (u,0) — T51) f (21 (0, 0) , 22 (u,0) , 23 (4, 0)) 56(3(72737;)(1%”
4V1(B / / 2 (u,v) = Tp2) f (21 (u,0) 22 (u,0) , 23 (u,0)) 88(f3’$;)dudv
4V1(B / / 3 (u,v) — Tp3) f (21 (u,v) , 22 (u,v) 23 (u,v)) 8a(f1’m§)dudv
éi Z %Q/Bm—mfdw
; axkaxj v(lg)/Bm—ml |2j — 75| da.
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6. EXAMPLE FOR 3-DIMENSIONAL BALLS

Consider the 3-dimensional ball centered in C' = (a,b, ¢) and having the radius
R >0,

B(C,R) := {(.%'1,.’1?27.’173) € Rg‘ (21 —a)2 + (22 — b)2 + (x5 —0)2 < RQ}

and the sphere

S(C,R) = {(xhxz,xg) € R3| (21 — a)? + (w5 — b)* + (w3 — ¢)* = R2}.
Consider the parametrization of B (C, R) and S (C, R) given by:

T1 =TcosyYcosy + a o
B(C,R):{ ma=rcostysinp+b ; (r,,p)€[0,R] x {—5, 5} x [0, 27]
r3 =rsiny + ¢

and

x1 = Rcosycosp +a o
S(C,R):{ xz9=Rcos¢sing+b ; (¥,p)€ [—575} x [0, 27] .
z3 = Rsiny + ¢

Observe that

dzy Oz
) ) 2 2
sz L‘;é —R* cos® 1 cos o,
Op Oy
61?1 81133
2] 0 _ p2 2 .
3;’&1 3;’”3 = R” cos” ¢ sin p,
dp dp

and
Oz, Ozy
0 0 _ 2 &
37;/’1 37;‘,/’2 = —R“sin cos .
o) oy

Let us consider the transformation 75 : R?* — R? given by:
T5 (r,, @) := (rcosypcosp + a,rcossing + b, rsiny + ¢).
It is well known that the Jacobian of T is
J(Ty) = r% cosp

and T, is a one-to-one mapping defined on the interval of R?, [0, R] x [—g, g] X

[0,27], with values in the ball B (C,R) from R3. Thus we have the change of
variable:

(61) /// f(Il,LEQ,SCg) dl‘ldl’le‘g
B(C,R)

R 3 27
:/ /2 / f (rcostpcosp + a,rcosysing + b, rsin + ¢) r? cos hdrdipdep.
0 -z Jo
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Moreover
/ / 21 (wv) =TB) f (71 (w,0) @2 (u,0) 25 (1, ) aa(fg’xi)

= Tom //fRcoswcosgo—&—aRCObwsm(p—l—bRblnw—&—c)
7r

dudv

x cos® 1) cos? pdipdyp,

/ / z9 (u,v) —Tga2) f (x1 (w,v), 22 (u,v), 23 (u,v)) aa(fg’xi)dudv

:F/ / f(Rcostpcosp+ a, Rcosysinp + b, Rsiny + ¢)
™ a C

X cos® P sin? pdipdp
and

/ / z3 (u,v) —Tp3) f (x1 (w,v), 22 (u,v), 23 (u,v)) aa(a(cl’xj)dudv

z—F//f(Rcosz/)cosap—}—a,Rcoswsintp—i—b,Rsinz/J—}—c)
™ a (&3

x sin? 1) cos Pdipdep.

We also have

2
/// |23 — Tsp(cm)| dwiduadas
B(C,R)
R 5 27
= / / / 2 sin? 112 cos Ydrdipdy
_ 0

2

g 2m 4
/ / / r*sin? ¢ cos Ydrdipdyp = BTI‘RE)
0

us
2

and, similarly

/// |x1 — $13(07R)|2 dxlda:gda:g = /// }Z‘Q - sz(C,R)‘Q dxld.%‘gd.rg
B(C,R) B(C,R)

T 5
15”R

Also

/// |21 — Tige.m | |22 — Tapc,R) | drrdzadas
B(C,R)

R 5 2
= / / / |7 cos ¢ cos | |1 cos 1 sin @| 72 cos hdrdipdyp
T 0

2

z 2m
/ / ’ / 4 cos® 1 [sin ¢ cos | drdipdp = 18—5R5
0

jusy
2
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and, similarly

/// |21 — Tipo.m) | |23 — T3B(C.R)| de1dzades
B(C,R)

8
B /// |22 — Taper)| |23 — Tapo.m) | derdwades = ﬁRs.
B(C,R)

Then by (5.2) we get

3 R 5 21
(6.2) 73/ / f(rcostcosp + a,rcosysing + b, rsiny + ¢)
47TR 0 _% 0

1
- Zf (CL, b’ C)

/ / f (Rcostcosp+ a, Recosysinp + b, Rsiny + ¢)

x cos® 1 cos? pdipdep

x 12 cos hdrdipdyp

167r

3 b opd
_F/ / f (Rcostcosp + a, Reostsinp + b, Rsiny + ¢)
™ a c

x cos® 1 sin? pdipdyp

16 //fRcowbcoscp—kaRcom//slmp—!—bRbmw—Fc)
™

x sin? ¢ cos Ydipdyp

<5t H AL I -
4 B(C,R),00 9y B(C,R),00 0? B(C,R),00
itz |5 . * 53
107T 0zdy B(C,R),00 oy0z B(C,R),00 0z0x B(C,R),00
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