PRE-SCHUR CONVEX FUNCTIONS AND SOME INTEGRAL
INEQUALITIES ON DOMAINS FROM PLANE

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we introduce the concept of pre-Schur convex func-
tions defined on general domains from plane. Then, by making use of Green’s
identity for double integrals, we establish some integral inequalities for this
class of functions that naturally generalize the case of Schur convex functions.
Some exmples for rectangles and disks are also provided.

1. INTRODUCTION

For any = = (21, ...,,) € R", let x1) > ... > x},) denote the components of x in
decreasing order, and let z| = (xm, ...,m[n}) denote the decreasing rearrangement
of z. For x, y € R™, x < y if, by definition,

S g < vy k=10 - 1

2oim1 Tl = 2ima Yl

When x < y, x is said to be majorized by y (y majorizes x). This notation and
terminology was introduced by Hardy, Littlewood and Pdlya in 1934.

Functions that preserve the ordering of majorization are said to be Schur-convex.
Perhaps “Schur-increasing” would be more appropriate, but the term “Schur-convex”
is by now well entrenched in the literature, [4, p.80].

A real-valued function ¢ defined on a set A C R"™ is said to be Schur-convex on
A if
(1.1) z<yon A= ¢(z)<o(y).

If, in addition, ¢ (z) < ¢ (y) whenever z < y but x is not a permutation of y, then
¢ is said to be strictly Schur-convex on A. If A = R", then ¢ is simply said to be
Schur-convex or strictly Schur-convex.

For fundamental properties of Schur convexity see the monograph [4] and the
references therein. For some recent results, see [1]-[3] and [5]-[7].

The following result is known in the literature as Schur-Ostrowski theorem [4,
p. 84]:

Theorem 1. Let I C R be an open interval and let ¢ : I™ — R be continuously
differentiable. Necessary and sufficient conditions for ¢ to be Schur-convex on I™
are

(1.2) ¢ is symmetric on 1™,
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and for all i # j, with i, j € {1,...,n},

(1.3) (zi — zj) [825) - 3(;%);2)} >0 forall zeI",

where % denotes the partial derivative of ¢ with respect to its k-th argument.

With the aid of (1.2), condition (1.3) can be replaced by the condition

(1.4) (21 — 22) [a(;bilz)éﬁc(j)} >0 forall z € I™.

This simplified condition is sometimes more convenient to verify.

The above condition is not sufficiently general for all applications because the
domain of ¢ may not be a Cartesian product.

Let A C R™ be a set with the following properties:

(i) A is symmetric in the sense that © € A = zII € A for all permutations II;

(ii) A is convex and has a nonempty interior.

We have the following result, [4, p. 85].

Theorem 2. If ¢ is continuously differentiable on the interior of A and continuous
on A, then necessary and sufficient conditions for ¢ to be Schur-convex on A are

(1.5) @ is symmetric on A

and

1.6 z1 —
( ) ( ! 8l‘1 83:2

It is well known that any symmetric convex function defined on a symmetric
convex set A is Schur convex, [4, p. 97]. If the function ¢ : A — R is symmetric
and quasi-convex, namely

¢ (au+ (1 —a)v) <max{¢(u),d(v)}
for all @ € [0,1] and u,v € A, a symmetric convex set, then ¢ is Schur convex on
A 4, p. 98].
In the recent paper [2] we obtained the following result for Schur convex functions
defined on symmetric convex domains of R2.

%) {8(;5(2)_%(2)] >0 for all z € A.

Theorem 3. Let D C R? be symmetric, convex and has a nonempty interior. If
¢ s continuously differentiable on the interior of D, continuous and Schur convex
on D and dD is a simple, closed counterclockwise curve in the xy-plane bounding

D, then

an [ [ o@udy <5 ie—no@ndet @ o).
oD

If ¢ is Schur concave on D, then the sign of inequality reverses in (1.7).

In this paper we introduce the concept of pre-Schur convezr functions defined on
general domains from plane. Then, by making use of Green’s identity for double
integrals, we establish some integral inequalities for this class of functions that nat-
urally generalize the case of Schur convex functions. Some examples for rectangles
and disks are also provided.
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2. PRE-SCHUR CONVEXITY

For a function f : D — C having continuous partial derivatives on the domain
D ¢ R? we define Asrp: D — C as

Nog,p (z,y) == (x —y) <5’f (z,y) Of (m,y)) .

Oz oy

We can introduce the following concept.

Definition 1. Let D be a measurable subset of R?. A function f : D — R having
continuous partial derivatives on D C R? is called pre-Schur convex on D if

(2.1) Aog,p (z,y) >0 for all (z,y) € D.

If the sign of inequality is reversed in (2.1) then we call it pre-Schur concave. This
is equivalent to the fact that —f is pre-Schur convex on D.

Obviously, Schur convex functions are pre-Schur convex as pointed out below.

Lemma 1. Let D C R? be symmetric, convex and has a nonempty interior. If
¢ is continuously differentiable on the interior of D, continuous on D and Schur
convex, then ¢ is pre-Schur convex on D.

The proof is obvious by Schur-Ostrowski theorem applied for D C R2.
Now consider the function f (x,y) = 22 — y2, x, y > 0. Then

Nogp (e9) = (o =) (gt - L) a2 ).

Now, we observe that if we restrict this function to a domain

D C{(z,y) eR* | 2® —y* >0, z,y >0},

then f is pre-Schur convex on such D but not Schur convex.

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bounding a
region D. Let L and M be scalar functions defined at least on an open set containing
D. Assume L and M have continuous first partial derivatives. Then the following
equality is well known as the Green theorem (see https://en.wikipedia.org/wiki/
Green%27s_theorem)

(@) //D<8Ma(;c’y)—aLéz’y))dxdy:ai (L (2, y) dz + M (z,y) dy).

By applying this equality for real and imaginary parts, we can also state it for
complex valued functions P and Q.

Moreover, if the curve 9D is described by the function 7 (¢) = (z (¢),y(¢)),
t € [a,b], with z, y differentiable on (a,b) then we can calculate the path integral
as

b
74 (L (2, ) de + M (x,) dy) = / (L (e (8),y (0) 2/ (1) + M (z (£) 5 (1) o () dt.

oD

We need the following identity that was obtained in [2].
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Lemma 2. Let 0D be a simple, closed counterclockwise curve in the xy-plane,
bounding a region D. Assume that the function f: D — C has continuous partial
derivatives on the domain D. Then

22 3fla-nf@ndet @ i@od- [ [ fa)dey

aD
1
25// Aos,p (z,y) dzdy.
D
Proof. Consider the functions

M (z,y) = (z —y) f (z,y) and L(z,y) == (v —y) f (z,y)

for (z,y) € D.
We have 5 5
O ) )] = S ) + @) 2L
and 5 of (2.)
oy =) @) = f (@) + (g —2) =
for (z,y) € D.
If we add these two equalities, then we get
oM (z oL (x
(23) ) - S 5 (o) + Moo (220)
for (z,y) € D.

If we integrate this equality on D, then we obtain

(2.4) / /D (aMa(;U’y) - aL(%’”) dzdy

:2//Df(:c,y)dxdy+//DAaf,D (2,y) dady.

From Green’s identity we also have

(2.5) / /D (aM a(j’y) - aLéz’ y)) dady :a]j (L (2, y) dz + M (z,y) dy)

~ f =0 @y)dot (@ =0) f (2.)dy).
oD
By employing (2.4) and (2.5) we deduce the desired equality (2.2). O

Corollary 1. With the assumptions of Lemma 2 and if the curve 0D 1is described
by the function r(t) = (x (t),y (), t € [a,b], with x, y differentiable on (a,b),
then

b
20 5[ @O-y@) F OO O+ Ot~ [ [ ) dey

1
:5// Aoy,p (z,y) dzdy.
D

The following generalization of Theorem 3 holds:
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Theorem 4. Let 0D be a simple, closed counterclockwise curve in the xy-plane,
bounding a region D. Assume that the function f: D — R is pre-Schur convex on
D, then

en [ [ rewd <5 @-n i@ @9 f @) .

oD

It follows by the identity (2.2) and the definition of pre-Schur convex functions
(2.1).

Remark 1. With the assumptions of Theorem 4 and if the curve D is described
by the function r(t) = (x (t),y(t)), t € [a,b], with z, y differentiable on (a,b),
then

1 b
@8 [ [ty < [ @0O-y©) @000 @ 0+ @)
Corollary 2. Let D C R? be symmetric, convexr and has a nonempty interior. If
¢ s continuously differentiable on the interior of D, continuous and Schur convex

on D, then the inequality (1.7) holds true. If ¢ is Schur concave on D, then the
sign of inequality reverses in (1.7).

Let a < band ¢ < d. Put A = (a,¢), B = (b,c), C = (b,d), D = (a,d) € R?
the vertices of the rectangle ABCD = [a,b] X [¢,d] . Consider the counterclockwise
segments

x=(1—-t)a+tb

AB : , t€10,1]
y==c
r=1>

BC': , t€10,1]
y=1—-t)c+td
z=(1—-t)b+ta

CD : , t€10,1]
y=d

and

T=a

DA : , te€l0,1].

y=(1—-t)d+tc

Therefore 0 (ABCD) = ABUBC UCDU DA.
We have

74[(x—y>f<x,y>dx+(m—y)f(w)dy]

AB

:(b—a)/o1 (1—t)a+tb—c)f((L—t)a+1tbc)dt

1
:(bfa)/o (t(b—a)+a—c)f((1—t)a+th,c)dt,
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j{[(a?—y)f(:f:,y)der(w—y)f(wyy)dy]

BC

1

:(d—c)/ (b— (1 —t)c—td) f (b, (1 — 1)+ td) dt
0

:(d—c)/o (b—c—t(d—c)) f (b (1—t)c+td)dt,

;[[(w—y)f(x,y)dm+<x—y>f<x,y>dy1

CcD

_(ab)/l((lt)b+tad)f((1t)b+ta,d)dt
0
:(a—b)/l(t(a—b)+b—d)f((1—t)b+ta,d)dt
0
1
:(a—b)/o (L=t (a—b)+b—d) f (1 —t)a+tb,d)dt

:(b—a)/o (d—a—t(b—a)f((1—1) a-+thd)dt

and
Fle-)f @y)das (o= ] @) d)
DA
1
:(c—d)/o (a—(1—t)d—te) f(a, (1 —t)d+tc)dt
:(c—d)/o (a—td—(1—1)¢) f(a,(1—t)c+ td) dt
1
:(d—c)/0 (t(d—c)+c—a)f(a,(1 —1t)c+td)dt.
Therefore

f (& —9) f (@ y) de+ (= — y) (2, ) dy]

d(ABCD)

1
:(b—a)/o (E(b—a)+a—c) f((1—t)a-+thc)dt
—|—(b—a)/l(d—a—t(b—a))f((l—t)a+tb,d)dt
0
+(d—c)/l(b—c—t(d—c))f(b7(1—t)c+td)dt
0

1
Jr(dfc)/o (t(d—c)+c—a)f(a,(1—t)c+td)dt
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and from (2.7) we get

(2.9) /ab /Cdf (z,y) dzdy

(b—a)/0 tlb—a)+a—c)f(1—t)a+thbc)dt

= l\')\)—l

1
(bfa)/o (d—a—t(b—a)f((l—1t)a+thd)dt

—|—;(d—c)/ol(b—c—t(d—c))f(b,(l—t)c+td)dt
1 1
+§(d—c)/0 (t(d—c)+c—a)fla, (1 —1t)c+td)dt,

provided that the function f : [a,b] X [¢,d] — R is pre-Schur convex on D =
[a,b] x [e, d]
If D = [a,b] X [a,b] = [a,b]?, then from (2.9) we get

1
(2.10) //fxydxdy< (b—a)2/ tf (1 —t)a+thba)dt
0
1
a)? [ Q- f(1- b,b) dt
A £ F((1—t)a+th,b)dt

1
2/ (1—1t) f(b,(1—t)a+th)dt
0

+2<ba>2/01tf<a,<1t>a+tb>dt,

provided that the function f : [a,b]> — R is pre-Schur convex on D = [a, b]* .
If we make the change of variable (1 —t)a + tb = z, then dz = (b— a)dt,
t = $=2. Also for the change of variable (1 — ) c +td = y, we have dy = (d — c) dt

and t = 4 (2.9) we get

b pd b
e [ [ repddy<g [le-0f @+ @07 @d)ds

1 d
3 [6-95 0.0+ -0 @y
provided that f : [a,b] X [¢,d] — R is pre-Schur convex on D = [a,b] X [c,d].
For c =a and d = b we get

b b b
@) [ [ fepddy <] [ @-af @)oo @hld

1 b
3 [0 0+ -0 fap)ds
a
provided that the function f : [a,b]> — R is pre-Schur convex on D = [a, b]* .
Since the vast majority of examples of Schur convex functions are defined on the
Cartesian product of intervals, we can state the following result of interest:
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Corollary 3. If ¢ is continuously differentiable on the interior of D = [a,b]z,
continuous on D and Schur convez, then

1 b b 1
(2.13) (b—a)Q/a /a (;S(x,y)dxdyg/o to((1—1t)a+tba)dt

1
+/ (1—t)¢((1 —t)a+tb,b)dt
0
or, equivalently,
b b b b
(2.14) / / o (z,y) dxdyg/ (x —a) ¢ (z,a) dm—i—/ (b—z) ¢ (z,b)dz.

Proof. From (2.10) we get

1 b b
(2.15) (b—a)2/u /u ¢ (z,y) dzdy

</0 t{qﬁ((l—t)a—l—tb,a)—;—¢(a,(1—t)a+tb)]dt

+/0 (1-1) V)((l—t)a—i—tb,b)—;—c/)(b,(l—t)a—&—tb)} 0

Since ¢ is symmetric on D = [a, b}Q, hence
d((1—t)a+thya)=0d¢(a, (1 —t)a+td)
and
d((1—t)a+thb)=0¢(b,(1—1t)a+th)
for all ¢ € [0,1] and by (2.15) we get (2.13). O

3. LOWER AND UPPER PRE-SCHUR CONVEXITY
Start with the following extensions of pre-Schur convex functions:

Definition 2. Let D be a measurable subset of R? and a function f : D — R
having continuous partial derivatives on D C R2.

(i) For m € R, f is called m-lower pre-Schur convex on D if
(3.1) m(x — y)2 < Apsp (z,y) forall (x,y) € D.
(ii) For M € R, f is called M-upper pre-Schur convex on D if
(3.2) Aosp (z,y) < M (x — y)> for all (z,y) € D.
(iii) For m, M € R with m < M, f is called (m, M)-pre-Schur convex on D if
(3.3) m(x — y)2 < Assp(z,y) <M (x— y)2 for all (z,y) € D.
We have the following simple result:

Proposition 1. Let D be a measurable subset of R? and a function f : D — R
having continuous partial derivatives on D C R2.
(i) For m € R, f is m-lower pre-Schur convexr on D iff fm : D — R,
fm (x,y) = f (z,y) — 3m (2% 4+ y?) is pre-Schur convex on D.
(ii) For M € R, f is M-upper pre-Schur convexr on D iff fay : D — R,
fu (zyy) = %M (:r2 + yz) — f(z,y) is pre-Schur convex on D.
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(iii) For m, M € R with m < M, f is (m, M)-pre-Schur convex on D iff f,,
and fpr are pre-Schur convex on D.

Proof. (i). Observe that

Nogpn (@,y) = (@ — y) <3fma<§’y> . 8fma<;,y>)
:(x_y)<8féz,y) A ,y)+my)
=) (L - i)
= Aosp (x,y) —m (z —y)*,

for all (z,y) € D, which proves the statement.
The statements (ii) and (iii) follow in a similar way. O

‘We have:

Theorem 5. Let 0D be a simple, closed counterclockwise curve in the xy-plane,
bounding a region D.

(i) Assume that the function f: D — R is m-lower pre-Schur convex, then

(3.4) %m / /D (z —y)* dedy
1

<sfle—nf@ndet @ fendl- [ [ f@ydy

oD

(ii) Assume that the function f: D — R is M-upper pre-Schur convex, then

35 3fle—nf@ndt@—nf@ydi- [ [ f@)dey

&D
1 2
S*M// (x —y)” dzdy.
2 D

(iii) Assume that the function f: D — R is (m, M)-pre-Schur convex, then

(3.6) %m//D(xfy)Qd:rdy
1

<5 fle—nf@ndet @ fend)- [ [ f@oday

oD
SEM// (m—y)Qda:dy.
2 D

Proof. (i) Since fo, (z,y) := f (z,y) — %m (302 + y2) is pre-Schur convex on D, then
by (2.7) we get

[ [ty dedy < 5 4 (=) o @) o+ 2= 9) o o 9) ).
oD
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namely
(3.7) //D [f (r,) — 5 (2 + yﬂ dwdy
< ;az)f {@n 1@ - Gn )| @
+(z -y {f (z,y) — %m (= + yz)} dy} :
Since

//D[f(%y)—;m(x2+y2)] dxdy://Df(%y)da:dy

- 1m// (2 +y?) dady
2 D

and

sf {0 |fen - g ) a
oD
o) |fen) = jm @+ 0?)| o

1

= 5%[(x—y)f(l’,y)d.f+($*y)f(xay)dy]

oD

1
— Zm]{ [(a?2 + y2) dx + (x2 + y2) dy] .
oD
hence (3.7) we then get

(3.8) 1m {1% [(SC —y) (;102 + y2) dx + (z —y) (332 + y2) dy]

2 2
—//D(xQ—i-yz)da:dy}

oD
74[(m—y)f(w)dﬂ<x—y>f<x,y>dy}—//Df<x,y>dxdy.

oD

N | =

<

Further, if we use the identity (2.2) for the function g (x,y) = 2 + y* we get

%]{ [(z—y) (2* +y°) dz + (z — y) (2° + ¥*) dy] —//D(:c2—|—y2)d:cdy

B
’ :%//DZ(m—y)dedy://D(x—y)2d$dy,

which together with (3.8) gives the desired result (3.4).
The statements (ii) and (iii) follow in a similar way and we omit the details. O
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Corollary 4. Assume that the function f : [a,b] X [¢,d] — R is (m, M)-pre-Schur
convez, then

b—c)*=(a—c)* = (d—b)*+(d—a)*
(3.9) 54 m

b
<3 [ le=0f@a+-a) f )

d
+1/ [(b—y) f (b,y) + (y— a) £ (a,y)] dy

I ;(;y) g < = a0y
In particular, if [e,d] = [a,b], then
(310) —m(b—a)’
g;/b (- a) 4 (b—a) f (2,b)] da
w1l Fly—a)f (@) dy

//fxydxdy<f (b—a).

Proof. From (3.6) we have

(3.11) ;m/ab/cd (z —y)° dody

b d
@ —v) f (@) do+ (& — y)  (2,3) dy] —/ / f () ddy

<;M/ab/cd(x—y)2dxdy.
/a”/cd(xy)gdzdy_/ab[(d@?’;uﬂdw

b—c)—(a—c)* = (d=b)*+(d—a)*
12 ’

hence by (3.11) we get (3.9). O

<

[N

9(ABCD)

Since

4. RELATED RESULTS ON SYMMETRIC DOMAINS

‘We have:
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Lemma 3. If f : D — C is differentiable on the convex domain D, then for all
(z,y), (u,v) € D we have the equality

WD) Fwo)=f @)+ =) G @) + 0= 9) 5 @)

v [ (Frwora-0e-Fa)
Lrof of
co-w [ (Frwo+a-nen-Fen)a

Proof. By Taylor’s multivariate theorem with integral remainder, we have

42) Fw) = @)+ -o) [ Lo+ -0 @)

+<v—y>/o %[t(u,vH(l—t)(x,y)}dt

for all (z,y), (u,v) € D.
Since

(u—x>/01 (Frwo+a-06l- 3 en)

=<u—w>/0 O o)+ (=) )]t~ (=) 0,

and

- [ (gg[t<u,v>+<w<x,yn§§<x7y>) di

1
—-9) [ Sl + -0 @t - w-1)F @),
hence by (4.2) we get the desired result (4.1). O

Corollary 5. With the assumptions of Lemma 8 and if D is symmetric, then for
all (z,y) € D we have

43 ) =1 @)+ =) (5 @ - Hwn)
s [ (Grwa+0-0@l- 5 a)

Lrof of
- [ (Lrwa+a-0e- 2L en)a
or, equivalently,

(44) Aaf,D (ZL"y) = f (xvy) - f (yvm)

v [ (Frwa s 0-0@l- 5 )
- [ (Frwa+a-0e-Fen)a
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We also have:

Corollary 6. With the assumptions of Lemma 8 and if D is symmetric, then

(4.5) // Aos.p (x,y) dedy
D
= (y —x) 1 g(ty—k(l—t)x,tz—i—(l—t)y)—a—f(m,y) dt | dzdy
//1) </0 <8$ Ox
—// (y —x) (A <g£(ty+(1—t):z:,tx+(l—t)y)—(;{;(x,y))dt)dxdy.

The identity (4.5) follows by integrating (4.4) on D and observing that

//fa:ydwdy—//fy, ) dxdy

since D is symmetric.

We assume that the partial derivatives %, =+ satisfy the Lipschitz type condi-
tions
of of
(4.6) )= L) < Lale =l Kaly -
and
of of
(@7) o = G )| < Lalo -+ Kaly -

for any (x,y), (u,v) € D, where L, K1, Ly and K, are given positive constants.

Theorem 6. If f : D — C is differentiable on the convexr symmetric domain D

and the partial derivatives %, g—g satisfy the Lipschitz type conditions (4.6) and

(4.7), then
(4.8) '//DAaf,D (z,7) da:dy‘ < %(L1 + K1+ Lo +K2)//D(y—x)2dxdy.

Proof. From the representation (4.5) we get

g‘//D(y—x)</Ol <g£(ty+(1—t)xtm+(1—t)y) gi(x,y)>dt>dmdy’
—i—‘//D(y—x) (/01 (Z(ty+(l—t)x,tx+(1—t)y) g]yc(x,y)>dt>dxdy‘
g//D (y— 2) (/01 <g‘£(ty+(1—t)x,tm+(1—t)y) gi(x,y)>dt> dudy
+//D (y —x) (/01 (Z(ty+(l—t)x,tx+(1—t)y) %(m,y))dt) dxdy

S//D|y—a:| (/01 gi (ty+ (1—t) otz + (1— ) y) — g(x,y)’dt>dmdy
—I—//D|y—9c| (/1 %(ty—f—(l—t)x,tx—i—(l—t)y) %(x y)‘dt)da:dy: M
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Since the partial derivatives %, a—; satisfy the Lipschitz type conditions (4.6) and
(4.7), hence

/

1
g/ (Lilty+ (1= t) 2 — | + K [to + (1— £) y — y]) dt
0

of
o

(ty+ (1 — )xt:c—i—(l—t)y)—gic(%y)’dt

_L1|y7:p|/ tdt+K1\y73:|/ tdt = L1+K1)|y*$|
of

and, similarly,
1
/0 dy

1
§§(L2+K2)|y—a?|.

(ty+ (1 —t)x, tx+(1—t)y)—g£(x,y)‘dt

Therefore

Mg%(Ll+K1)//D(y—x)2da:dy+%(L2+K2)//D(y—x)2dxdy

1
= §(L1+K1 +L2+K2)// (y—l‘)le‘dy
D
and by (4.9) we get the desired result (4.8). O

Corollary 7. Assume that f : D — R is twice dzﬁer@ntzable on the convexr sym-

metric domain D and the second partial derivatives gxf;, gyﬁ and 3‘1({ are bounded

on D. Put

9?2 ’
= sup = sup |=5(z,y
H5£c2 00 (z,y)€D aiﬂz ’ H (z,y)€D 0y? ( )
an
= = >D
T S o T Y)|,
020y ||p oo (a.y)eD |0T0Y
then

(4.10) ‘//DAaf,D (w,y)dxdy‘

<106%
2

Ox?
We have the following reverse inequality for pre-Schur convex functions:

0% f
Ozxdy

ij; Dm)//D(y—xfdxdy.

D, ’ D,c0 H 9

Corollary 8. Assume that f : D — R is twice differentiable on the convex sym-

metric domain D and the second partial derivatives %, ng nd 3‘1({ are bounded
on D. If f is also pre-Schur convex on D then

@) 0= 5 l@-n i@t @=n) @il - [ [ e

oD
1 0% f 2
SZ (Hw DpQ)//D(y:U) dxzdy.

|5, |5
D, 821?8:[/ D,
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The proof follows by the identity (2.2) and the inequality (4.10) applied for the
pre-Schur convex function f.

Remark 2. Assume that f : [a,b]2 — R is twice differentiable and the second
2 2 2
partial derivatives %, g—y’; and 6’16]; are bounded on |a, b}2. If f is also pre-Schur

convez on [a,b]* then

b
(4.12) (Jg%/a [z —a) f (,0) + (b—2) f (b)) do

b b b
w3 [ 1o=n e+ w-as@nla [ [ ey

1 ‘ f ) .
< — (b—a)".

0x?
We consider the closed disk D (O, R) centered in O (0,0) and of radius R > 0.
This is parametrized by

0*f
0zxdy

”f
Oy

[a,b]?,00 ‘ [a,b]?,00

5. EXAMPLES FOR DISKS

x =rcosf
€[0,R], 6 €[0,2n]
y=rsinf

and the circle C (O, R) is parametrized by

= Rcosf
, 6 €10,27].

y = Rsind

Observe that, if ¢ : D (O, R) — R, then

]{ (& —v) 6 (@,9) do + (z — ) & (&, ) dy]

C(O,R)

2m
= —/ R(Rcos® — Rsin @) sin ¢ (Rcosf + a, Rsin 6 + b) df
0

2w

+ R(Rcosf — Rsinf) cos ¢ (Rcosf + a, Rsin 6 + b) df
0
2m

=R? | ¢(Rcosf+a,Rsinf +b) (cosd — sin§)> df.
0

Also, we have

R 2w
// ¢ (x,y)dxdy = / / ¢ (rcosf,rsiné) rdrdd
D(O,R) o Jo
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and

R r27m
// (z —y)° dedy = / / (Rcos® — Rsin6)® rdrdf
D(O,R) o Jo

1 2
= _R* / (cos§ — sin6)> do
2 0

1 27
= §R4/ (1 —2sinfcosf) df = TR*.
0
Using Theorem 8 we can state the following result:
Proposition 2. Assume that f : D (O, R) — R is twice differentiable on the convex

‘ ‘ ol devivatives 24 2L and 2
symmetric domain D (O, R) and the second partial derivatives 53, g2 and 520y

are bounded on D (O, R). If f is also pre-Schur convex on D (O, R), then

2m

1
(5.1) 0< §R2 ¢ (Rcosf, Rsinf) (cosd — sin0)* df
0
R 2m
7/ / ¢ (rcos,rsinf) rdrdf
o Jo
2 2 2
< Lopt Haﬁ +2H o' “7{
4 O D(O,R),00 dxdy D(O,R),00 Ay D(O,R),00
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