VOLUME AND SURFACE INTEGRALS INEQUALITIES FOR
FUNCTIONS DEFINED ON BODIES FROM n-DIMENSIONAL
SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper, by making use of Divergence theorem for multi-
ple integrals, we establish some volume and surface integrals inequalities for
functions define on bodies from n-nimensional spaces R™. Examples for three
dimensional balls are also provided.

1. INTRODUCTION

Let 0D be a simple, closed counterclockwise curve in the zy-plane, bounding
a region D. We consider the following Lebesgue norms for a measurable function

g:D—C
1/p
oo, i= ([ [ latel detr) " < oo forp 21
D
and
19lp oo = sup |g(z,y)| < oo for p = oo.
(z,y)eD

In the recent paper [7] we obtained the following result:

Theorem 1. Let 0D be a simple, closed counterclockwise curve in the xy-plane,
bounding a region D. Assume that the function f: D — C has continuous partial
derivatives on the domain D. Then

(11) //Df(x,y)dxdy—%f[(x—y)f(x,y>dx+(x—y)f(x,ymy]

<L //| ‘8f ff:y) 3féz,y)'dxdy

o= 5 D

) 9 1/q
L) -E,, U b le =l dedy)
T2 wherep,q>1wzth —l—f—l

o = 9y || py SP@wen [Tyl
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2 S.S. DRAGOMIR

Assume that the function f : [a,b]> — C has continuous partial derivatives on
the domain [a,b]” . Then

b
12) |3 [ (@0 f@a+b-2) @b

b b b
w3 [ 10=nf )+ =a sl [ [ 1y doy

=) |lof _ of .
3 ox oy [a,b]2,oo’
1 Ql/q(b_a)1+2/q af _ of
<z (q+1)1/q(q+2)1/‘1 oz 18y 1[a,b]2,p
2 wherep,q>1with5+a:1;
_ of _ of
(b—a) ‘ 9 Oy ||[gp21

Assume that the function f : D (O, R) — C has continuous partial derivatives
on the disk D (O, R) centered in O (0,0) and of radius R > 0 and there exist the
constant L > 0 such that

of (w,y)  Of (z,y)
dy

< —
o < Llo—y| for (2,9) € D(O.R),

1 2
(1.3) ’2R2 f (Rcos, Rsin0) (cosf — sin ) df
0

R p27
- / / f (rcos@,rsin ) rdrdd
0o Jo

1

In this paper, by making use of Divergence theorem for multiple integrals, we
establish some volume and surface integrals inequalities for functions defined on
bodies from n-dimensional spaces R™. Examples for three dimensional balls are
also provided.

2. SOME PRELIMINARY FACTS

Let B be a bounded open subset of R” (n > 2) with smooth (or piecewise
smooth) boundary dB. Let F = (F1,...,F,) be a smooth vector field defined in
R™, or at least in BU 0B. Let n be the unit outward-pointing normal of 9B. Then
the Divergence Theorem states, see for instance [10]:

(2.1) /dideV:/ F - ndA,
B OB

where

" OF;
divF =V -F= ,
iv kz:; 7o,

dV is the element of volume in R™ and dA is the element of surface area on 0B.
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If n =(ny,..,n,), z = (z1,..,2,) € B and use the notation dz for dV we can
write (2.1) more explicitly as

(2.2) kZ:l /B 8?;2’6) dx = kZ:l /83 Fy (z)ng (z) dA.

By taking the real and imaginary part, we can extend the above equality for
complex valued functions Fy, k € {1,...,n} defined on B.

If n = 2, the normal is obtained by rotating the tangent vector through 90°
(in the correct direction so that it points out). The quantity ¢ds can be written
(dz1,dxs) along the surface, so that

ndA := nds = (dza, —dx1)

Here ¢ is the tangent vector along the boundary curve and ds is the element of
arc-length.
From (2.2) we get for B C R? that

F F:
(2.3) / O, (x1,5) 1(x1’x2)da:1dx2+/ OF, (01, 2) 2($1,I2)dx1dx2
B axl B 8372
:/ Fy (!El,l’z)dl’z*/ Fy (z1,22) dzy,
oB oB

which is Green’s theorem in plane.

If n = 3 and if 9B is described as a level-set of a function of 3 variables i.e. 0B =
{21, 22,23 € R® | G(21,32,23) = 0}, then a vector pointing in the direction of n is
grad G. We shall use the case where G (z1,x2,x3) = 3 — g(x1,22), (x1,22) € D,
a domain in R? for some differentiable function ¢ on D and B corresponds to the
inequality 3 < g(z1, z2), namely

B = {(ml,mg,xg) €ER? | x3 < g(ml,mg)}.

Then

— - 1
ne OO )y g2y 2 ) iy

1/2°
(1492, +92,)

and
ndA = (_gxl, —Gxs, ]-) dl'ldl'g.
From (2.2) we get

(2.4) / OF (21,72, 23) + OF; (w1, @2, 23) n OF3 (1, w2, 73)
B Oxq Oxa dz3

> dridradxs
= —/ Fy (21,22, 9(21,%2)) gz, (71, T2) dz1dT2
D
—/ Fy (21,72, 9(21,22)) gz, (21, T2)dT1dT2
D

+/ F3 (ml,xg,g(ml,xz))dmldmg
D

which is the Gauss-Ostrogradsky theorem in space.
Following Apostol [1], we can also consider a surface described by the vector
equation

—

(2.5) r(u,v) =1 (u,v) @ + 2 (u,v) 7 + 3 (u,v) ¥
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where (u,v) € [a,b] X [¢,d] .
If 21, xo, x5 are differentiable on [a, b] X [c, d] we consider the two vectors
or OJr1— Oro— 6963 —
—=—1+—=7 + k
ou Ju Ju Ou
and
@ _ 8x17+ 5x2—> 8:63?
v v 81) ov
The cross product of these two vectors 8 (% 8 = will be referred to as the fundamental
vector product of the representation r. Its components can be expressed as Jacobian

determinants. In fact, we have [1, p. 420]

Omy dzg Ozg Ozy Oz Ozy

or or ou ou | — Ou u | — ou ou | —

(2.6) — x — = i+ i+ k
ou v dzy dzy dzz day dz1 dza
ov v ov ov ov ov

0 (xo,x3)—  O(x3,21)—  0(x1,22) >
¢ J
0 (u,v) 0 (u,v) 0 (u,v)
Let 0B = r(T) be a parametric surface described by a vector-valued function r

defined on the box T = [a,b] X [¢,d]. The area of 9B denoted Agp is defined by
the double 1ntegra1 [1, p. 424- 425]

(97’

dudv

I % o) () s () e

We define surface integrals in terms of a parametric representation for the surface.
One can prove that under certain general conditions the value of the integral is
independent of the representation.

Let 9B = r(T') be a parametric surface described by a vector-valued differentiable
function r defined on the box T = [a,b] x [¢,d] and let f : 9B — C defined and
bounded on dB. The surface integral of f over OB is defined by [1, p. 430]

//andA:/ab/cdf(m,x%xg) ‘87" or

" v

_/ab/cdf(ml(u,v),xz(u,v),xg(u,v))

2 2 2
o 0 (w2, x3) n 0 (w3, 1) n 0 (w1, z2) dudo.
0 (u,v) 9 (u,v) 0 (u,v)
If 0B = r(T) is a parametric surface, the fundamental vector product N =
% X g—; is normal to B at each regular point of the surface. At each such point
there are two unit normals, a unit normal n;, which has the same direction as N,

and a unit normal ny which has the opposite direction. Thus

(27) Ao =

dudv

n; = and n, = —nj.

N
V]
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Let n be one of the two normals n; or ns. Let also F' be a vector field defined on
OB and assume that the surface integral,

J [ rome

called the flux surface integral, exists. Here F' - n is the dot or inner product.
We can write [1, p. 434]

(F-n)dA=+ ’ dF(r(u,v))- Or 8r dudv
oB a Je 8u v

b2

where the sign ” + 7 is used if n = n; and the ” — 7 sign is used if n = n,.

If

—

- -
F (21, w9, 03) = F1 (21, %2, 23) @ + Fa (21,32, 03) J + F3 (21,22, 73) k
and
r(u,v) = 21 (u, v) T+ (u,v) 7 + z3 (u,v) ¥ where (u,v) € [a,b] x [c,d]

then the flux surface integral for n = n; can be explicitly calculated as [1, p. 435]

(2.9) //83 (F-n)dA = /b /d F (21 (u,v), 22 (u,v) , 23 (u,v)) aa(f?’m;)dudv

/ / Fy (21 (u,v) , 22 (u,v) , 3 (u, v)) aa(a(c?”x)l)dudv

8(95’1,962)
+/u /c F3 (2, (u,v)7m2(u,v),x3(u,v))mdudv_

The sum of the double integrals on the right is often written more briefly as [1, p.
435)

/ Fy ($1,$2,$3)d1‘2Ad1‘3+// F2 1‘1,.132,$3)d133/\d.1’1

// F3 I1,$2,$3)d$1/\d$2
OB

Let B C R? be a solid in 3-space bounded by an orientable closed surface 0B,
and let n be the unit outer normal to 0B. If F is a continuously differentiable
vector field defined on B, we have the Gauss-Ostrogradsky identity

(GO) ///B(divF)dV://aB(F n)dA

If we express

— — —
F(z1,20,23) = F1 (x1,22,23) © + F> (x1,22,23) § + F3(x1,22,23) k,

then (2.4) can be written as

F; F: F.
(2.10) /// OF) (x1,22,23) n OF, (w1, 2, 23) n OF5 (x1,22,23) di1disds
B 3£E1 63;2 8:103

—/ F1 ($1,1‘2,1‘3)d1‘2/\d1‘3+// FQ 1‘1,$2,£U3)d£€3/\d$1
OB

// F3 .Tl,LEQ,SCg)dSCl /\dx2
0B
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3. SOME IDENTITIES
We start with the following identity that is of interest in itself:

Lemma 1. Assume that f : B — C has partial derivatives on the domain B C R™,
n > 2. Define for j # i

ABf,B (l‘i,Ij) = (351 7mj) <8f (l’gzx,.ﬁn) B 8f (ILS;.,JJ”)) 7
¢ J

where (1, ...,%,) € B. Then we have
1 <« 9 I

3.1 -z _ - : T,

(3.1) nlgaxk((% nZw)f( m)

:f(xl,...,xn)+ﬁ Z Noy,p (x4, x5) .

1<i<j<n
Proof. For j # i we have

81— (i — ;) f (@1, oy xn)) = [ (21, ey 2p) + (25 — ) 8]‘(3:;,7%,3%)
and

aij (@i —25) [ (21, 20)

_f (xla 7$n) + (.’El — {L'J) W7
which gives

0 0
oz, (@i =) F (21,0 2m)) = 9z, (i =) f (21,0 20))

O (@1, o) + (1 — 35) <8f (T1y e Tp) _of (T1y ey @)

8%— axj )

for j # i.

If we take the sum over 4,j € {1,...,n} with j # i we get

n

B2 Y | (o) S @) — o (2 (@10
ig=lgi L !

=2 Z f(z1, ., zn)

1,J=1,j#1

B 20)
. C . i 5'1‘]' .
‘We have

Z f,.zn)=nn—1)f(z1,....,z,)

h,j=1,j71
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and

" af (x1,...,xn Of (x1,...,xp

I R )
i.j=1,j#i ‘ !

- Of (X1, .eoyxn)  Of (T1,.eyTy)
=2 Z (LL'Z‘ — ZIZJ‘) ( — .
1<i<j<n 8932 8mj
Also

|
@
S
]
B)
|
]
.
~—
"\H
~—
8
-
e
3
~—
v

<
Il
—
<
<.
Il
—
<,
Jh
o

3
Q

fx1, . zp)

o)

Tq

s
Il
-

n 9 n
_Z% Z xl_(”_l)xj) f(l’l,u-,mn))
Jj=1 7 i=1,j#1
_ n a ) n
=2 5 (n—1)z; — | Z k2 F (21 s n)
1=1 j=1,j7i
ax, J . [ 1yeees Ty

<
Il
—
<
-
Il
—
<
S
<

which is equivalent to the desired result.
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Remark 1. Forn = 2 we get

B3 5| o= ) f el 4 (a2 -0 ] or.2)
= f(x1,22) + %Aé)f,B (x1,22),

for (z1,z2) € B.
Forn =3 we get

(3.4) % [88551 <<$1 T2 —;—m) f xl,xz,xs)>
+8<<w2_1’1+1’3> ZL’1 T2 xg)
833‘2 2 ’ ’
6 1+ o
<(I3— 2 ) $175C2,ZL'3 >:|

8
f (xla fZ'Q,.Tg)

6 [Aog,B (x1,22) + Mg B (22, 23) + Aoy, (T1,23)]

for (x1,x2,23) € B.
We have the following identity of interest:

Lemma 2. Let B be a bounded closed subset of R™ (n > 2) with smooth (or
piecewise smooth) boundary OB and n = (ny,...,n,) be the unit outward-pointing
normal of OB. If f is a continuously differentiable function on an open neighborhood
of B, then we have the representation

(3.5) ﬁz/{mm) xk—%zxj nk<x>dA—[gf(x>dx
Z /ABfB mhmj

1<L<]<IL

Proof. We use the identity (3.1) on B for z = (z1,...,z,) and take the volume
integral to get

1 n a 1 n
(3.6) n—1/3287k JSk—EZJTj f (=)

j=1

/f dx+ Z /AafB (@i, ;) d

1<L<_]<7L

Define

1 n
Fy (z) = xk—ﬁij fx), ke{l,...,n}, z€B
j=1
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and use the Divergence theorem (2.2) to get

1 n
(37) /B axk T — E;xj

k=1

n 1 n
=y o — = x| f ()0 (x) dA.
k=1 /‘93 "=
On utilising (3.6) and (3.7) we obtain

/Bf( w)dr+ ———x > /AafB i, 1;) d

1<z<j<n

1 o 1O
:ﬂ—l;/fm xk.—Hij f(z)ng (z)dA

j=1
that is equivalent to (3.5). O

Remark 2. For n = 2 we obtain the identity

2
— / f (371, 2?2) d$1d$2
B

(3.9) 1 /83 (21 — 22) f (21, 29) das + (21 — 32) f (21, 72) das]

1
= 5/ Aoy, B (w1, 22) drids,
B

where B is a bounded closed subset of R? with smooth (or piecewise smooth) bound-
ary OB and f is a continuously differentiable function on an open neighborhood of

B.
For n = 3 we obtain the identity

1
(39) - / _ + s f (.’L’l, xo, .%‘3) dxo N dxg
3 aB 2

T +£L‘3

) f (xl,xg,xg) dxd A\ d.’El

T3 — ) f(fl,zg,l’g)dl‘l/\dl‘g

< T +:c2
B
/ (21,22, x3) dr1drodrs

= 6/ [AogB (x1,22) + Aoy, B (w2, 23) + Aoy B (1, x3)] dr1dwades,
B

where B is a bounded closed subset of R3 with smooth (or piecewise smooth) bound-
ary OB and f is a continuously differentiable function on an open neighborhood of
B.

If the surface described by the vector equation

—

— —
T(U,’U):$1 (’U,,”U) [ +x2(u,v)j +$3(’U,,”U) k
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[c,d], then the parametric version of (3.9) is

where (u,v) € [a,b] x
(3.10) % [/ab /cd <$1 (u,v) — 22 (u,v) ;—xg (u7v))
0 (w2, x3)

x f(z1 (u,v), 22 (u,v), 3 (u,v)) mdudv

+/ab/cd <x2 (w0) @ (u,v);rxg (u,v))

x f(z1 (u,v), 22 (u,v), 23 (u,v)) Mdudv

b ,d
x uv —l—x uv
+// (wg(u,v)— 1 -
a c

<F o ) o () ) S

—/ f (z1, 22, 23) dr1drodas
B

1
=3 / [Aor,B (z1,22) + Mg, B (22, 23) + Aof B (T1,23)] deideades.
B

4. SOME INEQUALITIES

We consider the following Lebesgue norms for a measurable function g : B — C

1/p
] =<//|g(x,y>|dedy> <ooforp>1
B

950 == sup |g(z,y)| < oo for p=oco.
z,y)EB

We have the following result:

Theorem 2. Let B be a bounded closed subset of R™ (n > 2) with smooth (or
piecewise smooth) boundary OB and n = (n1,...,n,) be the unit outward-pointing
normal of OB. If f is a continuously differentiable function on an open neighborhood
of B, then we have the inequalities

(4.1) ﬁz/%f(x) xk—%zxj e (@) dA— [ f(a)ds

and

— L / - ( ) _9f @) .
1<7,<j<n am]
3 )
aai aafj BoofB |zi — x| dz;
1 of _ Bf (f |x-—:c»|qu)1/"

< Z oz, az] B.p B 1" J
“n(n-1) \<ici<n | wherep, ¢>1 with}%—&—%:l;

o 2]

5L = 7|, e v = wl.
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Proof. By the identity (3.5) we have

1 « 1 &
(4.2) n—1;/83 xk_ﬁj;xj f(x)nk(x)dA—/Bf(z)dx

1
Sn(n—l) Z

/ Aoyp (w5, x;5) dx
B

1<i<j<n
1
<ot X [ Mo lmelds
nn—1), = _ /s
1 / af (Ila 71377.) 8f (‘Tla 73377.)
= — Z |z; — ;] — dz.
n(n—1) <= /B Ox; Oz;
Using Holder’s integral inequality we have for 1 <14 < j < n that
0 s eens 0 s eens
B ZT; al'j
Of(x1,...,xpn Of(x1,...,xn
sup e [2Lpstal - el | [0, — 2 da
OF (1, sTm Of(x1,..n) |P 1/p 1/q
< (IB‘ f("bcl')xi ) — f(lémj £ dx) (fB |z — 2 dx)
where p, q>1with%+%:1;
af(x1,..., n af(x1,..., n
SUp,ep | —lefB’ [(ortn) _ f(méwj )| g
0 0 .
Ta{i_ﬁfj BoofB|a:i—xj|dx,
of of ) q 1/q
_ ) |72 — oy Bp(f3|$z—$g| da)
where p, q>1with%+%:1;
9 0,
DA [
By making use of (4.2) we get the desired result (4.1). O

Corollary 1. With the assumptions of Theorem 2 and if there exists the constants
Li; >0,1<4<j<n such that

8f (xla"'axn) . af (xla"'axn)
8.%1‘ 8$j

for all x = (x1,...,z,) € B. Then

R 1 &
(4.4) n_lé/an(x) xkfﬁj;xj nk(x)dAf/Bf(:r)dx

! g | (wi— ;) de
Sm > Lm/B(z )" dx.

1<i<j<n

(4.3)

< Lij |w; — x4
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The proof follows by the first inequality in (4.1) and by condition (4.3).
We can define the function ® defined on the surface 0B and given by

n

As above, we define

1fllo5,00 := sup |f ()] < ooc.
r€0B

Theorem 3. Let B be a bounded closed subset of R™ (n > 2) with smooth (or
piecewise smooth) boundary OB and n = (ny,...,n,) be the unit outward-pointing
normal of OB. If f is a continuously differentiable function on an open neighborhood
of B, then we have the inequalities

(4.6) /f d:lc—i— Z /AafB z;, x;) de

1<z<j<n

< /aB |f (@) |® (21, ..., xn)| dA

Jois I @) maxieqs, oy [on — £ 5y 5] iy Do ()] da;

U] st @l (S ety s [)

<
n-1 <z::1|nk(w>|>/m,p,q>1wzm;+5=1
Jos | @) maxie s, ny I (2) Sy [ — L 55y ] da
1
“n-1 ||fHSB,oo

Jop M,y |26 = £ 5oy w5 Sy Ik (2)] dA;

" 1/p
« Jo (Zk 1’“ ZJ 1%})
(S I ()]9) Viga, p, g1 with L +1 =1,

faB maxXge{1,...,n} Ing, (v )|Ek 1’ Z;L 1 Tj| dA,

where the function ® is defined above in (4.5).
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In particular, we have

(4.7) /f )do + —— > /AafB zi,x;) da

1<7.<]<n

< /83 |f ()] |® (z1, ..., 20 )| dA

o\ 1/2
\/7’77) / n ) n
< —— f@||n Ty — T dA
(n—l)n (')B| )‘ ; k ; J

o\ 1/2

< —— |f . ny x;— T dA.
(n_ 1)7’L || HaB, 0B ]; k ; J

Proof. From (3.5) we get

(4.8) /Bf( Jdo+ ———s > /AafB (zi,2;)d

1<’L<J<TL

n

1 1 —
= f(z Tp — — zj | ng(z)dA
[y @ (o 22w |

g/{9B|f(ax)\|<I>(x1,...,a:n)|dA.

Using Holder’s type discrete inequalities we have

(4.9) |D (21, ..., )|
< S - 1 e
“n-1 Th Ty £ T BT
k=1 Jj=1
Tk = 3 2 zy" D=t [0 ()] 5

MaxXge{1,...,n}

e L) (e i) S @,

n—1 i 1
p,q>1Wlthp—|—q—17

maXge{1,...,n} Iny, ()] Zk 1 ‘ 1 Z] 1% -
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In particular, we have

1 n 1 n 2\ /2 n 1/2
(4.10) |®(z1,.0impn)| < —] T~ ‘ x; ( n; (x))
k=1 Jj=1 k=1
o\ 1/2
=— xi—ﬁ kamJ—l—n 2T
k=1 k=1 j=1 j=1
2\ 1/2
1 nY g1 Tk — (Zj:l J:J)
T n—1 n
o\ 1/2
\/E n ) n
T -Dn ny wi— | D
k=1 Jj=1
since > ,_, ni (z) =1 for (z1,...,z,) € B.
Therefore, by (4.8) we get the desired results (4.6) and (4.7). O

One can also separate the terms in the upper bounds by utilising the Lebesgue
norms

1/p
19l = ( | |g<x>|pdA) cooforp> 1

and Holder’s integral inequality for the surface multiple integrals as follows:
Corollary 2. With the assumptions of Theorem 8 we also have

(4.11) /f Jdv+ ———= > /AafB zi,x;) d

1<z<]<n
< [ 1 @18 @) a4
OB
105,00 Jop |® (2)]dA;
1/ .

<q Wfllopy (Jop 12 @) dA) ", p, g > 1 with § + 4 =15

||fHaB,1 SUp,cop |P ()]

Remark 3. Since upper bounds for |® (x)| are available, see (4.9), one can get

further upper bounds. However, they are quite complicate in general and we do not
state them here. We give only one example in the case of Euclidian norms, namely,
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via (4.7) we get

(4.12) /f Jdv+ ———x > /AafB zi,2;) d

1<z<j<n

g/83|f(x)||<1>(m1,...,mn)|dA

o\ 1/2

\/ﬁ n n
< ls [ @iy oa- Y| | s

9 1/2

\/ﬁ n n
h—1)n 1fllo5,2 / ny ap— | Y dA
OB | k=1 j=1

IN

5. AN EXAMPLE FOR THREE DIMENSIONAL BALLS

15

Consider the 3-dimensional ball centered in O = (0,0,0) and having the radius

R >0,

B(O,R) := {(21,22,23) € R*| 2] + 23 + 23 < R*}
and the sphere

S(O,R) == { (w1, 22,23) € R*| 2] + a3 + 23 = R*}.
Consider the parametrization of B (O, R) and S (O, R) given by:

T1 = 7 COS 1 COS P

B(O,R):{ za=rcosypsing ; (r,v,¢) € [0,R] x [—g g} [0, 27]
x3 = rsiny

and
= Rcosycosp .
S(O,R):q{ za=Rcostysing ; (¢,¢) € [—5 2} [0, 27].
r3 = Rsinvy
We have
Oxo dxs Oxy Oz3
% % = —R?cos? 1) cos @, % % = R%cos? ¥ sin o,
dp Dy Dy Dy
and
Oz, Oz
% % = —R?sin cos 1.
Oy dp

Now, observe that

/ ($1 — l‘2)2 dﬂl‘ld.%‘gdxg,
B(O,R)

R o) 27
= / / / (r cos 1) cos p — r cos 1 sin <,0)2 2 cos Ydrdipdyp

o R® 8 s
d - dp = 2 —
/ /gcos ) 1/1/ (cos ¢ — sin @)® dp = 5 (3> = 157TR
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and, similarly

8
/ (zg — m3)2 dridradrs = / (z1 — x3)2 dzidrsdrs = —7RP.
B(O,R) B(O,R) 15

From Corollary 1 we have

3 n
1 1
R D o B E 9 9 EAC LY ey AT
k=1 Jj=1
1 2
< g Lij | (x; — ;)" dz,
1<i<j<3 B
provided
of () 0Of (x)
(5.2) ' gui  ow; < Lij |zi —
with L;; > 0,1 <7< j <3 forall x = (z1,22,23) € B.
By writing (5.1) in polar coordinates, we get
1 . .
(5.3) “R3 |- / (cosd) cos p — cospsing + smzb)
3 S(O,R) 2
x f (Rcos 1 cos @, Rcos v sin o, Rsinp) cos® 1 cos pdipdyp
+/ (Cosdjsin(p_compcosgo—i—smz/))
S(O,R) 2
x f (Rcospcos @, Rcost)sin p, Rsin ) cos? ¢ sin pdipdyp
7/ <Sinwcoswcosga+coswsm<p>
S(O,R) 2
X f (Rcost cosp, Rcostpsin g, Rsin) sin ¢ cos wdwdgo}
R I jon
— / / / f (7 cos ) cos @, 7 cos i sin @, 7 sin 1) r2 cos Ydrdipde
o J-zJo
4 s
< EWR (L12 + Loz + Li3) .
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