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Abstract
In this paper, we provide a method to construct a continued-fraction approx-
imation based upon a given asymptotic expansion. As applications of the method
developed here, we establish several continued-fraction approximations for the gam-

ma and the digamma (or psi) functions. Finally, some closely-related open problems
are also presented.
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1 Introduction

The gamma function I'(x) given by
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is one of the most important functions in mathematical analysis and has applications in many
diverse areas. The logarithmic derivative ¢)(x) of the gamma function I'(x) given by

V) = 1

or InT(z) = /j@[)(m) dt

is known as the psi (or digamma) function. The psi function () is connected to the Euler-
Mascheroni constant v and the harmonic numbers H,, by means of the following well-known
relation (see [1, p. 258, Eq. (6.3.2)]):

pn+1)=—-v+H, (neN:={1,23--}), (1.1)

where

Hn::Z% (n € N)

k=1

is the nth harmonic number and + is the Euler-Mascheroni constant defined by
v = lim D, = 0.577215664 - - - |
n—oo

where
n

1
D, = — —Inn. 1.2
n kZ:l ; (1.2)
Various approximations of the psi function ) (x) are used in the relation (1.1) and interpreted
as approximation for the harmonic number H,, or as approximations of the Euler-Mascheroni
constant 7.

There has been significant interest and research on -y as evidenced by survey papers (see, for
details, [14]) and expository books (see, for example, [19]), which reveal its essential properties
and surprising connections with other areas of the mathematical sciences.

The following two-sided inequality for the difference D,, — v was established in [28, 33]:

1

<D, —q<
on+1)

o (n € N).

The convergence of the sequence D,, to v is very slow. By changing the logarithmic term in
(1.2), DeTemple [15, 16] presented the following inequality:

1
5 <Rp—v<

T (n € N), (1.3)

24n?2

where .
R,=H,—In <n+2) . (1.4)
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On the other hand, Negoi [26] proved that the sequence {7, } ,en given by

n
1 11
T,=5" -1 S 1.5
ey n<"+2+24n> (15)

is strictly increasing and convergent to . Moreover, Negoi [26] proved that

1

1

48n3
The following faster approximation formulas can be found in [10, 12]:

1

1
Xy o= Hy —1 SR
T A n(”+2+24n 48n?

> =v+0(n?) (n — o) (1.7)

and

11 1 23
Y, = H, —1 S = V0 . (18
noT Hn (” ot T 576On3> 1+0(07)  (noeo) (A8)

In view of (1.3), (1.6), (1.7) and (1.8), Chen and Mortici [10] posed the following open prob-
lem:

Open Problem 1. For a given m € N, find the constants p; (j = 1,2,3,--- ,m) such that

H, —In <n<1—|—2£§.>) (1.9
j=1

is the fastest sequence which would converge to .

Yang [31] first presented the solution of Open Problem 1 by using the Bell polynomials of a
logarithmic type. Subsequently, other proofs of Open Problem 1 (1.9) were published by Gavrea
and Ivan [17, 18], Lin [20], Chen et al. [8], and Chen and Choi [6].

The following familiar Stirling’s formula:

! ~ V2 (%)n (n — o) (1.10)

has many applications in statistical physics, probability theory and number theory. Actually, it
was first discovered in 1733 by the French mathematician, Abraham de Moivre (1667-1754), in
the form given by

n
n! ~ constant - /n (E> (n — o00)
e
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when he was studying the Gaussian distribution and the central limit theorem. Afterwards, the
Scottish mathematician, James Stirling (1692—-1770), found the missing constant V27 when he
was attempting to give the normal approximation of the binomial distribution.

Recently, Sandor and Debnath [29, Theorem 5] proved the following inequality for all posi-
tive integers n = 2:

N[

27m(”)"<r(n+1)<\/% (%)n < n > (1.11)

e n—1

and proposed the approximation formula given below:

D(n+1) ~ zm(”)n< " )é (n — o). (1.12)

e n—1

Motivated by the above-mentioned work by Sandor and Debnath (1.12), Mortici and Srivas-
tava [25] introduced the following class of approximations for all real numbers a and b:

L(n+1) ~ pn(a,b) <n — 00; fin(a,b) := V210 (Z)n (1 + 1>b>. (1.13)

n-+a

We note that Stirling’s formula (1.10) is obtained from the Mortici-Srivastava result (1.13)
in its special case when b = 0. Furthermore, the approximation formula (1.12) can be written as
follows:

T(n+1) ~ in (-1, —;> (n — o0).

Indeed, in the aforecited work, Mortici and Srivastava [25] proved that
1 1
F(n+1) ~ uy 3713 (n — 00)
is the best approximation among all approximations given by (1.13). We choose to write this
best approximation as follows:

L

T'(n+1) ~V2mn (ﬁ)” <1+ ! 1) (n — 0). (1.14)

e n—§

Mortici and Srivastava [25] also developed the approximation formula (1.14) in order to produce
a complete asymptotic expansion (see [25, Theorem 2]).

In this paper, we provide a method to construct a continued-fraction approximation which
is based upon a given asymptotic expansion (see Remarks 1 and 2). As applications of our
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continued-fraction approximation, we develop the approximation formula (1.14) to produce sev-
eral further continued-fraction approximations (see Theorems 3, 4 and 5). We also establish
continued-fraction approximation for the psi function (see Theorem 6). Finally, we present the
higher-order estimate for the Euler-Mascheroni constant v (see Theorem 7).

The following lemmas will be useful in our present investigation.

Lemma 1 (see [8]). Let
g(z) ~ Z bpx™" (r — 00)
n=1

be a given asymptotic expansion. Then the composition exp (g(w)) has asymptotic expansion of
the following form:

exp (g(az)) ~ Z anxt " (x — 00),
n=0
where
1 n
ap=1 and an = Zkbkan,k (n € N). (1.15)
k=1

Lemma 2 (see [5, Theorem 9)). Let k = 1 and n = 0 be integers. Then, for all real numbers
x> 0:

Sp(2nyz) < (=)™ (1) < Sp(2n + 1;2), (1.16)
where i
—1
. (k—1)! k! P ,
Sk:(pax): J]k +2.’L'k+1 +Z BQzH(2Z+]) W?
i=1 j=1
{Bn}nen, (No =NU{0}) are the Bernoulli numbers defined by
t =t
-1 Z Brn nl’
n=0
It follows from (1.16) that
111 1 1 1 ,
et — - <
c 22 68 T30 T 3000 V@
1 1 1 1 1 1 5
<—-—+—+-—- — > 0). 1.17
v 27 TG 3005 T a7 309 e @70 (1.17)

By using the recurrence formula:
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we deduce from (1.17) that, for > 0,

1 1 1 1 1 1

/
LS N _ 1
v 22 e 30m T 30 V@D
11 1 1 1 1 5

w222 T 623 3025 T 4227 3020 T 66zl

(1.18)

The numerical calculations presented in this work were performed by using the Maple soft-
ware for symbolic computations.

2 A Method for the Construction of Continued-Fraction Approxi-
mations

In this section, we present a method to construct a continued-fraction approximation based upon
a given asymptotic expansion (see Remark 1 and Remark 2 below).
Theorem 1 generalizes an earlier result [13, Lemma 1.1].

Theorem 1. Letay #0 (¢ € N) and

Adx) ~
j=t

be a given asymptotic expansion. Define the function B(x) by

|§

Y (2 o) 2.1)

8

ayg

Then the function B(x) = (o) has the following asymptotic expansion:

> b.
¢ /-1 0—2 J
B(z) ~a" +b__pyx +b_ggyx "4+ bz +bo + E 1 i (x — 00),
]:
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where
ap41
bo(-1) = “Tap
) Gt agpibo(en)
(-2 = ”
) age—1 + age—2b_(p1) + age—3b_(p_2) + -+ apr1b—2 (2.2)
1 = —
ar
. aze + ajr20-1b_ (1) + age—2b_(p_2)y + -+ apy1b1
0 =—
ag
1
b; -~ Ajto0 + ajyo0—1b_(p_1) + ajro0—2b_(p_2) + -+ ajrer1b
J
+ > ak+€bjk) (j €N).
k=1

Proof. We begin by considering

ay
A(z)
_ - — b;
=’ e bbbzt Y L (ro00), (23)
j=0

where b; (j € {—(/—1),—(¢ —2),—1,0} UN) are real numbers to be determined.
Upon writing (2.3) as follows:

o0
aj 21

32 (s e 3 )

j=t
s a > ab (e—1) a;b_ (e— 2) a:b_

9 )Y —— J ] 1 k
Z pi—t +Z 7i—+1 +Z Cpi—2 +Z Z zk’
j=t+1 j=t j=t 0" k::O

o 001 | N G (-1) | o Gireb—(-2) o @jiebo1

Z i+l +Z i+l +Z ) +"'+Z pitl-1

J=0 J=0 J=0 j=0

J
b
Yy St 24)

7=0 k=0
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It is easy to see that

(o] o0
a; a a ano— a;
G4 Qg4 0+2 201 j+2¢
Z T T Tt +Z T
3=0 J=0
(o] o0
Z ajpeb_(o—1)y  arb_p-1) N ap+1b_(o-1) S agr—2b_(p-1) N Z aj20-1b_(r-1)
= U 22 rt-1 zi+t ’
j=0 7=0
. aigb agh ao¢_3b > a; b
Z jrtb-e-2) _ ab-ez) o G2-sbogea) Z j+20—2b_(0—2)
e 21 Y, ’
j=0 7=0
o oo
Z aj—s—eb—l N agb_q n Z aj+£+1b—1
Y e | RN

Adding these equations, we see that the left-hand side of (2.4) can be written as follows:

N Qi1 = @D (0-1) o= @b (e-2) — ;b1
Z i+l +Z zit+l +ZW+”'+ZW+E—1
§=0 j=0 §=0 5=0

ag1 + agb_(p_1) PGS + apr1b_(p—1) + arb__2)
N T x2
age—1 + age—2b_(p_1y) + age—3b_(p_oy + -+ agb—y
xr
oo
Aj20 + ajr20-1b_(—1) + @jp20-2b_(p_o) + - + ajye4101

+ z% i+l . (2.5)

]:

Equating the coefficients of equal powers of x on the right-hand sides of (2.4) and (2.5), we
get

ap+1+ab_p_1) =0,

apyo + app1b_g—1) + agb_(p_2) =0,

(2.6)

age—1 + age—2b_(p_1) + aze—3b_p_o) + - +ab_1 =0
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and
J
Ajt20 + ajroe—1b_(p—1) + @jya0—2b_(p_9) + - + @11 = — Z agyebj_g.  (2.7)

k=0
We now find from (2.6) that
Ag41
b_p_1)y=——
(£-1) as 3
agt2 + app1b_q)
b_(o—2)=— ;

ay

) age—1 + age—2b_(p1y + age—3b_(p2) + -+ apr1b—2
1= — .
ag

By setting j = 0, we deduce from (2.7) that

~Ggr+ ajpar1boe—1) + ageob_pg) + -+ ap1b

by =
Gy
Moreover, for j € N, we have
J
Ajro0 + ajroe-1b_(g—1) + ajy20-2b_(p_2) + - + ajyer1b-1 = —agh; — Z agtebj—k,
k=1
which yields
J
1
b = T (aj—l—% + ajro0-1b_(p—1) + ajr20-20_(p_9) + -+ ajrer1bo1 + Z ak+£bj—k>
k=1
(j eN).
The proof of Theorem 1 is thus completed. O

The choice £ = 1,2, 3 in Theorem 1 yields Corollaries 1, 2 and 3, respectively.
Corollary 1. Let a; # 0 and

Al(a:)rvza—j. (x — 00)
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be a given asymptotic expansion. Define the function B(z) by

ai
B(x)

Al (l’) =

Then the function B(x) = Af(lx) has asymptotic expansion of the following form:

B(a:)w:v—{—zoxj (x — 00),
]:

where

J
as 1 .
by = —a—l and bj = _aT <Gj+2 + kg_l ak+1bjk> (j €N). (2.8)

Remark 1. Corollary 1 provides a method to construct a continued-fraction approximation
based upon a given asymptotic expansion. The details of this method are given below.

Leta; # 0 and
A)~ S8 (2 o) 2.9)

xJ
j=1
be a given asymptotic expansion. Then the asymptotic expansion (2.9) can be transformed into
the continued-fraction approximation of the form:
A(z) ~ - (& — 00), (2.10)
T+ by + ! @]
T+ co+

x+dy+ -

wherein the constants are given by the following recurrence relations:

. .
J
1 .
by = —% and bj =~ (aj+2 + Z ak+1bj_k> ;
k=1

J
b 1
co=—p and ¢ =—p (bj+2 + > bk+1Cj—k>
k=1

(2.11)
J
do = —% and dj = —% <0j+2 + Z Ck+1djk>
k=1
Clearly, since a; = b; = ¢; = d; = - - -, the asymptotic expansion (2.9) is transformed

into the continued-fraction approximation (2.10), and the constants in the right-hand side of
(2.10) are determined by the system (2.11).
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Corollary 2. Let ay # 0 and
Ap(z) ~ Y2 (2 0) (2.12)
be a given asymptotic expansion. Define the function B(x) by

a2
B(z)

As(z) =

Then the function B(x) = A‘;(Qm) has asymptotic expansion of the following form:

B(x)~x2+b_1x+bo+zx—]j (x = 00),

j=1
where
s 4.2
bfl — —@’ bo g —a2a4 2— a2a3
1 J
and  bj = —— <aj+4 +ajiabo1 + Zak+2ajk) (j €N). (2.13)
@2 k=1
Corollary 3. Let p3 # 0 and
J
Flz)~> = (@) (2.14)
j=3
be a given asymptotic expansion. Define the function G(x) by
H3
F(z) = .
() G

Then the function G(x) = % has asymptotic expansion of the following form:

o0
3 2 a;
G(z) ~x° +a_gz” +a_1x + ap + Elxj (x — 00),
J:

qu s — g 3 — 2u3paps + 1
a9 =—"—, a1 =—"——5—, Qo= — 3
3

3 T

1 2 .
and aj = s (Mj+6 + Hj+50-2 + [Lj+a0-1 + Z Mk+3ajk> (j €N).
k=1
(2.15)
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We next prove the following result.

Theorem 2. Leta; # 0 (¢ € N) and

Alz)~ > mfjﬂ'_l (& — o) (2.16)
=t

be a given asymptotic expansion. Define the function B(x) by

Then the function B(z) = % has asymptotic expansion of the following form:

o0
_ _ _ b;
B(SL‘) N l‘% 1 + b—(Z—2)$2€ 3 + b_(g_3)l‘2£ 5 4.4 bflx?’ =+ boﬂf + z; ijJfl (SC — OO),
]:
where
ar+1
b_(pr_ = —
(-2 o
apyo + apr1b_(p—9)
bo(¢-3y =-—
Gy
b _Gar1 +ageob_(p1) + ae-3b_(p—2) + -+ arpaboy (2.17)
. e+ ag-3b_(i_g) +ageab_(p_3) + -+ arpibs
0 = ”
bj = (aj+21z1 + aj120-20_(p—2) + @j120-30_(p—3) + - + ajre1b1
J
+ > ak+ebj—k> (j €N).
k=1
Proof. We first let
a > b
1 201 J
~ X + :
A(z) ,_%2) p2i—1
S b_(g_g)x%_?’ + b_(€_3)l'2é_5 4+ by + bz + Z xQJ'J—l (x — 00),

j=1
(2.18)
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where b; (j € {—(¢ —2),—(¢—3),—1,0} UN) are real numbers to be determined. Then, by
writing (2.18) as follows:

o o0
a; b
J 20—1 20-3 20—5 3 k
Z W <1‘ + b_(g_g)x + b_(g_3):l? + -+ b—lll? + Z x2k_1> ~ Qy,
j=¢ k=0
o0 o o oo [e.9]
e B B e D Dl SN B ED By
22520 225 —20+2 225 —20+4 22i—4 220i+6)—1 22k—17
j=l+1 j=¢ j=¢ j=¢ j=0 k=0
and

Z j4041 +Z j+00—(¢—2) n Z @j+00—(0-3) +"'+Z ajeb_1
£2+2 22i+2 22i+4 p2i+20—4

§=0 ],0 =0 =0
ak+€bj k
~ Z Z p2iter—2 (2.19)
7=0 k=0

It is easy to see that

oo oo
a; a a aop_— a; _
jHe+1  Gp4l 0+2 20—2 Z j420—1
Z% 2212 T g2 + 24 Tt 2201 + - 225 +20-2°
j= Jj=

i ajpeb_(o—2)  arb_p-9) N apy1b_(o—2) T aze—3b_(p_2) N i ajro0—2b_(p—2)

: 22tz 2 4 2204 : P22z
J=0 J=0

> i apb a b > a; b

Z (o) _ Wbz o 2-abes) +Z j+20-3b_(0-3)

: 22ita 24 2204 : p2r20—2

]:O ]:O

o o
Z ajyeb—1  agby . Z ajyo410-1
p2+2—1 g2 p2i20—2

=0 =0
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Adding these equations, we see the left-hand side of (2.19) can be written as follows:

N Qi1 | e QD (0-2) e Qb (0-3) o~ jieb1
Z 225+2 + Z 225+2 + Z 22j+4 +eeet Z 12j+20—4
=0 =0 =0 =0
_agpr a2y apo + aepboo9) + ab_(o-3)
= 22 + A
age—2 + age—3b_(p_2) + age—ab_(p_3) + -+ ab_1
T 720—4
oo
aj20-1+ @jro0—2b_(p_9) + aji20-3b_(p_3) + -+ ajier1b1
t2 e )
7=0

Equating the coefficients of equal powers of x on the right-hand sides of (2.19) and (2.20),
we get

ap1+ agb_(p_9) =0,

apo + apy1b_(g_9) + agb_p_3y =0,

2.21)
age—2 + age—3b_(g_2) + age—ab_(_3)y + -+ ap1ba+ a1 =0
and
j
Ajt20-1 + Qjr20—2b_(p—2) + ajr20-3b_(p—3) + - + ajrep1b-1 = — Z agtebj—k (j € Np).
k=0
(2.22)
We now find from (2.21) that
ag41
b o) = — L
(-2 =~
apyo + apr1b_(o-2)
b_(o-3)=— ,
as
. agr—2 + age—3b_(p—2y + age—ab_(p_3) + -+ app1b—2
1 =— .

ag
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For j = 0, we obtain from (2.22) that

age—1 + age—2b_(p_9) + age—3b_(p_3) + - + a1

bo = —
ag

and, for j € N, we have
J
ajo0—1 + ajroe—2b_(p—9) + ajroe-3b_(p—3) + - + ajpep1bo1 = —apb; — Z ak4ebj—r,

k=1

which yields

1 J

bj = “w <Gj+2z1 + ajy20—2b_(0-2) + Qjp20-3b_(p—3) + -+ ajper1b-1 + Z ak+zbjk>
k=1

for 5 € N. The proof of Theorem 2 is thus completed. 0

Theorem 2 implies Corollaries 4 and 5 below.

Corollary 4. Let a; # 0 and

[e.9]

Ayz)~ Y 3 (z — o) (2.23)

2251

j=1

be a given asymptotic expansion. Define the function B(x) by

Then the function B(z) = #(11) has asymptotic expansion of the following form:

B(x) Nx—i—zxzjj_l (x — 00),
j=1

where

1 e ,
b1 = —% and bj = —— <aj+1 + Zak+1bj_k> (] eN \ {1}) (2.24)
ai

k=1



A Method to Construct Continued-Fraction Approximations and Its Applications 16

Proof. We write the last line in (2.17) as follows:

1
bj = P AR + aji20-2b(0-2) + aj120-30(0-3)

7—1
+ -+ aj+g+1b_1 + aj_;,_gbo + Z (Ik+gbj_k>
k=1

for j € N, where an empty sum is understood to be zero. Choosing ¢ = 1 and noticing that

bo(r—2)y =b_(p_3y="-"+=b_1="09 =0,
we get
1 s
b= (aj+1 + ;akwbj—k) (J €N),
which gives the desired formula (2.24) asserted by Corollary 4. O

Remark 2. Corollary 4 provides a method to convert the asymptotic expansion (2.23) into a
continued fraction of the form:
Ay(z) ~ alb (z — 00), (2.25)
x+ 101
T+ —
dq
r+

x4+ .

where the constants in the right-hand side of (2.25) are given by the following recurrence relations:
1 =
by = —% and bj =~ aj+1 + kzl ak+1bj_k

j—1
cl1 = —% and cj = —% <bj+1 + Z bk+lcjk> (2.26)
k=1 .

7j—1
1
di = *% and d]' =~ <6j+1 + Z Ck+1dj—k>
k=1

Clearly, since
aj:>bj:>cj:>dj:>---,

the asymptotic expansion (2.23) is transformed into the continued-fraction approximation (2.25),
and the constants in the right-hand side of (2.25) are determined by the system (2.26).
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Corollary 5. Let Ay # 0 and

o0

)\4
Fz)~) x%?_ - (2 ) (2.27)

=2

be a given asymptotic expansion. Define the function G(x) by

A2
F(r) = .
(z) Gl
Then the function G(x) = F’\(Qx) has asymptotic expansion of the following form:
G(.%') ~ 3 4 apx + Z ijj_l (w — 00),
j=1

where

A3 1 g ,

ap=-"" and  aj=—— Nzt D> Mok (j € N). (2.28)
A2 A2 Pt

3 Continued-Fraction Approximations for the Gamma Function

In this section, we develop the approximation formula (1.14) in order to derive various other
continued-fraction approximations associate with the gamma function I'(x).

Let 7 # 0 be a given real number and £ = 0 be a given integer. Chen and Lin [9] proved that
the gamma function I'(z) has the following asymptotic expansion:

xt/r

T\* o bj(l,7)
T(z+1) ~ V212 (g) H;;w' (z — o), 3.1)
with the coefficients b;(¢,r) (j € N) given by
rkitka+-+k; B k1 B3 k2 B ki
bill.r) = Bt O [ 32
s(6r) Zk1!k2!"'kj! (1'2> (2'3> (j(j+1)> ’ 32

where { By, } nen, are the Bernoulli numbers, summed over all nonnegative integers k; satisfying
the following equation:

1+ 0k + 2+ Oka+ -+ (G + Ok = .
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The choice (¢,7) = (0,12) in (3.1) yields

12
| T(x+1) L > a;
Ale) = (mgf) DD

7j=1
__‘3_+44£7_% 2 N 1 N 1 N 49 19 13l
oz 222 0 1523 0 12024 0 84025 2520025 630027 2240028
663799 N 12748781 81764339
9979200029 = 1397088000z10 4540536000211
23598827489

- DY 3.3
108972864000022 (z = o0), (3.3)

where the coefficients a; = b;(0,12) (j € N) are given by

12k1+k2+-"+k' B k1 B k2 B kj
aj=3 Y= e I (3.4)
Fealko! -kl \1-2 2-3 jG+1)

summed over all nonnegative integers k; satisfying the following equation:

k1+2k‘2+"'+jkj=j.

Based upon the asymptotic expansion (3.3) and by using the system (2.11), we develop the
approximation formula (1.14) with a view to deriving a continued-fraction approximation given
by Theorem 3.

Theorem 3. It is asserted that

T\® 1
Mz+1) ~V2nrx <7) 1+ : (x — 00). (3.5)
¢ 1 60
T—5+ 317
o 1 2940
T4

Proof. By Remark 1, we can convert the asymptotic expansion (3.3) into a continued-fraction
approximation of the form:

A(z) = (x — 00), (3.6)
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where the constants in the right-hand side can be determined by using the system (2.11). More-
over, by noting that

_1 1 2 1 1 149
M=5 T BT s WT g BT R0 YT 252000 ’
we find from the first recurrence relation in (2.11) that
as 1
b = —— = ——
0 ay 2 )
as + asbg 7
b= =
al 60
by = G4+ aghy +agbo _ 0,
a1
be — as + asbs + azby + agbg . 317
5T a1 ~ 25200
ag + azbs + azbs + asby + asboy
b4 = - = 0’
ai
From the second recurrence relation in (2.11), we have
ba
=——=0
Co bl )
o — _bg + baco . 317
! by 2940
by + bacy + bsco
Cy = — = 07
b1
Continuing the above process, we get
dy= -2 =0,
1
We see that (3.6) can be written as (3.5). The proof of Theorem 3 is thus completed. ]

Remark 3. Based upon the asymptotic expansion (3.3), following the same method as was used
in the proof of Theorem 3, we find that

12
F(z+1) N 1
e |~ - (3.7)
V aTx (E) r— 1 + 60
2 317
2940
T+ 30397
62132
T+ 17752261513
_— 19078981020
2864122300479077017
o 1 1984243256463202020

x4+ .
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as ¢ — oco. Moreover, based upon the continued-fraction approximation (3.7), we can find new
inequalities for the gamma function I'(x). For example, we find for n = 1 that

1 n+1 1
1+ - < ( ( n)n> <1+ —. (38
n—1y 50 2mn (%) n_ 14 _ @0
2 317 2 317
2940 2940
"+ 30307 s
n -+ 62132

As n — o0, the following approximation formulas hold true:

1/6

n 1

T(n+1)~p, =7 (ﬁ) <8n3 +4n% +n + 30> (Ramanujan’s formula), (3.9)
e

e gt oty
2 n

7

1 0
. (1 + (4> (Mortici-Srivastava formula [25]) (3.10)
n

N[ =
S—

and
1
12
n\" 1
T(n+1) ~ vy := V210 (7) 1+ - (New formula).  (3.11)
e —_
1 60
n—g+ 317
n -+ 2940

n

It is observed from the following Table that, among the approximation formulas (3.9), (3.10) and
(3.11), for n € N, the formula (3.11) is believe to be the best one.

Table. Comparison among approximation formulas (3.9), (3.10) and (3.11)

n pn—nl! Kn—n! Vp—n!
n! n! n!

1 2.833x107%  3.091 x 1072  2.160 x 10~*
10 8.587 x 1078  1.822 x 1077 5.047 x 10~}
100 9.451 x 10712 1.512x 1072 5.127 x 10718
1000  9.538 x 10716 1.486 x 10717 5.128 x 10725

10000 9.547 x 10720 1.483 x 10722 5.128 x 10732
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Recently, Mortici and Srivastava [25, Theorem 2] proved, as x — oo, that

1

T\~ 1 12 > >\z
I(x+1) ~V2rx <g> <1+x—1> exp<zx2i1>
2

=1
1
5 <x>x - 1 12 7 1 1
= TwTr | — ex — = — —
e - L) P\ 72023 T 403245 T 128047
N 245 32287 N 105 7407701
30412829  16773120x11 ' 16384x13 250675200215
169109795 401519531
- +oe ), (3.12)
941359104217 288358400219
where
21—2 .
BQZ' 1 1 1 —J .
Y2020 - 1) 12(20 —1) 1223‘22’—]—1 <2z’—j—1 (1 €N) (3.13)

Jj=1

We convert the asymptotic expansion (3.12) into a continued fraction given by Theorem 4
below.

Theorem 4. For x — o0, it is asserted that

1
1 12
T(z+1) ~ V212 (f)gc (1 + )
e T —

1
2

7
720
- exp — 1531 . (3.14)
3 5 19208
xr Tog % + 2700395
2475627
T+ 16496398810339
v 14188933884840
4087914301362953523
o & 1929557042068438120

T+ .
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Proof. Let us put

F(z)=1In T (3.15)
Vare (2)° (14 L5) "
Then, by noting that A\; = 0, we have
Flz)~) i1z 00), (3.16)
i=2
where \; are given in (3.13).
We now define the function G(x) by
A2 7
F(x) = Ao=——— . 3.17
@ = & ( : m) G.17)
By Corollary 5, we find for x — oo that
= ~xd——zx+ A 1
G(x) F@) x 196x+ 1(z), (3.18)
where
S 1531 2700395 31009745857 6779851492025
M) =) 5 =- - 3 5T 7
x? 19208z = 31059336z 158278376256 10340853915392x

j=1
51752493558906075839 78309631785485666443399

 17055583996812641280.° * 4234332986942018408448x11
7742687957195958707976251459

© 539454022536413145236275202:13 T

and the coefficients a; in (3.19) can be calculated by the following recurrence relation:

(3.19)

A3 1 J
_ s E A - € N).
€0 >\2’ aj >\2 ( ]+3 + k=1 k+2aj k> (j © )

By Remark 2, the asymptotic expansion (3.19) can be transformed into the following continued-
fraction approximation:

A (z) ~ ‘“bl (z — 00), (3.20)
T+ a1

T+

d
T+ !

T+
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where the constants in the right-hand side can be determined by using the system (2.26).
We see from (3.19) that

1531 2700395 31009745857
al = —————— ay = ———— Qq =———
! 19208’ % 31059336’ ° 158278376256
6779851492025 51752493558906075839
a4 = arg = — e
47 10340853915392°  ° 17055583996812641280’

From the first recurrence relation in (2.26), we have

by = _ a2 _ 2700395

a; 2475627’
by — _ag +aghy _ 336661200211

ax 265467647016
by — a4 + azby + azby _ 223241534903487835
a1 53648887720757472
by — a5 + agbz + azby + asby _ 256864633480533312861196423
ai 11980422174075967529723520

Also, from the second recurrence relation in (2.26), we get

by 16496398810339

Cl = —— =
! b, 14188933884840°

by +boci  194269584893463401

by 78871712215566400 °

Cy =

Continuing the above process, it is seen that

g 2 4087914301362953523
YT e T 1929557042068438120°

We thus find for x — oo that

_ 1531
~ 19208
Ai(z) = 5700305 . (3.21)
2475627
T+ 16496398810339
o4 14188933884840
4087914301362953523
o 1 1920557042068438120

x4+ .

From (3.17), (3.18) and (3.21), we obtain the desired result (3.14). The proof of Theorem 4 is
thus completed. O
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Remark 4. By applying a lemma of Mortici [23,24], You [32, Theorem 1] proved for n — oo
that

L

12
n\n" 1
Fn+1)~+vV2mn (—) 1+ T
e n—s:
2
1 _ T
720
- exp - — 531 . (3.22)
n2_ 5 4 19208
196 336661200211
9 | 2700395 265467647016
W tmsear 4555949691007915 | -
N+ 1388500719857988 1
We find that
_ T
720
1531
3 5 19208
n Tog" + 2700395
2475627
n+ 16496398810339
n 14188933884840
4087914301362953523
n 1 1929557042068438120
n
1 T
== 20 : (3.23)
n _
n?_ 5 4 19208
196 336661200211
n2 4 2700395 | 265467647016
2475627 1555949691907915

™+ 13885007 19857988
This development seems to indicate that the formula (3.14) is equivalent to the formula (3.22).

By Lemma 1, we obtain from (3.12) for z — oo that

T 1
F(x):= (z+1) +— -1
Vamz (5)" (1+ ) °
2
7 1 49 1 1 19841227

N 72023 403225 T 103680026 128027 | 41472028 | 2463436800020
6199 104610517 3793207123

- - - 3.24
812851200210 5434490880011  496628858880000x12 * ( )
Let us now define the function G(z) by
_ T
F(z) = =120, (3.25)
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Then, by Corollary 3, we find for x — oo that

7
— s 5 7
=20 -+ —+A 3.26
G = 5o % " 196% t am0 T (3:26)
where
() 1531 700005796811 803771788246897
xTr) = — —
2 19208z~ 8050579891200x3  41025755125555205

292889867213204249 217310837296831874706659910341

14672488014493440027  716170794250761532403712000000 |
(3.27)

The asymptotic expansion (3.27) can be transformed into the continued-fraction approxima-
tion of the form:

1531
- 19208
As(z) 700005796811 (z — o0), (3.28)
o4 641682518400
1385 14249066626639988523
2 4 119170597422441942748800

x4+ .

where the constants in the right-hand side are determined by using the system (2.26).

From (3.25), (3.26) and (3.28), we obtain Theorem 5 below, which converts the asymptotic
expansion (3.24) into a continued fraction.
Theorem 5. For x — o0, the following asymptotic formula holds true:

L

T\ 1 12
Iz +1) ~V2rx (—) 1+ T
(& l'—i

7
720
1+ — . (3.29)
3 5 7 19208
z 1067t 1aa0 T 700005796811
- 641632518400

138514249066626639988523
x4+ 119170597422441942748800

x4+
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4 Psi (or Digamma) Function and the Euler-Mascheroni Constant

In this section, we first establish a continued-fraction approximation for the psi (or digamma)
function ¢(x). Based upon the obtained result, we the present the higher-order estimates for the
Euler-Mascheroni constant ~.

The function ¢ (:r + %) is known to have the following asymptotic formula (see [21, p. 33]):

W JU—l-1 Nlnx—iBQk+—2(%) (x — 00) 4.1)
2 — (2k + 2)a2k+2 ’ '

where {B,(z)}nen, denotes the Bernoulli polynomials defined by the following generating
function:

temt & "
= > Bu(z) =t <2m). (4.2)
n=0

In terms of the Bernoulli numbers {B,, },en,, that is, {By,(0) },en,, it is known that (see, for
example, [1, p. 805])

1 1
B(3) == (1- ) B e -

the expansion formula (4.1) can be written as follows:

¢<l‘+;> Nln:c—l—z (1—2%11) <B;Z€> 22k (r — 00). (4.4)
k=1

By Lemma 1, we have

o) pexp [i (1_ - > (f;?:) x%]

k=1

oo oo
Qp, Gnp
n= n=

1 1 Boy,
ag = 1 and QAp = E Zk (]. — 22k’1> <2k> (7% (n S N) (46)
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We are thus led to the following asymptotic formula:

1 > a
e (@+3) _p Z _n_
n=1

.,L.Qn—l
_i 37 n 10313 5509121
24z 576023 290304025 139345920027
2709398569 499769010050743

— 4.7
367873228800z 24103053950976000x11+ “.7)

as T — oo.
Theorem 6 transforms the asymptotic expansion (4.7) into a continued fraction of the form
(4.8).

Theorem 6. For x — oo, it is asserted that

V(et3) _ g n a , (4.8)
b
x + A
T+ d
x + !
T+
where
o1 _ 37T _ 74381 2153427637
V7o "V o400 M T 1864807 1T 2774113776

Proof. Let the function A(x) be given by
1

Ax) = eV(e+3) _ g,

It follows from (4.4) that

Aw)~ Y =t (@ o0), (4.9)
j=1

where the coefficients a; (j € N) are given in (4.6). By Remark 2, the asymptotic expansion
(4.9) can be transformed into the continued-fraction approximation of the form

Alz) ~ albl T — 00, (4.10)
x + a1

T+

d
T + !

x+
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where the constants in the right-hand side can be determined using the system (2.26).
We see from (4.7) that
1 37 10313 5509121 2709398569
a = — a9 = —— a3 = ————— ay=——— ag = ————
"Toa TP UR76027 TP 20030407 YT 13934592000 0 367873228800
We obtain from the first recurrence relation in (2.26) that
37
b= -2

al - 270’
as + agby
by = — -

74381
ay 1209600’
b a4 + asbs + azby 499469
3= — =
ai

6912000’
b as + asbs + agbs + asby
4= —

a

B 2345759788879
16094453760000° ’
Moreover, from the second recurrence relation in (2.26), we get

by

74381
cr == —
YT T 186480°
bs + bacy 2153427637
Co = — — e,
2 by 6954958080’
Continuing the above process, we have
g — e 2153427637
LT e T 2774113776

We thus have completed the proof of Theorem 6.

As z — o0, the equation (4.8) can be written as follows:

1 1
¢<x+2>zln T+ 24

37
T+ 240

. (4.11)
74381
-+ 186480

2153427637
x4+ 2774113776

T+ .

28
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Now, upon setting x = n + % in (4.11), we find for n —

oo that

1

24

1
y=~H,—In|n+ -+
2 1

37
240

n+§+
n+%+

74381
186480

2153427637

n -+ % + 2774113776

n+i+"

29

(4.12)

By changing the logarithmic term in (1.2), we are going now to derive a higher-order estimate

for the Euler-Mascheroni constant . Indeed, if we let

1
—In|n+-+

U, =H, 5
n+

by using the Maple software, we obtain

4381 1
o o (L)

n7?

= 2903040015

L
24
37 ’

+ 2401
n -+ 2

(n — 00).

4.13)

(4.14)

Motivated by (4.14), we establish Theorem 7 below, which provides the higher-order esti-
mate for the Euler-Mascheroni constant . Remarkably, the convergence of the sequence U, to

~ is faster than that of the sequence Y,, defined by (1.8).

Theorem 7. Forn = 1, we have
74381

74381

<U,—7v<
29030400(n + 036 !

Proof. In order to prove (4.15), it suffices to show that

29030400(n + 1)6°

f(n) >0 and 9(71) <0 (nEN),
where
! u 74381
fl@)=y@E+1)—In|z+;+ 21 _
2 x _|_ + 232170 29030400(n + %)6

+2

(4.15)
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and

1

1 51 74381
r)=Y(xz+1)—In|z+ -+ 24 — .
9(@) =vle+1) 2 . = 29030400(n + 1)
JI+§+ 1

Differentiating f(x) and using the right-hand side of (1.18), we have

, , 2(57600z* + 11520023 + 10176022 + 441602 + 9179) 74381
f(x):d}(:n""l)_ + 63
(24022 + 240z + 97) (48023 + 72022 + 4542 + 107)  4838400(x + S3.)7

LA SIS SRS SN SN SR:

x  2z2 623  30x° 4227 3029  66x11

__2(57600x4+115200x3+101760x2+44160:c+9179)_+ 74381
(24022 4 240z + 97) (48023 + 72022 + 454z + 107)  4838400(x + £5)7
. f1($—3)

2970211 (100 + 63)7(24022 + 240z + 97) (48023 + 72022 + 454z + 107)’

where

f1(z) = 2595290749847364886436366082 + 20099909043227097376167706083
+ 5764058287980169238313451353022 + 932998872677200709319788167442°
+ 99888564914785863082055344320x* + 765185111936333693063614413722.°
+ 4379555216647542728434365080125 + 191814714367645202894782940942"
+ 6501543576796264038230012670x° + 17080616050834256654561266952:°
+ 3452038675491021614867355002'° + 52716866090761185950050000
+ 58882281358780796000000002:12 + 4540683359141325000000002:13
+ 21613250671650000000000z4 + 4786417350000000000002:15.

Hence, clearly, f'(x) < 0 for x = 3, and we have

f(z)> lim f(t)=0 (x = 3).

t—o00 -

Direct computations yield

£(1) = 0.00000006339---  and  f(2) = 0.0000007538 - - - .

Consequently, the inequality f(n) > 0 holds true for all n € N.
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Next, upon differentiating g(z) and using the left-hand side of (1.18), we have

, , 2(57600z* + 11520023 + 10176022 + 441602 + 9179) 74381
9@ =@+ 1) = 01007 2400 + 97)(48027 + 7202 + 454z + 107) | 4338400(z 1 7
11 1 1 1 1
z 22 628 3005 4207 3049
2(57600x* + 11520022 + 10176022 + 441602 + 9179) 74381
(24022 + 2402 1 97)(48023 1 72022 1 b4z + 107) 4838400(z + 1)7
g1(z — 3)

- 3780027 (2x + 1)6(48023 + 72022 + 454x + 107) (24022 + 240x + 97)’
where
g1(x) = 83188275652737 + 20813359333620512 + 56964240679877282>
+ 73312388695733042° + 5659377310564002z* 4 28825122113500142°
+ 1009870638085332x5 + 246216780083736x" + 412304626094132°
+ 45370724715192° + 2962156377602'0 + 87122246402
Hence, the inequality ¢'(z) > 0 for z = 3, and we have
gl) < lim g(t) =0 (z=3).
Direct computations would yield
g(1) = —0.0000882 - - - and g(2) = —0.000001998 - - - .
Hence, clearly, the inequality g(n) < 0 holds true for all n € N. The proof of Theorem 7 is thus
completed. O

Remark 5. For n € N, the following higher-order approximation holds true:
2913008718640511 2913008718640511

<I,—~< . (416
1149236702517657600(n + %)10 n 1149236702517657600(n + %)10 ( )
where
1 1
I,=H, —In nt g+ 2 . 4.17)
n+ i+ 240
2 74381
1 186430
n+s+ 2153127637
n+ % . 2774113776

n—i—%
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Following the same method as was used in the proof of Theorem 7, we can prove (4.16). Here
we omit the proof.

5 Concluding Remarks and Open Problems
In our present investigation, we have provided a potentially useful method in order to construct
a continued-fraction approximation based upon a given asymptotic expansion. As applications

of the method which we have developed here, we have successfully established a number of
continued-fraction approximations for the gamma and the digamma (or psi) functions.

We choose to conclude our paper by presenting some closely-related open problems.

I. The Alzer-Martins Inequalities. It is known, for » > 0 and n € N, that

n 1/r
1S r
LI n;l < V! (5.1)
n+1 1 n+1. n+1/(n_|_1)!' ’
s DN

(I.1) In the year 1988, while investigating a problem on Lorentz sequence spaces, Martins [22]
published the right-hand inequality in (5.1), namely,

n T

L n

i=1 n!

e < —
I V(O
n

i=1

(r>0) (Martins inequality).

(1.2) The left-hand inequality in (5.1) was proved in 1993 by Alzer [3], namely,

3=

,L'r

Si=
M=

n i

1
<
n+1

T 2 0
=1

(r >0) (Alzer inequality).

3
F
—_

(I.3) In the year 1994, Alzer [4] showed that, if r < 0, the Martins inequality is reversed, that is,
1
1 i T "
n Z n
"iz1 -
I R ]
n+1 =

(r <0) (Reversed Martins inequality).
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(I1.4) In the year 2005, Chen and Qi [11] proved that the Alzer inequality is valid for all real

numbers r, that is,

S =

Z‘T’

3=
M=

n i
<
n+1 1
n+1 -
k2

- (reR\{0}) (Extended Alzer inequality).
Z'?"
1

3|
T |-

‘We note here that

T

n
>
. i=1 n!
r—0 1 nt - n+\/ (n + 1)'
1 >
i=1
The inequality (5.1) has indeed attracted much interest of from many mathematicians and

has motivated a large number of research papers concerning its new proofs as well as its various
extensions, generalizations and improvements. See also [2] for some historical notes.

n

S|

The Chen-Qi Conjecture. Chen and Qi [11] posed the following conjecture:

For any given natural number n, the function f(r) given by

e

2
11;1‘ (r#0)
fry =g\

is strictly decreasing on (—00, ).
Remark 6. If the Chen-Qi conjecture can be proved, then we obtain a unified treatment of the

results (I.1) to (1.4).
Upon differentiation, we get

where

1 =
=t | =g B — (5.2)
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Thus, in order to prove the Chen-Qi conjecture (that is, f’(r) < 0), it suffices to show the fol-
lowing Open Problem.

Open Problem 2. Prove that, for any given r € R, the sequence (x,), defined by (5.2), is strictly
decreasing.

I1. Infinite Product Formulas. We begin by recalling, among several useful equivalent forms
(see [30, Section 1.1]), the following familiar Weierstrass canonical product form of the Gamma
function I'(z) (see, for example, [1, p. 255, Entry (6.1.3)]; see also [30, p. 1, Eq. (2)]):

F(1»2) == ﬁ {67% (1 + %)} (5.3)

where ~v denotes the Euler-Mascheroni constant.
In the year 2013, Chen and Choi [7] proved the following theorem.

Theorem 8 (see [7]). Let
A(p,q) = H{€_§ <1+§+jq2>} (p,q € C; R(p) >0). (5.4)

j=1
Then

A(p,q) =

e~ PY
F(l—l—%p—% p2—4q)F<1+%p+%\/p2—4q>
Remark 7. Upon setting ¢ = 0 and replacing p by z in (5.5), we get

Az,0) = ﬁ {ei (1 + j)} = r(ez_;n (5.6)

j=1

(p,geC). (5.5)

which, in view of the following recurrence relation:
[(z+1) =z2I(2),

is seen to be equivalent to the Weierstrass canonical product form (5.3) of the Gamma func-
tion. Obviously, therefore, the Choi-Srivastava product formula (5.5) can be looked upon as a
generalization of the Weierstrass canonical product form (5.3) of the Gamma function.

In light of the well-known I'-function integral given by

(e.o]
I'(z) = / et de (R(z) > 0),
0
we propose the following Open Problem.

Open Problem 3. Find an explicit integral expression for A(p,q) or -, where A(p, q) is

Alp,9)
given by (5.4).
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