OPERATOR SCHUR CONVEXITY OF INTEGRAL MEANS

SILVESTRU SEVER DRAGOMIR!+2

ABSTRACT. For a Lebesgue integrable function p : [0,1] — [0,00) we consider
the function Sy ,, My, : I x I — R defined by

1
sf,m,y):/o Flte+ 1=y ty+ (1 —t)a)p(t)dt
and

1
Mf,p(x,y):/o Flte 41—y ty+ (1 —t)a)p(t)dt

() o

where f : I X I — R is an operator Schur convex function on I X I. In this
paper we show among others that Sy, and My , preserve the operator Schur
convexity of f. We also provide some applications for powers and logarithms.

1. INTRODUCTION

A real valued continuous function f on an interval I is said to be operator convex
(operator concave) on I if

(L.1) F(A=XNA+AB) < (2)(1-A)f(A)+Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if —f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B with
Sp(A),Sp(B) C I imply f(A4) < f(B).

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [15] and the references therein.

As examples of such functions, we note that f (¢) =¢" is operator monotone on
[0,00) if and only if 0 < r < 1. The function f (¢t) = ¢" is operator convex on (0, c0)
if either 1 <r <2 or —1 <7 < 0 and is operator concave on (0700) Hfo<r<il.
The logarithmic function f (¢) = Int is operator monotone and operator concave
on (0,00). The entropy function f (¢t) = —tInt is operator concave on (0,00). The
exponential function f () = e’ is neither operator convex nor operator monotone.
For recent inequalities for operator convex functions see [1], [3], [6], [7], [8], [10]-[19]
and [26]-[30].

Let Iy,..., Ix be intervals from R and let f : I; X ... X I; — R be an essentially
bounded real function defined on the product of the intervals. Let A = (Aq, ..., Ay)
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be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hy such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

A = / A E; (dN:)
I.

i

is the spectral resolution of A; for i =1, ..., k; by following [2] we define

(1.2) f(A):f(Al,...,An):/I S O M) B () @ B (M)

as a bounded selfadjoint operator on H; ® ... ® Hy.

The above function f : Iy x ... X I, — R is said to be operator convex, if the
operator inequality
(1.3) f(l=a)A+aB)<(1-a)f(A)+af(B)
for all « € [0, 1], for any Hilbert spaces Hy, ..., H; and any k-tuples of of selfadjoint
operators A = (Ay,...,A,), B = (By,...,B,) on H; ® ... ® Hy, contained in the
domain of f. The definition is meaningful since also the spectrum of a4; +(1—«)B;
is contained in the interval I; for each ¢ = 1,..., k.

In the following we restrict ourself to the case k = 1, I; = Iy = I and H; =
H, = H. The operator convexity of f: I x I — R in this case means, for instance,

(14) f(1—a)A1+aB;,(1—a)As+aB2) <(1—-a)f(A1,A2) + af (B, Bs)
or, equivalently,
(1.5) f((1=a) (A1, A2) + a(By, B)) < (1 — a) f (A1, A2) + af (B, B2)

for all selfadjoint operators Ay, As, By, Bs with spectra in I and for all a € [0,1].

For I an interval, we consider the set S.A; (H) of all selfadjoint operators with
spectra in I. SA;(H) is a convex set in B(H) since for A, B selfadjoints with
Sp(A), Sp(B) C I, «A+ BB is selfadjoint with Sp (ad + 8B) C I, where o, § > 0
and o + = 1.We can introduce the following concept [11]:

Definition 1. We say that the function f : I x I — R s called operator Schur
convez, if [ is symmetric, namely [ (x,y) = f (y,x) for all x, y € T and
f@A+(1—-t)B,tB+(1—-1t)A) < f (A, B)
or, equivalently,
f(t(A’B> + (1 _t) (BvA» < f(A’B)
in the operator order, for all (A,B) € SA;(H) x SAr(H) and t € [0,1]. The
function f is called operator Schur concave if —f is operator Schur convez.

For (A,B) € SA; (H) x SA; (H), let us define the following auxiliary function
¢a,p) 1 [0,1] = SA(H @ H), the set of all selfadjoint operators on H ® H, by

(1.6) e 1) =f(t(AB)+(1-1t)(B,A))
= f(tA+ (1 —t)B,tB+ (1 —1)A).
A function f : J — SA(K) defined of an interval of real numbers J with self
adjoint operator values on a Hilbert space K is called operator monotone increasing

on J if
f(t) < f(s) in the operator order

for all s, t € J with ¢ < s.
The following characterization of operator Schur convexity holds [11]:
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Theorem 1. Let f : I x I — R be a continuous symmetric function on I x I.
Then f 1is operator Schur convexr on I x I if and only if for all arbitrarily fixed
(A, B) € SA; (H) xSA; (H) the function @y 4 gy is operator monotone decreasing
on [0,1/2), operator monotone increasing on (1/2,1], and ¢ 4 gy has a global
minimum at 1/2 in the operator order.

We have the following integral inequality in the operator order [11]:

Theorem 2. Assume that the function f : I x I — R is operator Schur convex
on I x I . Then for any Lebesque integrable function p : [0,1] — [0,00) with
folp (t)dt = 1 we have

A+B A+B
an  r(45E4

)dtg/lf(tAJr(lt)B,tBJr(lt)A)p(t)dt
0

< f(4,B)
for all (A,B) € SA; (H) x SA; (H).

In particular, we have
A+B A+ B
s (504

for all (A,B) € SA; (H) x SA; (H).

) g/lf(tAJr(lt)B,tBJr(lt)A)dtSf(A,B)
0

For a Lebesgue integrable function p : [0,1] — [0, 00) we consider the function
Stp, Mgp: I x 1 — R defined by

1
Sf,m:,y):/O Fltz+ (L= 8y ty+ (1—£)z)p(t)dt

and

Mf,pmy):/o Flt+ (L= t)yty+ (1—6)2)p(t) di

z+y z+y\ [*
- d
f< 5 g )/Op(t) t,

where f : I x I — R is an operator Schur convex function on I x I. In this paper
we show among others that Sy, and My, preserve the operator Schur convexity
of f. We also provide some applications for powers and logarithms.

2. OPERATOR SCHUR CONVEXITY FOR FUNCTIONS OF COMPOSITE ARGUMENTS

Assume that the function f : I x I — R is Schur conver on the convex and
symmetric set I x I C R?. For t € [0,1], we define the function Sy, : I x I — R
defined by

(2.1) Spa(zy)=f(t@y)+Q-t)(y,2)=fz+1A-t)yty+(1-t)z).
In the case when ¢t = 0 or ¢t = 1 the definition (2.1) becomes, by the symmetry of f
in I x I, that

Sf’O (xvy) = Sf’l (ZE,y) = f(m,y), (x,y) el xI
‘We have:

Theorem 3. Assume that the function f: I x I — R is operator Schur convex on
I x I then Sy is operator Schur convex on I x I for allt e (0,1).
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Proof. Let (A,B) € SA; (H) x SA; (H) and s € [0,1], t € (0,1) . Observe that
t(sA+(1—s)B,sB+(1—-s)A)+(1—-1t)(sB+(1—s)A,sA+(1—3s)B)
=t(s(A,B)+ (1 =9)(B,4) +(1-1)(s(B,A) + (1 - 5)(4,B))
=s[t(A,B)+(1—-1t)(B,A)]+(1—-s)[t(B,A)+(1—-1t)(A,B)]
=s(tA+(1—-t)B,tB+(1—-t)A)+(1—9)[(tB+(1—1t)A tA+ (1 —1t)B)]
:S(CvD)+(175)(D’C)7

where C :=tA+ (1—t)B and D :=tB+ (1—1t) A for all (A,B) € SA;(H) x

SA;(H) and s, t € [0,1].

By Schur convexity of f on I x I we get
f(s(C, D)+ (1 =) (D,0)) < f(C,D)
for all s € [0,1].
Therefore
(22) Sf,t (8 (AaB) + (]- - 8) (BvA))
=flt(sA+(1—-s)B,sB+(1—s)A)+(1—-1t)(sB+(1—-s)A,sA+(1—s)DB)]
<f(tA+(1-t)B,tB+(1—-t)A)=S;:(A,B)

for (A,B) € SA; (H) x SA; (H) and s, t € [0, 1].

This proves the operator Schur convexity of S¢; on I x I. O

We define for ¢ € [0,1], ¢ # 3 the function My, on I x I by

My (o) = o) + (1= 0 () - 1 (52272
_f(tx+(1t)y,ty+(1t)z)f(x;y,x;y>
:Sf,t(x7y)_f<x;y7x;_y>v

where f: I x I — R is operator Schur convex on the convex and symmetric subset
IxIcCR?
We have the following result.

Corollary 1. Let f be an operator Schur convex function on I x I and t € [0,1],
t # % Then the function My is operator Schur convex on I x I .

Proof. Let s € [0,1] and (A, B) € SA; (H) x SA; (H) . Then
My (s(A,B)+(1-s)(B,A))
:Sf,t(S(A’B)'i'(l_S)(BvA))
f(sA+(1s)B+sB+(1s)A sA+(1s)B+sB+(1s)A>

2 ’ 2

My (s(A.B) + (1= 9) (B.4) — £ (52 257
< S am) - 1 (252550 ) =My (4.,

which proves the operator Schur convexity of My, on I x I. O
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Assume that the function f : I x I — R is continuous. For (¢, s) € [0,1]* we
consider the function Py ;4 : I x I — R defined by

Pf,(t,s) (m,y)
::%[f(tx+(1—t)y,src+(1—S)y)+f((1—t)fU“y’syHl_S)w”’
where (z,y) € I x I.

Theorem 4. Assume that f: I x I — R is operator convexr on I x I and (t,s) €
[0, 1]2 . Then the function Py s is operator Schur convex on I x I.

Proof. Let a, 8> 0 with a+5=1, (A,B) € SA; (H) x SA; (H) and consider

2Pt,5) ( (A, B) + 5 (B, A))

= Pu.s) (@A + BB,aB + BA)

=f(t(@A+8B)+ (1 —1t)(aB+BA),s(aA+ BB)+ (1 —s)(aB+ A))
+ £ (1 —1t)(aA+BB) +t(aB+ BA),s(aB+ BA) + (1 —s) (aA + BB)).

Observe that

(t(aA+B6B)+ (1 —t)(aB+ BA),s(@A+BB)+ (1 —s) (aB+ BA))
=a(tA+(1-t)B,sA+(1—-5s)B)+5(tB+(1—-t)A,sB+(1—-3s)A)

and

(1—t) (A +BB)+t(aB+ BA),s(aB+ pA)+ (1 —3s)(aA+ 5B))
=a((1-t)A+tB,sB+(1—s)A)+B((1—t)B+tA sA+(1-s)B).

Since f is operator convex on I X I , hence

fla(tA+(1—-t)B,sA+(1—-s)B)+ BB+ (1—t)A,sB+(1—s)A)]
<af(tA+(1—t)B,sA+(1—3s)B)+Bf(tB+ (1—t)A,sB+(1—3s)A)

and

fla((1—t)A+tB,sB+ (1 —s)A)+B((1—t)B+tA sA+ (1 —s)B)]
<af(1-t)A+tB,sB+(1—s)A)+Bf((1—t)B+tAsA+(1—s)B).

If we add these two inequalities, we get

2Py ) (@ (A,B)+ 3 (B,A)) <af (tA+(1—t)B,sA+ (1—s)B)
+Bf (1 —t)B+tA,sA+ (1 —5)B)
+Bf B+ (1—1t)A,sB+(1—s)A)
+af(l—t)A+tB,sB+(1—3s)A)

=f(tA+(1—-1t)B,sA+(1—-s)B)
+f(tB+ (1 —t)A,sB+ (1 —5)A)=2Py) (A,B),

which shows that P ) is Schur convex on I x I. (I
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For (t,s) € [0, 1]2 we also consider the function Qf ;) : I x I — R defined by
Qf,(t,s) (.’L‘7 y)

r+y r+y
!=Pf,(t,s)($,y)—Pf,(t,s)( 5 3 )

= St (= 0)ysa 4 (L= )9) + (1= 0)a+ ty,sy+ (1= 5)a)]

_f r+y r+y
2 72 '
Corollary 2. Assume that f: 1 x I — R is operator convex on I x I and (t,s) €
[0, 1]2 . Then the function Q) is operator Schur convex on I x I.

3. OPERATOR SCHUR CONVEXITY OF INTEGRAL MEAN

For a Lebesgue integrable function p : [0,1] — [0,00) and an operator Schur
convex function f : I x I — R on the convex and symmetric set I x I C R? we
define the functions Sy, and My, on I x I by

Spp (1) = / Sy (2)p (1) dt

:/0 Fltz+ =ty ty+ (11—t a)p(t)dt

and

My (2,9) =/ (1= tyty+ (- t)2)p(t)dt

r+y r+y 1
— dt.
f( 53 )/Op(t)t

In particular, if p = 1, then we also consider the functions

1
Sy (z,y) ::/0 flx+ (1 -t y,ty+ (1 —t)x)dt

and

1
M; (2,3) :/ f(m+<1—t)y,ty+<1—t>x>dt—f(

We have:
Theorem 5. Assume that the function f: I x I — R is operator Schur convezx on
Ix1I andp:[0,1] — [0,00) is a Lebesgue integrable function on [0,1], then the
functions S, and My, are operator Schur conver on I x I.
Proof. Let s € [0,1] and (A,B) € SA;(H) x SA;(H). Then, by the operator
Schur convexity of Sy, for ¢t € [0,1], we have

r+y rT+y
2 7 2 '

Sy (5(A,B) + (1 - 5) (B, A)) = / St (s (A, B) + (1—s) (B, A))p(t)dt

0
1

< / Sii(A,B)p(t)dt = Sfp (A, B),
0

which proves the operator Schur convexity of Sy .
The proof for My, is similar. O
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Corollary 3. Assume that the function f : I x I — R is operator Schur convex on
I x I, then the functions S¢ and My are operator Schur convex on I x I.

We also have the following double integral inequalities:

Corollary 4. Assume that the function f : I x I — R is operator Schur convex
on the convex and symmetric set I x I C R%. Then for any Lebesgue integrable
functions w, p : [0,1] — [0,00) we have

(3.1) f(A+B,A§B)/ <>dt/01w<s>ds

//f (sA+(1—-s)B)+(1—1t)(sB+ (1 —35)A),
t(sB+(1—8)A)+(1—1t)(sA+ (1 —3)B)]p(t)w(s)dtds

1
g/o f@A+(1—-t)B,tB+(1-1)A dt/o w (

(cram [ pwa [ wea)

for all (A,B) € SA; (H) x SA; (H).

The proof follows by Theorem ?? applied for the function Sy ,. This is a refine-
ment of the inequality (1.7) from Introduction.
For p, w =1 we get for (A, B) € SA; (H) x SA; (H) that

(3.2) f(A+B A—;—B)

/ / FlE(sA+(1—s)B)+(1—1t)(sB+(1—s)A),
t(sB+(1—s)A)+(1—1t)(sA+ (1 —s)B)]dtds
< /0 @A+ (1 —-t)B,tB+(1—t)A)dt (< f(A,B)),
where f : I x I — R is operator Schur convexr on the convex and symmetric set
I x I C R% This is a refinement of the inequality (1.8) from Introduction.

Consider the two variable weight W : [0, 1]2 — [0, 00) that is Lebesgue integrable
on [0,1]” and define

Frw (@9) = /0 /0 Py (1,6) (@, y) W (t, 5) dtds
1t
§A /0 [z + (1 —t)y,sz+ (1—s)y) W (t,s)dtds

I
o3 [ [ 10 2w s

If W is symmetric on [0, 1]% in the sense that W (¢,s) = W (s, t) for all (¢, s) € [0,1]?,
then

Pf,W(:c,y):/O /0 flz+ (1 —1t)y,sx+ (1—s)y) W (¢t s)dtds.
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In particular, if w : [0, 1] — [0,00) is Lebesgue integrable on [0, 1], then by taking
W (t,s) =w(t)w(s), (t s) €[0,1]* we can also consider the function

Pf,u,(x,y)z/o/of(ta:—l—(1—t)y,sm+(l—s)y)w(t)w(s)dtds

and the unweighted function

1o
Pf(x,y):/o/of(t:E+(lft)y,sz+(1fs)y)dtds.

In a similar way, we can consider

1 1
Qf,W(xay) _‘P}‘,‘/V(xay)f(x—’_yax—’_y>\/O A W(t,s)dtds,

2 2
1 2
Qo) = Pran o)~ 1 (5L ([Cwionar)
and
Qe =Py o) - 1 (L 25Y)).

Theorem 6. Assume that the function f : I x I — R is operator Schur convex
on I x I and W :[0,1]> — [0,00) is Lebesgue integrable on [0,1]°, then Prw and
Qy.w are operator Schur convex on I x I.

Proof. Let a € [0,1] and (A,B) € SA;(H) x SA; (H). Then, by the operator
Schur convexity of Py s for (¢,s) € [0, 1)%, we have

Prw (a(A,B)+ (1 —a)(B,A))

_ /O /0 Py (@ (A, B) + (1 — a) (B, A) W (¢, 5) dids
1 1

S/O /0 Py 1,5 (A, B)W (t, s) dtds = Py w (A, B),

which proves the operator Schur convexity of Py .
The operator Schur convexity of Q¢ w goes in a similar way. O

Corollary 5. Assume that f : I x I — R is operator convex on I X I and w :
[0,1] — [0,00) is Lebesgue integrable on [0,1], then Pr., and Qy., are operator
Schur convex on I x I. In particular, Py and Qs are operator Schur convexr on
I x1I.

4. SOME EXAMPLES

For a Lebesgue integrable function p : [0,1] — [0,00) and an operator Schur
convex function f : I? — R where I is an interval of real numbers, by changing the
variable

u=(1—t)z+ty, t€0,1] with (z,y) € I* and = # y
we can express the functions Sy, and My, on I? by

1
(4.1) Spp (@) = / Flte+ (1= 0y ty+ (1 —t)a)p(t) dt

1 Y _
- / f(u,a:+y—u)p<u x)du
Yy—= J; y—x
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and

(4.2) My (z,y) = /01 flz+ A=)y ty+(1—t)z)p(t)dt
_f<x;ry,‘”;y>/01p(t)dt
:yix/:f(uvm_ky—u)p(z:i)du

r+y rT+y !
— dt.
f( 5 )/Op(t)t

For (z,y) € I? with 2 = y we have

(4.3) Stp(z,2) = f(z,x) /lp (t)dt and My, (z,x) = 0.
0
In particular, if p = 1, then we also consider the functions
y%xfzyf(u,:z:—&—y—u)du for (z,y) € I? with = # v,
(44) Sf (.’L‘,y) =
f(z,z) for (z,y) € I? withz =y
and

g,—%fff(u,x—ky—u)du—f(%?%ﬂ)

(4.5) My (z,y) = { for (2.9) € 1% with z 2y,

0 for (z,y) € I? with z = y.
Proposition 1. Assume that f : I> — R is operator Schur convexr on I? and
p :[0,1] — [0,00) is Lebesgue integrable on [0,1], then Sy, and My, defined by

(4.1)-(4.3) are operator Schur convex on I*. In particular, the functions Sy and
My defined by (4.4) and (4.5) are operator Schur convex on I°.

If w: [0,1] — [0,00) is Lebesgue integrable on [0,1] and f : I? — R is convex on
I?%, then by changing the variables ty + (1 —t)x = v and sy + (1 — s) & = v and we
can also consider the function

1 Y Y _ _
(4.6) Pf,w(x,y)::(y_x)z/w/zf(u,v)w<zi)w(zi)dudv
if (x,y) € I? with z # y and

2

(4.7) Pty (z,2) := f (z,2) (/01 w (t) dt)

We also can consider

(4.8) Qfw (z,y) = (y_lx)Q/zy /:f(u,v)w (Z:i) w (Z:z) dudv

(55 ([ o)

if (z,y) € I? with x # y and
(4.9) Qfw(x,x) :=0.
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In particular, we have

ﬁ T2 L2 f (u,v) dudv if (z,y) € I? with  # y,
(L10)  Py(ay) =
f(z,2) if (z,y) € I? withx £y

and
oy 2 LY T (s v) dudo — f (552, 550)
(4.11) Qr (wy) = i (@y) € I* with o £y,

0if (x,y) € I? with z # y.

Proposition 2. Assume that f : I? — R is operator convex on I? and w : [0,1] —
[0,00) is Lebesgue integrable on [0,1], then Py, and Q. defined by (4.6)-(4.9)
are operator Schur convex on I?. In particular, the functions S¢ and My defined by
(4.10) and (4.11) are operator Schur convex on I2.

In the recent paper [11], we gave several examples of operator Schur convex and
concave functions as follows.
The two variables function
r+1 r+1

%7 (x,y) € (O’OO) x (0,00), T # Y,
(4.12) folwy) = T

", (z,y) € (0,00) x (0,00), = =1y.

is operator Schur convex on (0,00) x (0,00) if either 1 <7 <2 or —1 <7 <0 and
is operator Schur concave on (0,00) x (0,00) if 0 <7 < 1.
For r = —1, if we put

by (g ) € (0,00) x (0,50), @ # .

(4.13) for () =

1‘713 (x,y) € (03 OO) X (0,00), =Y,
then we conclude that F_; is operator Schur convezx on (0,00) x (0,00).
Since f (t) =1Int, ¢t € (0,00) is operator concave, then
ylnz—filnz - 17 (l‘,y) € (0700) X (0700)7 z 7&:%

(4.14) fin (2,9) =
h’lfl', (1',y) € (0,00) X (0700)7 =Y,

is fin is operator Schur concave on (0,00) X (0,00) .

If we replace the function f in the general examples above by f,., f—1 and fi,
we have more particular power and logarithmic examples of operator Schur convex
functions. The details are omitted.
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