REVERSES OF OPERATOR FEJER’S INEQUALITIES

SILVESTRU SEVER DRAGOMIR!+?

ABSTRACT. Let f be an operator convex function on I and A, B € SA; (H),
the convex set of selfadjoint operators with spectra in I. If A # B and f, as
an operator function, is Gateaux differentiable on

[A,B] = {(1—t)A+tB|te0,1]},

while p : [0,1] — [0, 00) is Lebesgue integrable and symmetric, namely p (1 — t)
=p(t) for all ¢ € [0,1], then

os/olp(?f((l—t)AHB)dt— ([ rwa)s(
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Two particular examples of interest are also given.
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2

(= 3|pO @) 195n (B - 2) - Via (B - )

)p(t> 4tV 35 (B — A) — Vfa (B — A).

1. INTRODUCTION

A real valued continuous function f on an interval [ is said to be operator convex
(operator concave) on I if

(L.1) fA=XNA+AB) < (2)(1=A) f(A)+Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if —f is operator convex.

A real valued continuous function f on an interval I is said to be operator
monotone if it is monotone with respect to the operator order, i.e., A < B with
Sp(A),Sp(B) C I imply f(A) < f(B).

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [7] and the references therein.

As examples of such functions, we note that f (¢t) = t" is operator monotone on
[0,00) if and only if 0 < r < 1. The function f (t) = t" is operator convex on (0, 00)
if either 1 < r <2 or —1 < r < 0 and is operator concave on (0,00) if 0 < r < 1.
The logarithmic function f(¢) = Int is operator monotone and operator concave
on (0,00). The entropy function f (t) = —¢Int is operator concave on (0,00). The
exponential function f (t) = e’ is neither operator convex nor operator monotone.
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In [5] we obtained among others the following Hermite-Hadamard type inequal-
ities for operator convex functions f: I — R

(1.2) f(A+B)</O F((1—8) At sB)ds < LA TSB)

2 2 ’
where A, B are selfadjoint operators with spectra included in I.
From the operator convexity of the function f we have

(1.3) f<A;B>§;U«1SVHSE+fGA+G$BN
IESIL)

for all s € [0,1] and A, B selfadjoint operators with spectra included in I.

If p:[0,1] — [0,00) is Lebesgue integrable and symmetric in the sense that
p(l—s)=p(s) for all s € [0,1], then by multiplying (1.3) with p(s), integrating
on [0,1] and taking into account that

/p(s)f((l—s)A—i—SB)ds:/p(s)f(sA—i—(l—S)B)ds7
0 0

we get the weighted version of (1.2) for A, B selfadjoint operators with spectra
included in T

wn ([ rew)r(25E) < [rereara-mas
g(%fpwww)f“”;f“”,

which are the operator version of the well known Féjer’s inequalities for scalar
convex functions.
For recent inequalities for operator convex functions see [1]-[6] and [8]-[17].
Motivated by the above results, we establish in this paper a reverse for each
inequality in (1.4) in the case when the operator convex function is Gateaux differ-
entiable as a function of selfadjoint operators. Two particular examples of interest
for f(z) = —Inz and f (z) = 2! are also given.

2. SOME PRELIMINARY FACTS

Let f be an operator convex function on I. For A, B € SA;(H), the class
of all selfadjoint operators with spectra in I, we consider the auxiliary function
¢a,p) :[0,1] — SA; (H) defined by

(2.1) Giam) ()= F (1= t) A+ D).
For z € H we can also consider the auxiliary function ¢4 py,, : [0,1] — R defined
by

(2.2) ea,B) (t) = <90(A,B) (t) z, $> =(f(1-t)A+tB)z,z).
We have the following basic fact:

Lemma 1. Let f be an operator convex function on I. For any A, B € SA; (H),
Pa,p) is well defined and convex in the operator order. For any (A, B) € SA; (H)
and x € H the function ¢4 p),, s convez in the usual sense on [0,1].
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Proof. If (A,B) € SA; (H) and t € [0, 1] the convex combination (1 —t) A+ tB is
a selfadjoint operator with the spectrum in I showing that S.A; (H) in the Banach
algebra B (H) of all bounded linear operators on H. By the continuous functional
calculus of selfadjoint operator we also conclude that f ((1 —t) A+ tB) is a selfad-
joint operator with spectrum in I.

Let A, B € SA; (H) and ty, t2 € [0,1]. If o, 8 > 0 with @ + 8 = 1, then

oa,p) (aty + Bta) == f((1 - aty — Bt2) A+ (aty + Bt2) B)
= f((a+B—ati — Bt2) A+ (at1 + Bt2) B)
=f(a[(l—t1) A+ tB]+B[(1 —t2) A+ t2B])
<af(l-t)A+tuB)+Bf((1—t2) A+t2B)
= ap(a,p) (t1) + Bp(a,p) (t2)
which proves the convexity ¢4 py in the operator order.

Ley A, Be SA;(H) and © € H. If t1, t2 € [0,1] and «, 8 > 0 with a + 8 = 1,
then

P(a,B)e (1 + Bt2) = <¢(A7B) (at1 + Bt2) 95733>
< ([aviam (1) + Bpas ()] =)

=« <‘P(A,B) (t1) 1”733> + B <80(A,B) (t2) 337$>
= apa,p) (t1) + 8P By (t2),

which proves the convexity of ¢4 gy, on [0,1]. O

)s@

A continuous function g : SA; (H) — B (H) is said to be Gdteauz differentiable
in A € SA; (H) along the direction B € B(H) if the following limit exists in the
strong topology of B (H)

0 Py (5) o iy S5 9 )
If the limit (2.3) exists for all B € B (H) , then we say that f is Gateaux differentiable
in A and we can write g € G (A). If this is true for any A in an open set S from
SA; (H) we write that g € G (S).

If g is a continuous function on I, by utilising the continuous functional calculus
the corresponding function of operators will be denoted in the same way.

For two distinct operators A, B € SA; (H) we consider the segment of selfadjoint
operators

eB(H).

[A,B] :={(1—-t)A+tB|te]0,1]}.
We observe that A, B € [A,B] and [A,B] C SA; (H).

Lemma 2. Let f be an operator convex function on I and A, B € SA; (H), with
A # B. If f € G([A, B]), then the auziliary function ¢4 gy is differentiable on
(0,1) and

(2.4) Pap) ) =Vianaps (B—A).

Also we have for the lateral derivative that

(2.5) ¢(a.p) (0+) =Vfa (B - A)
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and

(2.6) Pap) (1-) =V fp(B—A).

Proof. Let t € (0,1) and h # 0 small enough such that ¢t + h € (0,1). Then

o E+h) = v p @)

(2.7) .
_f(A—t—hWA+(t+h)B)—f(1—t)A+1B)
h
_f((A=HA+tB+h(B—A) - f(1—t)A+1B)
- .

Since f € G ([A, B]), hence by taking the limit over A — 0 in (2.7) we get

L Pas) (t+h) —@un @)

Plap) () = }Ll_m 3
_ f(A-t)A+tB+h(B—A))—f((1-t)A+tB)
o hlir%) h

= v.g(lft)AthB (B—A4),

which proves (2.8).
Also, we have

h) — 0
Plap) (0+) = Jlim Piap) ( )h ¢, (0)
F((1—=h)A+hB)— f(4)

since f is assumed to be Gateaux differentiable in A. This proves (2.5).
The equality (2.6) follows in a similar way. O

Lemma 3. Let f be an operator convex function on I and A, B € SA; (H), with
A#£B. If f € G([A, B]), then for 0 < t; <ty < 1 we have

(2.8) Vaa-t)a+uB (B —A) <Vgu_t)ate,5 (B —A)

in the operator order.
We also have

(2~9) Vfa (B - A) < Vg(l—tl)A-i-tlB (B - A)
and

(2.10) Vi(—ts)a+t.8 (B —A) <V fp(B—A).
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Proof. Let z € H. The auxiliary function ¢4 p),, is convex in the usual sense on
[0,1] and differentiable on (0, 1) and for ¢t € (0, 1)

oaB)e E+h) =0 p). @)

Pap). ) = }llli% 3
. <80(A,B) (t+h)—ap () >
= lim T, T
h—0 h
< Pa,p) t+h)— v p) () >
= lim T,x
h—0 h

= <V9(1—t)A+tB (B - A) z, $> .

Since for 0 < t; < to < 1 we have by the gadient inequality for scalar convex
functions that

SOI(A,B),:v (tl) < SOI(A,B),I (t2)
then we get
(2~11) <V9(17t1)A+tlB (B —A) 337$> < <Vg(17t2)A+tzB (B—A)z, 33>

for all x € H, which is equivalent to the inequality (2.8) in the operator order.
Let 0 < t; < 1. By the gadient inequality for scalar convex functions we also
have

‘P/(A,B),x (0+) < <p/(A,B),a: (t1),
which, as above implies that
(Via(B—=A)z,z) <(Vgu_iyayup (B—A)z,z)
for all z < H, that is equivalent to the operator inequality (2.9).
The inequality (2.10) follows in a similar way. [

Corollary 1. Let f be an operator convex function on I and A, B € SA;(H),
with A # B. If f € G([A, B]), then for all t € (0,1) we have

(2.12) Via(B—-A)< vf(lft)AthB (B—A)<Vfp(B-A).

3. REVERSE OPERATOR FEJER INEQUALITIES
We have:

Theorem 1. Let f be an operator convex function on I and A, B € SA;(H),
with A # B. If f € G([A,B]) and p : [0,1] — [0,00) is Lebesgue integrable and
symmetric, namely p (1 —t) = p (¢t) for allt € [0,1], then

(3.1) os/()lp(t)f((l—ﬂAHB)dt—(/Olf’(t)dt)f(A;B)
.

1 1
< Z
—2(/0 2

In particular, for p =1 we get

(3.2) Og/lf((l—t)A+tB)dt—f<

1

p(t)dt) Vi (B—A)—Vfa(B-A4)].

A+ B
2

< S [Vfs (B A) = Vfs (B~ A).
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Proof. Let A, B € SA; (H), with A # B. Using the integration by parts formula
for Bochner’s integral, we have

//(/ p(e)ds) gl ()

1 1

- </t1p(5) d8> ©(4,B) (t)} » + /1/2])(75)(,0(14}3) (1) dt
S (/ljzp(s) dS) Pa,p) (1/2) + /1j2p(t) Pap) (8)dt
</1;2p ) <A;B> +/1;2p(t) oam (1) dt

/0 ([ psras) el 01

(/ ) Pa.B) (t)} :/2 - /01/2p(t) oap (8 dt
1/2 "
( ) P(am (1/2) = /0 p(t) ¢a,p) (t) dt

- (/01/2p<s>ds> H(22) - [ r0sim

By subtracting the second identity from the first, we get

/1;2 (/tlp(S) ds> P(a,p) () dt — /01/2 (/Otp(s) ds> lap () dt

1 1/2
_ / P e O+ / D (t) poap () dt

- (/1j2p<s>ds>f(A;B) - (/01/2p(s>ds>f(A;B).

By the symmetry of p we obtain

/1;2p(5)d5:/01/2p(3)d82 ;/Olp(s)ds

and then we get the following identity of interest in itself

(3.3) /Olp(tW(A,B) (f)dt/ol (s)dsf (A+B)

-/ / (/ e ) a1t | . (/ p(s) ) ) ().

By Lemma 3 we have

! ! 1
Vfa(B—=A) < oiap) ) <oan <2> , 1€10,1/2]

and
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and
1

Fia (3) < ¥las 0 < VIn(B-4), e [1/21

in the operator order.
These imply that

(/OtP(S)ds> Via(B—A) < /Otp(s)ds) ‘p/(A,B) ()

and by integration

/1;2 </tlp(5) ds) dtSO/(A,B) (;) < /1/12 (/tlp(s) ds) (pzA’B) (t)dt
S/; </t1p(s)ds> dtV f5 (B — A)

If we add these inequalities, then we get

(3.4) [ /1; ([ peras)a— [ ([ peras)a
</ / ([ peras) a0 [ . ([ p)ds) el
< // (/tlms) i) v 1 (B - 4) - // (/Otms) is) arv 14 (B~ )

in the operator order.
Integrating by parts in the Lebesgue integral, we have
1

1 1 p(s)ds | dt = 1 p(s)ds |t + 1 tp (t)dt
1/2 \Jt t 1/2 1/2
=/1;2tp<t>dt—;/1;p<s>ds

:/J2 (t—;)p(t)dt

2

Sy
"
3.

=

=
7 N
—_
N———
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and
/01/2 (/Otp(s) d5> dt = (/Otp(s)ds> t];/Z — /01/2p(t)tdt
:;/01/2p(5)d5—/01/2p(t)tdt
= /01/2 <; _ t> p(t)dt.
Then

since the function ¢ (t) = (¢ — ) p(t) is asymmetric on [0,1].
Also by changing the variable s = 1 — ¢, we have

[ row [ (2o (o
:%/0 1

5 — ’p(s) ds.
Remark 1. If we take p (t) = |t — %! ,t€10,1] in (3.1), then we get

2
(3.5) og/o1 A+B>

2
g;qwa(B—A)—VfuB—A)}-

t—;'f((l—t)A—s—tB)dt—if(

We also have:

Theorem 2. Let f be an operator convex function on I and A, B € SA;(H),
with A # B. If f € G([A,B]) and p : [0,1] — [0,00) is Lebesgue integrable and
symmetric, namely p (1 —t) = p(t) for all t € [0,1], then

(3.6) og(/o p(t)dt)f(A);f(B)—/op(t)f((l—t)A+tB)dt

< 1/01 (;—‘t—;Dp(t)dt[VfB(B—A)—VfA(B—A)].
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In particular, for p =1 we get
1
(3.7) ng—/ F((L=t)A+tB)dt
2 0

gé[VfB(B—A)—VfA(B—A)]~

Proof. Using the integration by parts for Bochner’s integral, we have

/01 (/otp(s) ds = ;/Olp (s) ds) Pla,p) () dt

-(/ sy | () i) e 0] - | DO g (O

-(/ p(s)ds— ) / p0s) ) a0+ (3 | p0s) ) a5) O

1
~ [ 2o )
1 A B 1
= ([ pwa) TOZIE [0y 0 o

We also have

([ reras = [ p61a5) a1
-[ ( [reas— "o ds) P (0) dt
-/ v ( [reas- [ e ds) G (1) dt

S—

Observe that

t 1/2
/p(s)ds—/ p(s)ds >0 for ¢ € [1/2,1]
0 0

and

1/2 t
/ p(s)ds—/p(s)dsZOfort€[0,1/2].
0 0
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By Lemma 3 then have in the operatorial order the following inequalities

/. < [ras— "o ds> telnn (3)
< / / ( / b (s)ds - / mp(s)ds) Gl (£)dt

¢ 1/2
/ p(s)ds — / p(s) ds) dtV fg (B — A)
0 0

and

- ( [ reras— o0 ds) 6l (3)
< v ( / Y p(s)as - / p(s) ds) P ()t
< —/01/2 (/01/2p<s>ds— [ v ds> 0V fa (B~ A).

If we add these inequalities, then we get

(38) [ / / / p(s)ds - / e ds> it

/01/2 </01/2p(8) ds/otp(s) ds) dtVfa(B—A).
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Observe that

[ ([ o)
_/01/2 (/01/2p(3)d8—/0tp(8)d8> dt
L ([roaa-t [ o
[ [ (e}
_/01 (/Otp(s)ds> dt/ol/zp(S)dS
_ [ tp(s)ds di - lp(t)df

0 0 2 Jo

1

([rors) - frona- frm
:/Olp(t)dt—/olp(t)tdt—;/Olp(t)dtZ/Ol (;—t)p(t)dtZO

since the function ¢ (t) = (¢ — 1) p(t) is asymmetric on [0,1].
Therefore, by the first inequality in (3.8) we get the first inequality in (3.6).
We also have

// (/Otp<s>ds_/0”2p(s>ds> dt
_ [ tp(s)ds di - 1/229(8)618

Ju(frow)a-g ]
([ pyas)e] - 1tp(t)dtf% Y sy s

0 12 Ji2 0
:/Olp<s>ds—;/01/2p<s>ds—/1;tp<t>dt—;/01/2p<s>ds
=Alms)ds—Amp@)ds—/l;tp(t)dt

1 1 1
:/1/2p(s)ds—/1/2tp(t)dt:/1/2(1—t)p(t)dt
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/01/2 (/()1/2p(s)ds—/0tp(s)ds> dt

and

If we change the variable s = 1 — ¢, then

1/2 1/2 1
(3.9) /0 tp(t)dt:f/1 (1s)p(1s)d5/1/2(15)p(15)d5

- [ a-sap@as

Therefore

1 Y271 1 1/t /1 1

3, (z‘\t‘szW’%/l/z(2‘\“2\)“”“
1 Y2101 1/ /1 1

—EA <2—2+t)p(t)dt+2[/2<2—t+2>p(t)dt
1
2

1/2 1 /1 1/2
/O tp(t)dt+2/1/2(1—t)p(t)dt—/0 tp (t) dt (by 3.9)

and by the second inequality in (3.8) we get the second part of (3.6). O

Remark 2. If we take p(t) = |t — |, t €[0,1] in (5.6), then we get

fA+rB)
(3.10) e /0

t—;’f((l—t)A—i—tB)dt

S%[va(B_A)—VfA(B—A)L

Remark 3. It is well known that, if f is a C'-function defined on an open in-
terval, then the operator function f(X) is Fréchet differentiable and the derivative
Df(A)(B) equals the Gateaux derivative Vfa (B). So for operator convex func-
tions f that are of class C* on I and p : [0,1] — [0,00) a Lebesgue integrable and
symmetric weight on [0, 1] we have the inequalities

(3.11) 0< /Olp(t)f((l—t)A+tB)dt— (/Olp(t)dt) f <A+B>

2
1 1
< Z
< (/

- 3|p @) IDFB) (8- )~ D) (5 - )
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and

(3.12) og(/o p(t>dt)f(A>;f(B)—/op(t)f(u—zs)AHB)dt
<3 [ (G-|-3])ro@msm -0 -pra e -

forall A, Be SA; (H).

4. SOME EXAMPLES

We note that the function f(z) = —Inz is operator convex on (0,00). The In
function is operator Gateaux differentiable with the following explicit formula for
the derivative (cf. Pedersen [12, p. 155]):

(41) Ving (S) :/ (sl + 1)1 S (s1y +T) " ds
0
forT, S >0

If we write the inequalities (3.1) and (3.6) for —In and p : [0,1] — [0,00) is
Lebesgue integrable and symmetric we get

42 0< (/Olp(t)dt> In <A;B> —/Olp(t)ln((l—t)A—i—tB)dt

(]

_ /OOO (slg +B) " (B—A)(sly +B)™" ds}

- ;’p(t) dt) UOOO (sl + A)" (B = A) (s1y + A) " ds

and
(4.3) 0< /Olp(t)ln((l —t) A+tB)dt - </01p(t)dt> 1“’4#
= ;/01 (; B ‘t B ;D p(t)dt [/OOO (s + A) " (B — A) (sl + A) " ds
/OOO (sly +B) ' (B—A)(sly +B)™" ds}

for all A, B > 0.
The function f (z) = 27! is also operator convex on (0, 0), operator Gateaux
differentiable and

Vir(S)= —rlsrt
for T, S > 0.
If we write the inequalities (3.1) and (3.6) for this function, then we get

(4.4) og/olp(t)((l—tMHB)_ldt— (/Olp(t>dt) (A;B>_l

()

t— ;’p (t) dt> [A"'(B-A4)A™'-B " (B-A)B]
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and

(4.5) o<(/0 p(t)dt>‘4_1;B_1—/0 p() (1—t) A+tB) ' dt

01 ( ) ‘t B D p()dt[A7 (B-A)A™ — B~ (B~ A)B7]

for all A, B > 0.
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