REFINEMENTS AND REVERSES OF FEJER’S INEQUALITIES
FOR CONVEX FUNCTIONS ON LINEAR SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let f be an convex function on the convex set C in a linear space
and z, y € C, with z # y. If p : [0,1] — [0,00) is Lebesgue integrable and
symmetric, namely p (1 —t) = p(t) for all ¢ € [0, 1], then

0< % [V+f% Y=2) =V Saty (yfx)} /o1

< [Mr@-nermp@a- g (25) [poa

tfépnnﬁ

< - -0 -Vt -ol ([ - 3|p0 )
and
0< 3 V+f%(yfx)fvff#(y7w)} /01 (%f’tf%‘)p(t)dt

[@)+ @) [ :
<O [Powa- [ r-narmp@a

< V-0 -Vas -l [ (3- |- 3)poa

where V4 f. (+) are the Gdteauz lateral derivatives.
Some applications for norms and semi-inner products are also provided.

1. INTRODUCTION

Let X be areal linear space, x,y € X, x # yandlet [x,y] := {(1 = Nz + Ay, A € [0,1]}
be the segment generated by = and y. We consider the function f : [z,y] — R and
the attached function ¢, v : [0,1] = R, ¢, ) (t) :== f[(1 —t)z +ty], ¢t € [0, 1].
It is well known that f is convex on [z,y] iff ¢ (z,y) is convex on [0, 1], and the
following lateral derivatives exist and satisfy
(i> (p;:(z,y) (S) = v:ﬁ:f(lfs)a,%sy (y - 33)7 s € [0’ 1)7
(ii) <P/+(x,y) 0)=Vifoly—2),
(iii) SOL(z,y) (L =V_fy(y—a),
where Vi f, (y) are the Gdteaur lateral derivatives, we recall that

fz+hy) = f(x)

Vifaly) @ = lim Y ,
Vo fely) @ = lim f(m+k‘l,/€) —J@)  yex
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The following inequality is the well-known Hermite-Hadamard integral inequality
for convex functions defined on a segment [z,y] C X :

(HH) f(x‘f‘y) /f 1—t)x+ty]dt<w7

which easily follows by the classical Hermite-Hadamard inequality for the convex
function ¢ (z,y) : [0,1] = R

P(ay) <2> S/O Play) () dl < 5 :

For other related results see the monograph on line [6]. For some recent results in
linear spaces see [1], [2] and [8]-[11].

We have the following result [4] related to the first Hermite-Hadamard inequality
n (HH):

Theorem 1. Let X be a linear space, x, y € X, x #y and [ : [xr,y) C X - R
be a convex function on the segment [x,y]. Then for any s € (0,1) one has the
inequality

(11) % [(1 - 5)2 v+f(1—s)ar;—‘,-‘s:y (y - 33) - 52V—f(1—s)x+sy (y - :E)}
1
g/ Fll =tz +tyldt— f[(1—s)x+ sy]
0
<[9PV ) - PVl - 0)].

The constant % is sharp in both inequalities. The second inequality also holds for
s=0o0rs=1.

If f : [x,y] — Ris as in Theorem 1 and Gateaux differentiable in ¢ := (1 — A) z+
Ay, A € (0,1) along the direction y — z, then we have the inequality:

1 1
(1.2) (2—)\>Vfc(y—x)</f[(l—t)x+ty]dt—f(c).
0
If f is as in Theorem 1, then
(13) < ViS4 2) YV fens (v - 2)]
1

IN

IN
oo\»—*o\ oo\

V_fyly—2) = Vifaly—2)].

The constant % is sharp in both inequalities.
Also we have the following result [5] related to the second Hermite-Hadamard

inequality in (HH):

Theorem 2. Let X be a linear space, x, y € X, x #y and [ : [z,y) C X - R
be a convex function on the segment [x,y]. Then for any s € (0,1) one has the
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inequality

(14) [(1 - 8)2 v+f(lfs)a:+sy ( - J,‘) - 32V—f 1—s)z+sy (Z/ - .’13)}

N | =

IN

(1-5)f (@) +sf (y /f (1—t)a + ty) de

IN

0=V f -0 -2V -]

The constant % is sharp in both inequalities. The second inequality also holds for
s=0o0rs=1.

If f: [z,y] — Ris as in Theorem 2 and Gateaux differentiable in ¢ := (1 — X\) z+
Ay, A € (0,1) along the direction y — z, then we have the inequality:

(15) 1—A)Vfc<y—x><<1—A>f<>+Af /f (1 t)e +ty] dt.

If f is as in Theorem 2, then

(1.6) 0< 1 [V+fm( ~2) Y fea (v - 2)]
< f / fIA=t)z+tyldt

<SSy (y—2) = Vifaly o).

The constant % is sharp in both inequalities.
By the convexity of f we have for all ¢ € [0, 1] that

f(x+y) - flA=t)z+ty]+ (1 —1t)y +ta]

_S@ )

2 2 2

If we multiply this inequality by p : [0, 1] — [0, c0), a Lebesgue integrable function
on [0,1], and integrate on [0, 1] over ¢ € [0,1], then we get

(17) f(x;y> /Olp(t)dt

fo [(1—t)az+tylp(t)dt+ [y FI(1—t)y +tz]p(t)dt

2
f@)+f) [
< /0 p(t)dt.

2
By changing the variable s = 1 — ¢, then we get

/f (I—-t)y+tz]p(t)dt = /fsy+ (1—9)z]p(l—s)dt

and by (1.7) we obtain

(19 (52 [ rwas [ ria-osrulpwa
AW [

where p(t) := 2 [p(t) + p(1 —t)], t € [0,1].
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If p is symmetric on [0,1], namely p(t) = p(1—t) for ¢t € [0,1], then (1.8)
becomes the Féjer’s inequality

w (5 [ewa < [ ria-ooruls
SISy

Motivated by the above results, we establish in this paper some refinements and
reverses of Féjer’s inequalities (1.9). Some applications for norms and semi-inner
products are also provided.

2. REFINEMENTS AND REVERSE FEJER INEQUALITIES

‘We have:

Theorem 3. Let f be an convex function on C and x, y € C with x # y. If
p :[0,1] — [0,00) is Lebesgue integrable and symmetric, namely p (1 —t) = p(t)
for allt € ]0,1], then

(2.1) os%[mf%y (y =) = Vo feop (v — )| / t—;\pu)dt
sAlf<<1—t>x+ty>p<t>dt—f<x‘2”’)/Olpos)dt
<500 -Varw—a) ([ -3 pr).

Proof. Let z, y € C, with = # y. Since ¢, ) is differentiable everywhere on [0, 1]
except a countable number of points, by using the integration by parts formula for
Lebesgue integral, we have

[ ([ o) iy 0
— (/tlp(S) ds) Pla,y) (t)} ;2+/1;2p(t) Pl (1) dt

! 1
=— (/1/210(3) ds) Play) (1/2) + /1/2]9 (t) @y (£) dE

- (/I:Qp(s)ds> f <x;y> +/1:2p(t) Pa.y) () di
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Al/2 (Atp(s) ds) Dl (D) dt
- </Otp(8)ds) Pla,y) (t)]:/2 ) /01/2p(t) Play (1) di

1/2 1/2
= (/0 P(S)d3> Play) (1/2) = /0 P(t) Pay) () dt

) </01/2p(8)d8> / <x;y> - /01/219(15) () (1) dt.

By subtracting the second identity from the first, we get

/1; (/tlp(s) ds) Play) ) dt — /01/2 (/Otp(s) ds> Pl (B dt

1 1/2
- / D(t) 9oy (D) dE + / D (1) Pay) (1) dt

/2 0

(el 2)- ([ ()

By the symmetry of p we get

/1;2p(5)d5:/01/2p($)d82 ;/Olp(s)ds

and then we get the following identity of interest in itself

(2.2) /Olp(t)go(zyy) (t)dt/olp(S)dsf (z;y)

-/ / ([ peras) ey e~ [ v ([ prds) ity 1

By the convexity of ¢,y on [0, 1] we have

and

1
Vife (¥ —2) = ¢4y (0) <@y () <0l (2> =V _fon (y— ),

for almost every ¢ € [0,1/2] and

1
Vifep (y—a)= Pt (2m) (2> < Play) () S @(ayy (1) =V_fy (y —2),

for almost every ¢ € [1/2,1].
This implies that

</0tp(8) ds) Vifoly—z) < (/Otp(s)ds> Pl ()

< ( p(s)ds) Vo ferw (y—2),

S~
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for almost every t € [0,1/2] and

(/tlp(s) d8> Vifep (y—2) < (/tlp(s) ds) Cla) (D)

1
<([reas)vs-a.
for almost every ¢ € [1/2,1].

By integrating these two inequalities on the corresponding intervals, we obtain

/1:2 (/tlp(s) d8> AtV fory (y —2) < /;2 (/tlp(s)ds) Pl () dt
= /1/12 ( / 1p<s>ds) dtV_f, (y — z)

and

_ /01/2 </Otp(s) ds> AtV fasu (y — )

1/2 t
([ r0as) e @
0 0
If we add these inequalities, then we get

_/01/2 (/Otp(s) d8> AtV fo (y — ).
(2.3)

// (/tlp@ ) e o (3= 2) - // (/Otms) i) dt9 g (0 2)
</ / ([ r@a) et~ [ ([ pa5) ey
< // (/tlms)ds) av_J, <y—x>—/01/2 (/Otms)ds) 0V fo (g — )

for all z, y € C, with = # y.
Further, integrating by parts in the Lebesgue integral, we have

/1;2 (/tlp(s)ds> dt = (/tlp(s)d8> t]i/z-#/l:ztp(t)dt

IN

IN

and
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‘We have

t—;’p(t)dt:/l; (t—;)p(t)dt+/ol/2 (;—t)p(t)dt.

Since p is symmetric on [0, 1], hence by changing the variable s = 1 — ¢, we have

/01/2 (;_t)p(t)dt:/lj2 <S—;>p(1—s)d5
—/1;2 <s—;)P($)d$—/1;2 (“;)P(t)dh

which shows that

1 t—% p(t)dt = v %—t p(t)dt:% 1
1/2 0 0

By utilising (2.3) we then obtain (2.1). |

Remark 1. If we put p =1 in (2.1), then we recapture the earlier result (1.3). If
we take p (t) = |t — 3|, t € [0,1] then we get

(2.4) 0< i [VJrfL;y (y—2) =V _fory (y—w)}
1 1 1. (z+y
/Of<<1—t>x+ty>\t—2]dt—4f( : )

gi[v_fy(y—x)—VJrfz(y—m)y

IN

We also have:

Theorem 4. Let f be an convex function on C' and z, y € C, with v # y. If
p: [0,1] — [0,00) is Lebesgue integrable and symmetric, namely p(1 —1t) = p(¢)
for allt € 10,1], then

(25)  0< L [Vifop 4—2) = V- fop (v )] / (3- \t ;Dp(t)dt
f

IN

1 1
i/ p(t)dtf/ P =)+ ty) p(e) de
0 0

IN

SV -0) Vet [ (5-]i-3
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Proof. Using the integration by parts for Lebesgue’s integral, we have

/01 (/otp (s~ /Olp(s) d8> Play) (1) dt

1

= (/Otp(s) ds — ;/Olp(s) ds) Play) (t)]o - /Olp(t) Play) (t) dt
_ (/Olp(s) ds — ;/Olp(s) ds) Py (1) + (; /Olp(s) ds) oy (0)

- [ 2@y 0

- (/Olp(t) dt) M _ /Olp(t) Pl (1) dt.

We also have

Observe that
¢ 1/2
/p(s)ds—/ p(s)ds >0 for ¢ e [1/2,1]
0 0
and
1/2 t
/ p(s)ds—/p(s)dsEOfort€[0,1/2].
0 0

By the convexity of ¢, ,y on the interval [0, 1], we deduce

/1:2 (/Otp(S)ds_/Ol/Qp(s)ds> AtV fesu (y - 2)



and
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_/01/2 </01/2p(3)d$—/(;tp(8)d3> dtV_fess (y - 7)
/01/2 </01/2p(5)ds— /Otp(s) ds) @f(w,y) (t) dt
/01/2 (/01/2p(8)d5_/0tp(8)d8> AtV fu (y — )

< —

<

If we add these inequalities, then we get

(2.6)

Since

/;2 </25 ()d5/01/2p() >dtV+f y (y— )
_/01/2 </01/2p()d5—/0t ()ds)dtv fosw (y — )
(/Otp()ds /1/2 ds)gp( ) (D) dt

0

(/otp@) dS) t] 1/2 /1;2 wt)d— Ol/zp(s) ds
/Olp(s)ds—;/01/2p(8)d8—/1j2tp(t)dt—; 1/2p(5)d8
Alp(s)ds_Al/Qp(S)dS—/l;tp(t)dt

1 1 1
/1/2p(s)ds—/1/2tp(t)dt:/1/2(1—t)p(t)dt
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/01/2 (/01/2p(s)ds—/0tp(s)ds> dt
/01/21)(5)615/01/2 (/Otp(s)ds) dt

1/2

1
5
:;/01/2p<s>ds— ((/Otms)ds)th —/Ol/gtpu)dt)

1 172 1 (172 1/2 1/2
25/ p(s)ds—i/ p(s)ds+/ tp(t)dt:/ tp (t) dt.
0 0 0 0

If we change the variable s = 1 — ¢, then

1/2 1/2 1
2.7) /O tp(t)dt:—/l (1—s)p(1—s)ds:/1/2(1—s>p(1—s)ds

=/1/2<1—s>p<s>ds.

Therefore

1 12 /1 1 Iaaal 1

T I VR
1 2 /71 1 1 /71 1

_5/0 (2—2+t)p(t)dt+2/1/2<2—t+2)p(t)dt
1
2

1/2 1 ! 1/2
/0 tp (t) dt + 5 /1/2 1-t)p(t)dt = /0 tp (t)dt (by 2.7)

and by (2.6) we get the desired result (2.5). O

Remark 2. If we put p =1 in (2.5), then we recapture the earlier result (1.6). If
we take p(t) = [t — |, t €[0,1] in (2.5), then we get

(2.8) 0< % [WfLy (—2) =V _fary (y—fﬂ)}
T 1
A );rf(y) —/0 f((l—t)x—kty)‘t—;‘dt
1

5 V_fy(y—2) = Vifely—2)].

3. EXAMPLES FOR NORMS

Now, assume that (X, ||-||) is a normed linear space. The function f; (s) = 3 [E/
x € X is convex and thus the following limits exist

: - — i lttzlP—lyl®.
(1V) <x,y>s i V+f0,y (:L’) _tl—lgl-i- Y 2 Y )

(v) (2,9}, = V_fo, (@) = lim lrkerp=lul,

S
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for any =, y € X. They are called the lower and upper semi-inner products
associated to the norm ||-||.

For the sake of completeness we list here some of the main properties of these
mappings that will be used in the sequel (see for example [2] or [7]), assuming that
p, q € {s,i} and p # ¢:

(a) (z, ), = ||z||? for all z € X;
(aa) (az, ﬂy) = af (z, y) ifa, 8>0and z, y € X;

wy\<wwMWwﬁxyeX

‘<a$+y, z), =a(z,z),+(y,z),ifz,y € X and a € R;
V) (—2,9), = (m,y)qforallx,yeX;
(va) (z s 2)p <zl |zl + (y, 2), for all z, y, 2z € X;
(vaa) The mapping (-,-), is continuous and subadditive (superadditive) in the
first variable for p = s (or p = i);
(vaaa) The normed linear space (X, ||-]|) is smooth at the point zg € X\ {0} if and
only if (y,z0), = (y, xo), for all y € X in general (y,x), < (y,z), for all z,
y € X;
(ax) If the norm |-|| is induced by an inner product (-,-), then (y,z), = (y,z) =
(y,z), for all z, y € X.

The function f.(z) = ||z||" (z € X and 1 < r < o0) is also convex. Therefore,
the following limits, which are related to the superior (inferior) semi-inner products,

(aaa

)
)
)
(av)
)
)
)

Ayt =yl
Vafry (@)= lim t
_ N R [ 1 2
=yl Jim S =yl (2 )

exist for all x, y € X whenever r > 2; otherwise, they exist for any x € X and
nonzero y € X. In particular, if r = 1, then the following limits

ly + tzl| = [yl (=)

\Y% = i =
sho ()= g, T v

exist for z, y € X and y # 0.
If we write the inequalities (2.1) for the function f.(z) = ||z||"” (z € X and
1 <71 < o0), then we get

r—2
1 lz+y z+y z+y
. <= -z, —= ) — —
(3.1) 0727‘ 2 Ky - 2 >s <y o 2 >z:|
! 1
></ t—'p(t)dt
0 2

T+y
2

T/Olp(t)dt

1 r—2 r—2
< 5 Il 2y =290, = llel % (y — 2,),

/
X
0

t— - ' p (t) dtu
for any p : [0,1] — [0, 00) a Lebesgue integrable and symmetric function.

sﬁna—wx+wwmwﬁ—

2
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If r > 2, then the inequality (3.1) holds for any x, y € X. If r € [1,2), then the
inequality (3.1) holds for any z, y € X with z, y, x + y # 0.
If we take r = 2, then we get the simpler inequality

e
1 2 1
s1;M1—wx+wwp@nu— [ e
< [<y—x,y>s—<y—x»x>i]/01 t—;‘p(t)dt,

for any z, y € X.
If we write the inequalities (2.5) for the function f.(z) = ||z||" (z € X and
1 <7 < o), then for any p : [0,1] — [0,00) a Lebesgue integrable and symmetric

function we get
1r T_Q _xa:—i—y — —x$+y
5 yoo ) Avmn )
1
1 1
X/O <2—‘t—2’>p(t)dt
x r4_ y T 1 1 -
MWL [y [0 -oa+wl v
0 0

1 r—2 r—2
< 5[l w=2y), el (- 2,2,

1

1 1

S lt=2|)p@)dt.
S Goleal)ee
If » > 2, then the inequality (3.3) holds for any =, y € X. If r € [1,2), then the
inequality (3.3) holds for any z, y € X with z, y, z +y # 0.

If (H;(-,-)) is a real inner product space and p : [0,1] — [0,00) a Lebesgue

integrable and symmetric function on [0,1], then for (3.1) we have

Tty

(3.3) 0<

1

Tty [ pi)ar

(3.4) 0</ (1 =ty +ty|"p (t) dt — || =

<3 (vl 2y =) [ k—\

while from (3.3) we get

el + ol [ 1 )
(3.5) os——f——épmﬁ—ﬁna—wmwwpmﬁ

1 . — 71
<gr(v-alul ™y =lel ) [ (5 -

In particular, for » = 2, we derive the simpler inequalities

z+y|*
2

1

(3.6) 0 g/o L=tz + > p(©) dt—‘ p(t)dt

0

! 1
<y - gpra
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while from (3.3) we get

2 2
0 < 1zl”+ gl
- 2

(3.7) / p (1) dt — / 10— t)z + ty]2p (t) dt

< |yx||2/01 (;'t;Dp@)dt

for all z, y € H.

4. EXAMPLES FOR FUNCTIONS OF SEVERAL VARIABLES

Now, let Q C R™ be an open convex set in R”. If F': ) — R is a differentiable
convex function on €, then, obviously, for any ¢ € {2 we have
L OF@) \
VF (§) = 5 Yo §= (W1 yn) €RY,

=1

where % are the partial derivatives of F' with respect to the variable x; (i =

1,...,n).
Using the inequalities (2.1), we get for all @, b € Q and p : [0,1] — [0,00) a
Lebesgue integrable and symmetric function on [0, 1] that

(4.1) Og/OlF((l—t)cH—tb)p(t)dt—F(C_H_b)/Olp(t)dt

2
1 1
< —
</

- (b) OF(a)
) Z ( ox; ox; ) (b: = ai)
and by (2.5) we obtain

=1
F(“);F(b)/o p(t)dt—/o F((1—t)a+tb)p(t)dt

g;/;(; ‘t—D dZ(a; agx(ia)>(bi—ai).

For p = 1 we recapture the results obtained in [4] and [5] while for p (t) = [t — 3,
t €10,1] we get

(4.3) 0</01F((1—t)d+t5)‘t_;’dt_iF(a—i—b)

2
1 & (b) ~ 9F (a)
Z g ( ox; ox; ) (bi — ai)

t— —

oo

42)  0<

and
(4.4) ogF@;F(b)_A F((1—t)a+tb)’t—;‘dt
1 < [OF (b) OF(a)

for all @, b € Q.
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