SOME INEQUALITIES FOR WEIGHTED AND INTEGRAL
MEANS OF CONVEX FUNCTIONS ON LINEAR SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let f be a convex function on a convex subset C' of a linear space
and z, y € C, with z # y. If p : [0,1] — R is a Lebesgue integrable and
symmetric function, namely p (1 —¢) = p (¢) for all ¢ € [0, 1] and such that the
condition

T 1
0< / p(s)ds < / p(s)ds for all 7 € [0, 1]
0 0

holds, then we have

1 1
W/o p(T)f((lfT)erTy)de/O F((=7)a+ry)dr

1 T
< m/o (/0 p(s)ds) (1= ) dr [V fy (y—2) — Vi o (y — )
0 T T

< SISy (y—2) = Vi fa (- 2)].

Some applications for norms and semi-inner products are also provided.

1. INTRODUCTION

Let X be areal linear space, x,y € X,z # yandlet [z,y] := {(1 — Nz + Ay, A € [0,1]}
be the segment generated by = and y. We consider the function f : [z,y] — R and
the attached function ¢, v : [0,1] = R, ¢,y (1) :== f[(1 —t)z +ty], ¢t € [0, 1].
It is well known that f is convex on [z,y] iff ¢ (x,y) is convex on [0, 1], and the
following lateral derivatives exist and satisfy
() Pigny) (5) = VS syaroy (5 — 2), 5 € [0,1),
(ii) ‘Pﬁr(z}y) 0)=Vifely—2),
(i) ¢ (1) = V- fy (y— ).
where Vi f, (y) are the Gateaux lateral derivatives, we recall that

Vife(y) + = lim flaz+hy) — f(z)

h—0+ h ’
. T+ ky)— f(z
V_fa(y) =k1ggff( Z) I )7 r, y€X.

The following inequality is the well-known Hermite-Hadamard integral inequality
for convex functions defined on a segment [z,y] C X :

(HH) f(m;y)ﬁ/of[(l—t)x—s—ty]dtgf(x);rf(y)7
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which easily follows by the classical Hermite-Hadamard inequality for the convex
function ¢ (z,y) : [0,1] = R

Pay) <2> S/O Py (£) db < > :

For other related results see the monograph on line [8]. For some recent results in
linear spaces see [1], [2] and [9]-[12].

In the recent paper we established the following refinements and reverses of
Féjer’s inequality for functions defined on linear spaces:

Theorem 1. Let f be an convexr function on C and x, y € C with x # y. If
p : [0,1] — [0,00) is Lebesgue integrable and symmetric, namely p(1 —t) = p(t)
for allt €10,1], then

(1.1) 0<;[V+fz;y(y—x)—vfz;y(y_x)]/ol
</Olf((l—t)x+ty)p(t>dt—f(x;ry>/Olp(t)dt

< - =0) - Ver - ([ i~ §|p0 )

and

(12) OS;[fo;y(y—x)—Vfm;y(y—w)]/ol(;—‘t—;Dp(t)dt
gW/01p<t>dt—/01f<<1—t):c+ty>p<t>dt
<3y -Vehw-o) [ (5|3} e

(
If we take p =1 in (1.1), then we get

(1.3 05 5 [Vafems h=2) = V- fusa (v - 0)]
/0 f[(1—t)x+ty]dt—f<x;w>

S SACEOEL AR

that was firstly obtained in [4], while from (1.2) we recapture the result obtained
in [5]

IN

IN

(1.4 05 5 [ViSeps (4= 2) = V- fepu (y— )
< f(m);rf(y)_/o FlA—t)z+ty]dt
<V Sy ly—0) - Vele -2,

Motivated by the above results, we establish in this paper some upper and lower
bounds for the difference

/Op(T)f((l—T)erTy)dT—/O pde/O F((1=7)a+ry)dr
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where f is a convex function on C and z, y € C, with x # y while p: [0,1] —» R is
a Lebesgue integrable function such that

T 1
Og/ p(s)ds g/ p(s)ds for all 7 € [0,1].
0 0
Some applications for norms and semi-inner products are also provided.

2. MAIN RESULTS

We start to the following identity that is of interest in itself as well:

Lemma 1. Let f be a convezr function on C and z, y € C, with x # y. If g :
[0,1] — C is a Lebesgue integrable function, then we have the equality

(2.1) / (1) oy (7) / () dr / oy () dr

-/ 1 (/ () ) 7y (1)l
[ ([ o) =16ty rar

Proof. Integrating by parts in the Lebesgue integral, we have

T 1
| e @des [ (=1, @
0 T
T 1
= T(p(x,y) (T) - /0 (lp(w,y) (t) dt — (T - 1) w(m,y) (T) - / (p(ﬁ,y) (t) dt

T

1

that holds for all 7 € [0,1].
If we multiply this identity by g (7) and integrate over 7 in [0,1], then we get

1 1 1
(2.2) / 9(r) 9oy (1) dr — / g(r)dr / oy (B)dE

0

_ /0 e ( /0 "ol () dt) dr + /0 ) ( / Yo o () dt) dr.

Using integration by parts, we get

(2.3) /01 g(7) (/OT ) (1) dt) dr
_ /01 (/Othp’(m’y) (t)dt) d (/OTg(s)ds)
= ([ aas) ([ tetum 0at) 1
[ ([ oas) reluy (1

0
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which proves the identity in (2.1). O

Theorem 2. Let f be an operator convex function on C and x, y € C, with x # y.
If p:[0,1] — R is a Lebesgue integrable function such that

(2.5) 0</07p(s)ds</O p(s)ds for all T € [0,1],

then we have the inequalities
1 1
(2.6) / / p(s) ds) TdTV i fo (y — )
0 T

/01 (/OTp(s)ds> (1—7)drV_f, (y — )

1 1 1
/Opmf((lfr)xwy)dr—/o p(r)dT/O F((1 =7zt 7y)dr

g/ol /Tlp<s>ds)rd7m<y—w>

_/Ol </0Tp(s)ds> (1=7)drVfaly— )

IN
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or, equivalently,
1 T
(2.7) / (1-7) (/ pPA-=5)V_fy(y—2x)—p(s) Vifal(y—x)] ds) dr
0 0
1 1 1
— dr — d — d
< [rers=nermar= [ p@ar [ fa-nermar
1 T
< [a-n ([ Ba-99s-0-p© -5 0-alds) or
Proof. We have for ¢, ,y and p : [0,1] — R a Lebesgue integrable function that

28) [ 2@ ewn @i [ porar oy @i

= [([ v) sty (10
[ ([ r@as) a-nete, @rar

By the gradient inequalities for ¢, ,y we have

(2.9) TV _fy(y =) > 791, ) (T) 2 TV fo (y — 2)
and
(2.10) A=7)V_fyly—2) 2 (1= 7)Pa) (1) 2 (1 =T) Vi fu (y — 2)
for all 7 € (0,1).
From

/OTP(S)dSS/0110(69)0[8:/OTp(s)ds-i-/Tlp(s)ds7

we get that f:p(s) ds >0 for all 7 € (0,1).
From (2.9) we derive that

> (/T1p<s>ds) Vot (y )

and from (2.10) that

_</07p(3)d8) (1-7)Vifs(y—2) S—(
(

" (s) ds) A=)y (7)

T

IN

o— —

p(s) ds) -7V fy ()

all 7 € (0,1).
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If we integrate these inequalities over 7 € [0, 1] and add the obtained results,
then we get

/01 (/Tlp( )dS)TdTV fy(y—2)— /1 (/T ()ds> (1—7)drVfs (y — )
>/01</71p( >W< w (T)dr 0( )1 T) Qo (7)dr
> [ ([ erae)rareessvs = [ [[terae) 0 1ir9 st

By using the equality (2.1) we obtain

(211) /1(/1p<> )7V ga(y =)
/01< )1 T)drV_f, (y — )

1 1
@ar= [ p@dr [ gy )i
ds> TdrV_f, (y — x)

(I—7)drVifs(

namely (2.6).
If we change the variable y =1 — 7, then we have

/01 </Tlp(s)ds) TdT:/Ol (/llyp(s)ds> (1—1y)dy.

Also by the change of variable u =1 — s, we get

1 Y
/ p(s)ds:/ p (1 —u)du,
1—y 0
which implies that

/o1 </Tlp(5)d5) TdT/Ol (/OTp(ls)ds> (1—7)dr.

Therefore
/o1 </Tl p(s) d8> TdrV_fy (y — ) - /01 (/oTp (@ ds> SRR
:/01 (/OTp(l—s)dS> (L =) drV_f, (y— )
_/01 /OTp(s)dS> (1 =7)drVyfo(y — )

) ([ 09T f ) 00Vl ) ds) ar

I
O\H
—
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/01 </Tlp )TdTV-‘rf-E( —33)—/01 (/OTp(S)ds> (1—7)drV_f, (y —2)

/( p=9)ds) (1= 1) drV.fo =)
AR

- ([ -9V -0 - 96 Vg - s ) o

No\

ps )1—r>dTny< 2)

0
and by (2.11) we get (2.7). O
We say that the function p : [0,1] — R is symmetric on [0, 1] if
p(l—t)=p(t) forallt € 0,1].

Corollary 1. Let f be a convex function on C and x, y € C, with x # y. If p :
[0,1] = R is a Lebesgue integrable and symmetric function such that the condition
(2.5) holds, then we have

(2.12) /p(T)f((l—T)x+Ty)dT—/0 f(A=—naz+7y)dr

Jo p(r)dr Jo

1 T
sfp(l)d/ (/ p(s)ds) (=) dr [V fy (g — )~ Vo fo (y — )
<V fyy—2) = Ve ly ).

Proof. Since p is symmetric, then p (1 — s) = p(s) for all s € [0,1] and by (2.7) we
get

[ ([ reras) a-narvestv-0-v-sy -

</01p<7>so<x,y> (T>d7—/01p<7>d7/01so<zy)< )dr
<Vl (y—2) - Vil <yx>1/01 (/()Tp<s>ds) (1—r)dr,

which is equivalent to the first 1nequality in (2.12).
Since 0 < [ p(s)ds < fo 7) d7, hence

[ ([rosfomire f o ncne-

and the last part of (2.12) is proved. O

Remark 1. If the function p is nonnegative and symmetric then the inequality
(2.12) holds true.
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If we consider the weight p : [0,1] — [0,00), p(s) = |s — 3|, then

— |
I
)

N—
A e = & e
—

IT
n
]

/N
0

— |

N———

IT

and

Ther

fol |7 — 3| dr =%, hence
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Utilising (2.12) for symmetric weight p : [0,1] — [0,00), p(s) = |s — 5|, we get

(2.13) ‘4/1

< SV Sy - 0) = Vede (y—2)

where f is a convex function on C and z, y € C, with x # y.
Consider now the symmetric function p(s) = (1 —s) s, € [0,1]. Then

T T 1
/Op(s)ds:/a (175)sd527672(27'73),76[0,1]

Tl'f((lT)$+Ty)dT/0 f(A=7n)ax+7y)dr

and
Also

/Olp(T)dT:/OI(l—TVdT:é
and

folp(lT)dT/o1 (/OTP(S)CZS> (1-rdr=2

and by (2.12) we obtain

(2.14) ‘6/0 (1—7’)7f((1—r)x+7'y)d7—/0 f(A=71)x+7y)dr

< o V- fy = 2) - Vi Ly — ),

where f is a convex function on C and z, y € C, with x # y.

3. EXAMPLES FOR NORMS

Now, assume that (X, ||-||) is a normed linear space. The function f; (s) = 3 =7,
x € X is convex and thus the following limits exist

z||2— 2
(IV) <.’I},y>s = V+f0’y( ) = hm w’
sz||?— 2
(V) <l’, y>7, = v_f07y ([E) = 5141}(1)17 M,

S

for any z, y € X. They are called the lower and upper semi-inner products
associated to the norm |||
For the sake of completeness we list here some of the main properties of these
mappings that will be used in the sequel (see for example [2] or [6]), assuming that
p, q € {s,i} and p # ¢
(a) (z,2), = |lz|* for all z € X;
(aa ozx,ﬁy) =af(z,y), fa, 3>0and z, y € X;

(aaa
(av p+(,>p1fx,y€XandaeR;
(v )p 7<w,y>qforallx,y€X;

)
)
) J(ey
)(cwc—i—y7 > = a(z,)
) (—z
)

(va w+y,> Izl 2]l + (y, 2),, for all z, y, z € X;
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(vaa) The mapping (-,-), is continuous and subadditive (superadditive) in the
first variable for p = s (or p = i);
(vaaa) The normed linear space (X, ||-]|) is smooth at the point zg € X\ {0} if and
only if (y, o), = (y,xo), for all y € X in general (y,x), < (y,z), for all z,
y € X;
(ax) If the norm ||-|| is induced by an inner product (-,-), then (y,z), = (y,z) =
(y,z), for all z, y € X.
The function f.(z) = ||z||" (z € X and 1 < r < c0) is also convex. Therefore,
the following limits, which are related to the superior (inferior) semi-inner products,

oyt =yl
Vifry (@)= tLl%li t
_ tr| —
=7ry]"" lim ly + tall = llyll _
t—0+ t
exist for all x, y € X whenever r > 2; otherwise, they exist for any x € X and
nonzero y € X. In particular, if r = 1, then the following limits
Ny gl =yl _ &Y

\Y =1 =
sho ()= g T ol

r—2
Tyl <»’U7y>s(i)

exist for z, y € X and y # 0.
If p: [0,1] — R is a Lebesgue integrable and symmetric function such that the
condition

T 1
Og/ p(s)ds §/ p(s)ds for all T € [0,1],
0 0
is valid, then by (2.12) we get

1 ! . 1 .
W/O p(T) |1 =7)z + 7yl dT*/O (1 =7)x+ 7yl dr

<W/ol (/OTp(s)ds> (1-7)dr

x [l = 290, = ol (y = w,2), ]

If r > 2, then the inequality (3.1) holds for all z, y € X. If r € [1,2), then the
inequality (3.1) holds for all z, y € X with z, y # 0.
For r = 2 we get

(3.1)

1 ! 2 ! 2
3.2 —_ I —=7)x+T1y||" dr — 1—7)z+ Tyl dr
(3.2) jhmmAMHK yz+ 7y Am )z + 19
2 1 T
Sﬁmhﬁhz;(Azﬂﬁw)@—TMﬂ@—xwh—@—wwu

for all z, y € X.
If we take p (1) = ‘T -3

(3.3) ’4 /0 1

3r
< —
— 16

, T €[0,1] in (3.1), then we obtain

1 . ! .
75| 1A =7)z+ 7yl dT—/ (1 =7)z+ 7yl dr
0

[yl (= @), = ™2 fy = ), ]
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If X = H a real inner product space, then from (3.2) we get

(3.4)

1 1 ) 1 ,
folp(T)dT/O p(T) (1 =7)z + 7y dT*/O (1 =7)z+ 7yl dr

<IH;%dTél(Aln@dQ<l—ﬂdﬂy—x2
0

for all z, y € H.

4. EXAMPLES FOR FUNCTIONS OF SEVERAL VARIABLES

Now, let Q2 C R™ be an open convex set in R”. If F': 2 — R is a differentiable
convex function on €, then, obviously, for any ¢ € Q2 we have

" OF (c
VFE (g) = Z ( ) *Yis g = (y17~-~7y7z) S Rny

where % are the partial derivatives of F' with respect to the variable z; (i =

1,...,n).
If p:[0,1] — R is a Lebesgue integrable and symmetric function such that the
condition (2.5) holds, then we have for all a, b € Q that

(4.1) folp(lT)dT /Olp(T)F((lT)dJrTl_)) dT/Olf((lT)C_LJrTB) dr
< ([ oo
. :1 (ag m(zb) or ;a)) (b0 — a2)
. ;i”l (az;c(lb) B 8?;?) (b0 — )

If we take p (1) = |7 — %

(4.2) ‘4/0
3 < (OF (b) OF (a)
< 15 2 (axi ‘ami><bi‘“i>

for all @, b € Q.

, 7 €[0,1] in (4.1), then we get

— 1 —
T—’F((l—T)&—l-Tb)dT—/O f((A=7)a+7b)dr
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