ON THE SUPERADDITIVITY OF OPERATOR CONVEX
FUNCTIONS FOR POSITIVE OPERATORS IN HILBERT
SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Assume that f is an operator convex function on [0,00) and A,
B > 0. In this paper we show among other that, if AB+ BA > k, for k a real
number, then

E[(A+B)f'(A+B)— f(A+B)+ f(0)] (A+ B)™?
< F(A+B)+£(0)— f(A) — f(B).
In particular we obtain that
kr(A+B)""! < (A4 B)"t! — Ar+l _ prt!
for r € (0,1]. We also have the logarithmic inequality
k(A+B)" ' <(A+B)In(A+B)— AlnA - BIn(B).
If A+ B < K, then the reverse inequality holds
F(A+B)+£(0)— £ (4) - £ (B)
SK?[(A+B)f'(A+B) = [ (A+B)+ [ (0)] (A+ B)~?,
which gives the power inequality
(A4 B)r+! _ AT+l _ Br+l < g2, (A4 BY' !,
We also have the logarithmic inequality
(A+B)In(A+B)— AlnA—Bln(B) < K?(A+ B)™ L.

Some integral inequalities are also provided.

1. INTRODUCTION

Consider a complex Hilbert space (H, (-,-)). An operator T is said to be positive
(denoted by T > 0) if (T'z,z) > 0 for all z € H and also an operator T is said to
be strictly positive (denoted by T > 0) if T' is positive and invertible.

We have the following integral representation for the power function when ¢ > 0,
r € (0,1], see for instance [1, p. 145]

: co yr—1
(1.1) pro1 2 Sin(rm) / A
™ 0 )\ +t

A real valued continuous function f on (0,00) is said to be operator monotone
if f(A) > f(B) holds for any A > B > 0.

We have the following representation of operator monotone functions [9], see for
instance [1, p. 144-145]:
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2 S.S. DRAGOMIR

Theorem 1. A function f :[0,00) — R is operator monotone in [0,00) if and only
if it has the representation

A
1.2 = .
(12) FO=rO o+ [ ),
where b > 0 and a positive measure p on [0,00) such that
A
1. — .
(1.3) /0 () < o

A real valued continuous function f on an interval [ is said to be operator convex
(operator concave) on I if

(0C) F(A=XNA+AB) < (2)(1-A)f(A)+Af(B)

in the operator order, for all A € [0,1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I. Notice that a function f is
operator concave if — f is operator convex.

We have the following representation of operator convex functions [1, p. 147]:

Theorem 2. A function f : [0,00) — R is operator convez in [0, 00) with f} (0) € R
if and only if it has the representation
2\

(1.4) f(t):f<0>+f'+<o>t+ct2+/0°°tH

where ¢ > 0 and a positive measure p on (0,00) such that (??7) holds.

dp(A)

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [6] and the references therein.

As examples of such functions, we note that f (¢) =¢" is operator monotone on
[0,00) if and only if 0 < r < 1. The function f (¢t) = t" is operator convex on (0, 00)
if either 1 <r <2 or —1 < r < 0 and is operator concave on (0,00) if 0 < r < 1.
The logarithmic function f (¢) = Int is operator monotone and operator concave
on (0,00). The entropy function f (t) = —tInt is operator concave on (0,00). The
exponential function f (t) = e’ is neither operator convex nor operator monotone.

Assume that A, B > 0. In the recent paper [10], Moslehian and Najafi showed
that AB+ BA is positive if and only if the following operator subadditivity property
holds

(1.5) f(A+B) < f(A)+f(B)

for all nonnegative operator monotone functions f on [0,00). For some interesting
consequences of this result see [10].

In this paper we show among other that, if f is operator convex on [0,00), A4,
B > 0 with AB+ BA > k, for k a real number, then

E[(A+B) f'(A+ B) = f(A+ B) + f(0)] (A+ B)
<F(A+B)+(0)— f(A) - f(B).
In particular we obtain that
kr(A+B) ' < (A4 B)"T — ATt _ prit
for r € (0, 1]. We also have the logarithmic inequality
k(A+B) " <(A+B)In(A+B)— AlnA— Bln(B).
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If A+ B < K, then the reverse inequality holds

f(A+B)+f(0)—f(4) - f(B)

< K*[(A+ B) f'(A+ B) — f (A+B) + £ (0)] (A+ B) .
which gives the power inequality

(A+ BT — A+t B < K% (A+ B) !

We also have the logarithmic inequality

(A+ B)In(A+ B)— AlnA—Bln(B) < K>*(A+ B)™*

Some integral inequalities are also provided.

2. MAIN RESULTS

We have the following identity of interest:

Lemma 1. Assume that f : [0,00) — R is operator convez in [0, 00) with fi (0) € R
and has the representation (1.4), then for oll A, B > 0,

(21)  f(A+B)+f(0)— f(A)— f(B) —c(AB + BA)
:/OOOAQ(A+B+A)‘1
X [A(B+)\)_1BA+B(A+>\)_1AB (A+ B+ XN ""du())
+/OOOA2(A+B+A)1(BA+AB)(A+B+A)%WA).

Proof. For t > 0 we have

(2.2) /OOO/\tztnL)\ Ydp (N
OOA E+ A=A (E+N) " du ()

0
9]

)\ (t+ ) —2A(+A)+A2}(t+x)—1du(x)

0

:/ A [(t+)\) — 2N+ A2 (t+A)*1} dp (V)
0
:/ /\{t—A+/\2(t+/\)*1} dp (N).
0
Assume that A, B > 0. Define

= A+ N+ B+AN T —(A+B+ N

where A\ > 0.
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Therefore

(2.3) (A+B+A) K\ (A+ B+
=(A+B+N(A+ N (A+B+))
+(A+B4+XN(B+N"(A+B+N)—-A-B-2)
= (1+BA+N)(A+A+B)
+(A(B+)\)’1+1) (A+B+A) —A—B—2\
—A+A+B+B+B(A+)N'B
+AB+N A+ A+ A+B+A-A-B-)
=BA+AN'B+AB+N"A+2(A+B)+ A= L,.

If A, B, A > 0, then Ly > 0, and by multiplying both sides of (2.3) with (A—I—B—i—)\)*l

we get

Ky=(A+B+A) "Ly(A+B+)\"".
Further, define for A > 0
Wy :=1—-AK,.
Then
(A+ B+ ANWy(A+B+ )
=(A+B+A)(1-AK)\) (A+ B+ ))

=(A+B+ 2’ = ANA+B+\NKy(A+B+\
—(A+B+ X)) (A+ B+
)

—)\[B(A—&—)\’1B+A(B+/\)’1A+2(A+B)+)\}

=A?+ BA+MA+AB+ B> + AB+ A + AB + X\?
~AB(A+AN) 'B=AM(B+XN) "A-2X(A+B)-\?

= A2+ B>+ BA+AB—AB(A+)\) 'B—M(B+)\) A
—AB+N " (B+NA-N(B+XN A
+B(A+AN) " (A+N)B-AB(A+))'B
+BA+AB=A(B+)\) 'BA+B(A+ )\ 'AB+ BA+ AB,

which implies that

Wy=(A+B+X\"" [A(B+A)*lBA+B(A+A)*1AB+BA+AB
x (A+B+X)"".
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We also have the representation
(24)  Clw,p) (4) +Clw, p) (B) — C(w, ) (A + B)
- /OOOA [A—/\+/\2(A+>\)_1] dp ()
+/Ooow(x) [B—A+A2 (B+/\)_1] di(\)

_/OOO,\[A+B—A+A2(A+B+A)‘1} dp (X)

oo

A [)\2 (A+N) T+ A2 (B+A) T —A— A2 (A+B+)\)’1] dp (V)

oo

J
= /Ooo A? [(AH)*1 B+ (A+B+A)’1] dp (A)
/0 N (Ky =AY du ().

Put
Yi=Ky— A =A"TOAKy—1) = - A1 (1= \Ky) = -\,
— A A+ B+ A(B+A)‘13A+B(A+A)‘1AB+BA+AB}
X (A+ B+
Therefore

Clw, 1) (A) + Clw, p) (B) - Clw, 1) (A + B)

/ N Yadp (A
——/O N(A+B+MN)"
x [A(B+A)*lBA+B(A+A)*1AB+BA+AB] (A+B+N) tdu(),
which gives the following identity of interest:
(2.5) C(w,p) (A+ B) = C(w, p) (A) — C(w, u) (B)
:/OOAQ(A+B+>\)‘1

0
X [A(B+A)—1BA+B(A+A)—1AB+BA+AB] (A+ B+ X "tdu()

:/ M(A+B+N

x [A(B+)\) BA+B(A+A)*1AB] (A+ B+ X" du()

+ [ MN(A+B+XN " (BA+AB)(A+ B+ "du()).
0
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Finally, by (1.4) and (2.5) we derive
f(A+B)+f(0)—f(A) - f(B)
=f( )+ 11 (0)(A+ B)+¢(A+ B)* +C(w, 1) (A+ B)
F(0) = £(0) = f1L (0) A — cA? = C(w, u) (A)
F(0) = f4 (0) B~ ¢B* = C(w, ) (B)
¢(AB+ BA) +C(w, p) (A+ B) = C(w, p) (A) — C(w, ) (B)

:c(AB+BA)+/ M (A+B+ N
0

X [A(B+A)*1BA+B(A+A)*1AB} (A+ B+ X" du())
+/OO/\2(A+B+>\)_1 (BA+ AB)(A+ B+ X\ "du(\),
0

which proves (2.1). O

Theorem 3. Assume that f : [0,00) — R is operator convex in [0, 00) with f’, (0) €
R and has the representation (1.4), then for all A, B > 0,

(2.6) /OOO A (A+B+)N) " (BA+AB) (A+ B+ ) "du ()

< f(A+B)+ f(0) = f(A) = f(B) —c(AB + BA)
g/OO)\Q(A+B+>\)’1(A+B)2(A+B+>\)’1
0

Proof. Since A, B > 0, hence
0<(B+A) 'B<land0<(A+)) 'A<1
and by multiplying both sides with A and B respectively, we get
0<AMB+)N) "BA<A?and0<B(A+)\) "AB< B?

for A > 0.
If we multiply both sides by (A4 B+ A)~" with A > 0, then we obtain

0<(A+B+A)"AB+N)"BAA+B+N"
<(A+B+N) A2 (A+B+ N
and
<(A+B+XN "BA+N)"AB(A+B+N)!
<(A+B+XN)""'B*(A+B+)""!
for A > 0.
If we add these inequality, multiply by A\* > 0 and integrate, then we get
og/ N (A+ B+ [A(B+A)*1BA+B(A+A)*1AB
0
X (A4+B+X)""du(\)

S/ AMA+B+N) (A2 4+ B)(A+B+N!
0
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Moreover, if we add to these inequalities the same quantity

/OOAQ(A+B+A)*1(BA+AB)(A+B+A)*1dM(A),
0

then we obtain

/OOAZ(A+B+A)*1(BA+AB)(A+B+A)*1dM(A)
0

s/ MN((A+B+N " |AB+)N) "BA+B(A+ )\ 'AB
0

X (A+B+A)""du(\)

—I—/OOAZ(A—i—B—s—)\)_l(BA+AB)(A+B+)\)_1du(>\)
0

g/ M(A+B+N) (A2 +B)(A+B+N!
0

+/O°A2(A+B+A)*1(BA+AB)(A+B+A)*1d#(A)
0

:/OOAZ(A+B+>\)’1(A+B)2(A+B+>\)’1.
0

By utilising the identity (2.1) we deduce the desired result (2.6). O

Corollary 1. With the assumptions of Theorem 3 and if AB+ BA >k, for k a
real number, then

(2.7) E[(A+B)f (A+B)— f(A+B)+ f(0)] (A+ B)?
<c(AB+ BA-k)
E(A+B)f'(A+B)— f(A+B)+ f(0)] (A+ B)~*
f(A+B)+f(0) = f(A)— f(B).
If AB+ BA >k >0, then
(28)  0<ck<k[(A+B)[ (A+B)—f(A+B)+[(0)](A+B)~”
<c(AB+BA-k)
+Ek[(A+B)f'(A+B)— f(A+B)+ f(0)] (A+ B)?
S fA+B)+f(0)—f(A)~f(B).

Proof. Since AB + BA > k, hence by multiplying both sides by (A + B + )\)71 for
A >0, we get

(A+B+)A) """ (BA+AB)(A+ B+ XA ' >k(A+B+)) >

+
<

for A > 0.
If we multiply by A? > 0 and integrate, then we get

(2.9) /OOO A (A+B+)N) " (BA+AB)(A+ B+ ) ""du())

Zk/ A (A+B+XN)"du()).
0
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From (1.4) we get
FO-10) o [0
; —f+(0)—0t—/0 TN,

for t > 0.
If we take the derivative over ¢ in this equality, then we obtain

G - PO+ FO) [ A+ A) — tA
12 _C_/o TSV

o) )\2
:/0 mdlﬁ@) >0

for ¢ > 0.
This shows that

(2.10) 0< /OQ M(A+B+N)2du())
=[(A+B)f'(A+B)— f(A+B)+ f(0)] (A+B) > —c.

By (2.9) we get

(2.11) /OOO M(A+B+N " (BA+AB)(A+B+\) du(\)
> k[(A+B)f'(A+B) ~ f(A+B)+ [ (0] (A+B) " ~ ck.

From the first inequality in (2.6), we get

/OOA2(A+B+A)*1(BA+AB)(A+B+A)*1@(A)
0

+c¢(AB + BA)
< f(A+B)+f(0)—f(A) - f(B)

and by (2.11) we derive

k[(A+B)f'(A+B)— f(A+B) + f(0)] (A+B)™> - ck
+c(AB + BA)
SFA+B)+£O) =1 (4) - £(B),

which proves the second inequality in (2.7).

The first inequality follows by the fact that ¢ > 0 and AB + BA > k.
Since, by (2.10), we have

(A+B)f'(A+B)— f(A+B)+ f(0)] (A+B) 2> ¢ >0,

hence for k > 0 we derive the first two inequalities in (2.8) as well.
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Corollary 2. With the assumptions of Theorem 3 and if (0 <) A+ B < K, then
(2.12) f(A+B)+f(0)— f(A) — f(B)
<K?[(A+B)f (A+B)— f(A+B)+ f(0)] (A+ B)™*
—c¢(K? — AB — BA)
<k {[4+B) A+ B) - F A+ B+ 7O (4+B) - L)

<K*[(A+B)f'(A+B)— f(A+B)+ f(0)] (A+B) 2.
Proof. From the second inequality in (2.6) we have

(2.13) f(A+B)+f(0) = f(A) - f(B)
< c¢(AB+ BA)

+/OOA2(A+B+A)*1(A+B)2(A+B+A)*1du(x).
0

Since 0 < A+ B < K, then (A + B)2 < K?, which, as above, implies that

/OOAQ(A+B+)\)_1(A+B)2(A+B+>\)_1du(>\)
0

§K2/ N2 (A4 B+ 2du(\)
0

=K*[(A+B)f'(A+B)— f(A+B)+ f(0)] (A+ B) " — cK™.
Therefore

¢(AB + BA)

+/OOA2(A+B+A)*1(A+B)2(A+B+A)*1du(A)

0

<K2[(A+B)f (A+B)— f(A+B) + f (0] (A+ B) "% — cK?

+ ¢(AB + BA)

=K*[(A+B)f'(A+B)— f(A+ B)+ f(0)] (A+ B)~

—c(K?— AB - BA).

By utilising (2.13) we derive the first inequality in (2.12).
Observe that for any 0 < A+ B < K we have

AB+ BA < %(AJrB)Q < %KQ.
Then
K?[(A+B)f' (A+B)— f(A+B)+ f(0)] (A+ B) % — cK*
+c(AB+ BA)

§Kz[(AJFB)f/(AJrB)*f(AJrB)+f(0)}(A+B)’2—cK2+%K2C
:Kz{[(A+B)f'(A+B)—f(A+B)+f(0)](A+B)_2—;c}

<K?[(A+B)f (A+B)— f(A+B)+ f(0)](A+B)™*
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and the last part of (2.12) is proved. O

The symmetrized product of two operators A, B € B(H) is defined by S(A, B) =
AB+ BA. In general, the symmetrized product of two operators A, B is not positive
(see for instance [11]). Also Gustafson [7] showed that if 0 < m < A < M and
0 <n < B <N, then we have the lower bound

(2.14) S(A,B) > 2mn — i (M —m) (N —n) =k,

which can take positive or negative values depending on the parameters m, M, n,
N.

Corollary 3. With the assumptions of Theorem 3 and if 0 < m < A < M and
0<n<B<N, then

(2.15) 2mn — i (M —m) (N —n)

X[(A+B)f' (A+B)— f(A+B)+ f(0)] (A+B)™>
<f(A+B)+f(0)-f(A)-f(B).

3. SOME INTEGRAL INEQUALITIES

We have the following integral inequality.

Proposition 1. Assume that the function f : [0,00) — R is operator convex in
[0,00) and that C, D > 0 such that CD + DC > k. Then we have the integral
inequalities

(3.1) k[(C+D)f(C+D) F(C+D)+f(0)](C+D)?
gf(c“j + /0 /f £)C + tD) dt.
If CD + DC > 0, then
(3.2) /lf((lt)C’+tD)dt§f(C+D)+f(O).
o 2

Proof. Let t € [0,1] and put A= (1 —t)C+tD, B=tC + (1 —t)D. Then

AB = ((1—1t)C +tD)(tC + (1 —t) D)
=(1—-t)tC*+*DC+ (1 —t)>CD +t(1 —t)D?

and

BA=(tC+(1—t)D)((1 —t)C +tD)
=t(1—t)C?+ (1 —1t)> DC +t*CD + (1 —t)tD?

for t € [0, 1].
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Therefore
AB + BA
=2(1—t)C? + {(17t)2+t2} (CD+ DC) +2(1—t)tD?
=2t(1-t)C? + (1+2t> —2t) (CD+ DC) +2(1 — t)tD?
=2t(1-1t)(C*-CD—-DC+D?*) +CD+ DC
=2t(1-1t)(C—-D)*+CD+DC >k
for ¢t € [0, 1].

From (2.7) we have
(3.3) k[(C+ D) f (C+D)— f(C+ D)+ f(0)] (C’—&—D)_2
<SfC+D)+f(0) = f((A-8)C+tD) - f(C+(1-1t)D)
for ¢t € [0, 1].
Taking the integral and observing that
1 1
/ f((1—t)C+tD)dt:/ f@C+ (1 —t)D)dt,
0 0
then by (3.3) we obtain (3.1). O

Proposition 2. Assume that the function f : [0,00) — R is operator convex in
[0,00) and that C, D > 0 such that C + D < K. Then

f(C’+D + f£(0 /f

(3.4) t)C +tD)dt

<SKA(C+D) ' (C+ D)~ f(C+D)+ [ (O)(C+D)

Proof. The proof follows from (2.12) by a similar argument to the one from the
proof of Proposition 1. O

Further, we have

Proposition 3. Assume that the function f : [0,00) — R is operator convex in
[0,00) and that C, D > 0 such that CD + DC > 0. Then we have the integral
inequalities

(3.5) /lf(tO)dtJr/lf(tD)dtg/1f((1t)C+tD)dt+f(O).
0 0 0
Proof. It CD + DC > 0, then t(1—t)CD +t(1 —¢)DC > 0 and by (2.8) for
A=(1-1t)C and B =1tD, we get
0<f((1=t)C+tD)+ f(0) = f((1=2)C) = f (D),
namely
f(A=0)C)+ f(tD) < f((1—1)C+1tD)+ f(0),

for all t € [0,1].
If we take the integral and observe that

1 1
/f((l—t)C)dt:/ F(sC)ds
0 0

then we obtain the desired result (3.5). O
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Proposition 4. Assume that the function f : [0,00) — R is operator convex in
[0,00) and that C, D > 0 such that C, D < K, then

(3.6) /f (1—4)C +tD)dt+ f (0 /ftC dt—/ftD
<K {f(())/o (1—#)C +¢D)"2dt
+/ (1—=t)C+tD) " f' (1 —t)C +tD)dt
0

—/1f((1—t)C—HD)((l—t)C—i—tD)2dt}.

Proof. By (2.12) for A= (1—-1t)C, B=1tD, we get
f(A=8)C+tD)+ f(0) = f((1-1)C)— f(tD)
SK2[f(0)+ (1 —=t)C+tD) f' (1 —t)C +tD)— f((1 —t)C +tD)]
x (1—t)C +tD)™?

and by integrating this inequality, we derive (3.6). O

4. SOME EXAMPLES

For r € [0,1] the function f () = t"*! is operator convex on [0,00). If A, B >0
with AB+ BA > k, for k a real number, then by (2.7)

(4.1) kr(A+B)" ' < (A+B)"tt — ATt — gl
If AB+ BA >0, then
(4.2) A4 Bt < (A4 B)Y T
If A+ B < K, then by (2.12),
(4.3) (A+ By — A B < K% (A+B) "

For p € [0,1], a > 0, the function f (t) = (t +a) " is operator convex on [0,00).
Then by (2.7) we get

(4.4) k [a—p —(p+1) (A+B+a)—ﬂ (A+B)?
<(A+B+a)"+a?—(A+a)"—(B+a)?",

provided A, B > 0 with AB + BA > k.
If AB+ BA > 0, then

(4.5) (A+a) "+ (B+a)"<(A+B+a) "+a?.
If A+ B < K, then by (2.12) we get
(4.6) (A+B+a)?+a?—(A4+a)"—(B+a)”

< K2 [a*p —(p+1)(A+B+a)?| (A+B)?
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Let ¢ > 0 and consider the function f (¢t) = (¢4 ¢)ln (¢ + ¢). This function is
operator convex on [0,00) and by (2.7) we have
k[(A+B)[In(A+B+¢e)+ 1] —(A+B+e)ln(A+ B+¢) +eln¢]
x (A+B)~?
<(A+B+e)ln(A+B+e)+echme—(A+e)ln(A+e)—(B+e)In(B+e),

provided that A, B > 0 with AB + BA > k, for k a real number.
By taking the limit over € — 0+ we derive

(4.7) k(A+B) ' <(A+B)In(A+B)— AlnA— Bln(B),

provided that A, B > 0 with AB+ BA > k.
If AB+ BA > 0, then

(4.8) AlnA+Bln(B) < (A+B)In(A+ B).
By making use of (2.12) we obtain for A+ B < K that
(4.9) (A+ B)YIn(A+B)—AlnA—Bln(B) < K>(A+B)"".

If A, B > 0 such that AB + BA > k, then by Proposition 2.3 for the power
function f (t) = "1 r € (0,1],

(4.10) %kr (A+B) "< (A+B)™ —/1 (1—t) A+tB) at.
0

N | =

If AB+ BA > 0, then

(4.11) ((A;B)T <> /O1 (1—t)A+tB) ™ dt < %(AJFB)T“.

The first inequality in (4.11) follows by the operator convexity of the power function
f (@) =t r e (0,1] and holds for any A, B > 0.
If A, B > 0 such that A+ B < K, then by (3.4)

1
(4.12) % (A+B)+ - / (1—)A+tB) ' dt < %K% (A+B)L.
0

If A, B > 0 such that AB + BA > 0, then by (3.5)

r+1 r+1 1
(4.13) AT BT </ (1—t)A+tB)"" at (g
0

Ar+1 +BT+1
r+2 - 2 ) '

The second inequality in (4.13) follows by the operator convexity of the power
function and holds for any A, B > 0.
If A, B > 0 such that A, B < K, then by (3.6)
Ar+1 +Br+1
r42

We also have the logarithmic inequalities

(4.14) /01((175)A+tB)’"“ dt < K%«/O1 (1—t) A+tB) " at.

(4.15) k(A+B)™!

N | =

1 1
<5 (A+B)n(A+B) _/ (1= ) A+ tB)In((1 —t) A+ tB) dt,
0
provided that A, B > 0 with AB + BA > k.
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If AB+ BA >0, then

<;(A+B)ln (A;LB> g) /01((1—t)A+tB)ln((1—t)A+tB)dt

<%(A+B)ln(A+B).
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