
ON THE SUPERADDITIVITY OF OPERATOR CONVEX
FUNCTIONS FOR POSITIVE OPERATORS IN HILBERT

SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Assume that f is an operator convex function on [0;1) and A;
B > 0: In this paper we show among other that, if AB +BA � k, for k a real
number, then

k
�
(A+B) f 0 (A+B)� f (A+B) + f (0)

�
(A+B)�2

� f (A+B) + f (0)� f (A)� f (B) :
In particular we obtain that

kr (A+B)r�1 � (A+B)r+1 �Ar+1 �Br+1

for r 2 (0; 1]: We also have the logarithmic inequality
k (A+B)�1 � (A+B) ln (A+B)�A lnA�B ln (B) :

If A+B � K; then the reverse inequality holds
f (A+B) + f (0)� f (A)� f (B)

� K2
�
(A+B) f 0 (A+B)� f (A+B) + f (0)

�
(A+B)�2 ;

which gives the power inequality

(A+B)r+1 �Ar+1 �Br+1 � K2r (A+B)r�1 :

We also have the logarithmic inequality

(A+B) ln (A+B)�A lnA�B ln (B) � K2 (A+B)�1 :

Some integral inequalities are also provided.

1. Introduction

Consider a complex Hilbert space (H; h�; �i). An operator T is said to be positive
(denoted by T � 0) if hTx; xi � 0 for all x 2 H and also an operator T is said to
be strictly positive (denoted by T > 0) if T is positive and invertible.
We have the following integral representation for the power function when t > 0;

r 2 (0; 1]; see for instance [1, p. 145]

(1.1) tr�1 =
sin (r�)

�

Z 1

0

�r�1

�+ t
d�:

A real valued continuous function f on (0;1) is said to be operator monotone
if f(A) � f(B) holds for any A � B > 0:
We have the following representation of operator monotone functions [9], see for

instance [1, p. 144-145]:

1991 Mathematics Subject Classi�cation. 47A63, 47A60.
Key words and phrases. Operator monotone functions, Operator inequalities, Löwner-Heinz

inequality, Logarithmic operator inequalities, Integral inequalities.

1

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 23 (2020), Art. 137, 14 pp.   Received 18/11/20

e5011831
Typewritten Text



2 S. S. DRAGOMIR

Theorem 1. A function f : [0;1)! R is operator monotone in [0;1) if and only
if it has the representation

(1.2) f (t) = f (0) + bt+

Z 1

0

t�

t+ �
d� (�) ;

where b � 0 and a positive measure � on [0;1) such that

(1.3)
Z 1

0

�

1 + �
d� (�) <1:

A real valued continuous function f on an interval I is said to be operator convex
(operator concave) on I if

(OC) f ((1� �)A+ �B) � (�) (1� �) f (A) + �f (B)
in the operator order, for all � 2 [0; 1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I: Notice that a function f is
operator concave if �f is operator convex.
We have the following representation of operator convex functions [1, p. 147]:

Theorem 2. A function f : [0;1)! R is operator convex in [0;1) with f 0+ (0) 2 R
if and only if it has the representation

(1.4) f (t) = f (0) + f 0+ (0) t+ ct
2 +

Z 1

0

t2�

t+ �
d� (�) ;

where c � 0 and a positive measure � on (0;1) such that (??) holds.

For some fundamental results on operator convex (operator concave) and oper-
ator monotone functions, see [6] and the references therein.
As examples of such functions, we note that f (t) = tr is operator monotone on

[0;1) if and only if 0 � r � 1: The function f (t) = tr is operator convex on (0;1)
if either 1 � r � 2 or �1 � r � 0 and is operator concave on (0;1) if 0 � r � 1:
The logarithmic function f (t) = ln t is operator monotone and operator concave
on (0;1): The entropy function f (t) = �t ln t is operator concave on (0;1): The
exponential function f (t) = et is neither operator convex nor operator monotone.
Assume that A; B � 0: In the recent paper [10], Moslehian and Naja� showed

that AB+BA is positive if and only if the following operator subadditivity property
holds

(1.5) f (A+B) � f (A) + f (B)
for all nonnegative operator monotone functions f on [0;1): For some interesting
consequences of this result see [10].
In this paper we show among other that, if f is operator convex on [0;1); A;

B > 0 with AB +BA � k, for k a real number, then
k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2

� f (A+B) + f (0)� f (A)� f (B) :
In particular we obtain that

kr (A+B)
r�1 � (A+B)r+1 �Ar+1 �Br+1

for r 2 (0; 1]: We also have the logarithmic inequality

k (A+B)
�1 � (A+B) ln (A+B)�A lnA�B ln (B) :
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If A+B � K; then the reverse inequality holds

f (A+B) + f (0)� f (A)� f (B)
� K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 ;

which gives the power inequality

(A+B)
r+1 �Ar+1 �Br+1 � K2r (A+B)

r�1
:

We also have the logarithmic inequality

(A+B) ln (A+B)�A lnA�B ln (B) � K2 (A+B)
�1
:

Some integral inequalities are also provided.

2. Main Results

We have the following identity of interest:

Lemma 1. Assume that f : [0;1)! R is operator convex in [0;1) with f 0+ (0) 2 R
and has the representation (1.4), then for all A; B > 0;

f (A+B) + f (0)� f (A)� f (B)� c (AB +BA)(2.1)

=

Z 1

0

�2 (A+B + �)
�1

�
h
A (B + �)

�1
BA+B (A+ �)

�1
AB

i
(A+B + �)

�1
d� (�)

+

Z 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�) :

Proof. For t > 0 we have

C(w; �) (t) :=
Z 1

0

�t2 (t+ �)
�1
d� (�)(2.2)

=

Z 1

0

� (t+ �� �)2 (t+ �)�1 d� (�)

=

Z 1

0

�
h
(t+ �)

2 � 2� (t+ �) + �2
i
(t+ �)

�1
d� (�)

=

Z 1

0

�
h
(t+ �)� 2�+ �2 (t+ �)�1

i
d� (�)

=

Z 1

0

�
h
t� �+ �2 (t+ �)�1

i
d� (�) :

Assume that A; B > 0: De�ne

K� := (A+ �)
�1
+ (B + �)

�1 � (A+B + �)�1 ;

where � � 0:
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Therefore

(A+B + �)K� (A+B + �)(2.3)

= (A+B + �) (A+ �)
�1
(A+B + �)

+ (A+B + �) (B + �)
�1
(A+B + �)�A�B � �

=
�
1 +B (A+ �)

�1
�
(A+ �+B)

+
�
A (B + �)

�1
+ 1
�
(A+B + �)�A�B � �

= A+ �+B +B +B (A+ �)
�1
B

+A (B + �)
�1
A+A+A+B + ��A�B � �

= B (A+ �)
�1
B +A (B + �)

�1
A+ 2 (A+B) + � =: L�:

IfA; B; � > 0; then L� � 0; and by multiplying both sides of (2.3) with (A+B + �)�1
we get

K� = (A+B + �)
�1
L� (A+B + �)

�1
:

Further, de�ne for � > 0

W� := 1� �K�:

Then

(A+B + �)W� (A+B + �)

= (A+B + �) (1� �K�) (A+B + �)

= (A+B + �)
2 � � (A+B + �)K� (A+B + �)

= (A+B + �) (A+B + �)

� �
h
B (A+ �)

�1
B +A (B + �)

�1
A+ 2 (A+B) + �

i

= A2 +BA+ �A+AB +B2 + �B + �A+ �B + �2

� �B (A+ �)�1B � �A (B + �)�1A� 2� (A+B)� �2

= A2 +B2 +BA+AB � �B (A+ �)�1B � �A (B + �)�1A
= A (B + �)

�1
(B + �)A� �A (B + �)�1A

+B (A+ �)
�1
(A+ �)B � �B (A+ �)�1B

+BA+AB = A (B + �)
�1
BA+B (A+ �)

�1
AB +BA+AB;

which implies that

W� = (A+B + �)
�1
h
A (B + �)

�1
BA+B (A+ �)

�1
AB +BA+AB

i
� (A+B + �)�1 :
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We also have the representation

C(w; �) (A) + C(w; �) (B)� C(w; �) (A+B)(2.4)

=

Z 1

0

�
h
A� �+ �2 (A+ �)�1

i
d� (�)

+

Z 1

0

w (�)
h
B � �+ �2 (B + �)�1

i
d� (�)

�
Z 1

0

�
h
A+B � �+ �2 (A+B + �)�1

i
d� (�)

=

Z 1

0

�
h
�2 (A+ �)

�1
+ �2 (B + �)

�1 � �� �2 (A+B + �)�1
i
d� (�)

=

Z 1

0

�3
h
(A+ �)

�1
+ (B + �)

�1 � ��1 � (A+B + �)�1
i
d� (�)

=

Z 1

0

�3
�
K� � ��1

�
d� (�) :

Put

Y� := K� � ��1 = ��1 (�K� � 1) = ���1 (1� �K�) = ���1W�

= ���1 (A+B + �)�1
h
A (B + �)

�1
BA+B (A+ �)

�1
AB +BA+AB

i
� (A+B + �)�1 :

Therefore

C(w; �) (A) + C(w; �) (B)� C(w; �) (A+B)

=

Z 1

0

�3Y�d� (�)

= �
Z 1

0

�2 (A+B + �)
�1

�
h
A (B + �)

�1
BA+B (A+ �)

�1
AB +BA+AB

i
(A+B + �)

�1
d� (�) ;

which gives the following identity of interest:

C(w; �) (A+B)� C(w; �) (A)� C(w; �) (B)(2.5)

=

Z 1

0

�2 (A+B + �)
�1

�
h
A (B + �)

�1
BA+B (A+ �)

�1
AB +BA+AB

i
(A+B + �)

�1
d� (�)

=

Z 1

0

�2 (A+B + �)
�1

�
h
A (B + �)

�1
BA+B (A+ �)

�1
AB

i
(A+B + �)

�1
d� (�)

+

Z 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�) :
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Finally, by (1.4) and (2.5) we derive

f (A+B) + f (0)� f (A)� f (B)
= f (0) + f 0+ (0) (A+B) + c (A+B)

2
+ C(w; �) (A+B)

+ f (0)� f (0)� f 0+ (0)A� cA2 � C(w; �) (A)
� f (0)� f 0+ (0)B � cB2 � C(w; �) (B)
= c (AB +BA) + C(w; �) (A+B)� C(w; �) (A)� C(w; �) (B)

= c (AB +BA) +

Z 1

0

�2 (A+B + �)
�1

�
h
A (B + �)

�1
BA+B (A+ �)

�1
AB

i
(A+B + �)

�1
d� (�)

+

Z 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�) ;

which proves (2.1). �

Theorem 3. Assume that f : [0;1)! R is operator convex in [0;1) with f 0+ (0) 2
R and has the representation (1.4), then for all A; B > 0;Z 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)(2.6)

� f (A+B) + f (0)� f (A)� f (B)� c (AB +BA)

�
Z 1

0

�2 (A+B + �)
�1
(A+B)

2
(A+B + �)

�1
:

Proof. Since A; B > 0, hence

0 < (B + �)
�1
B � 1 and 0 < (A+ �)�1A � 1

and by multiplying both sides with A and B respectively, we get

0 < A (B + �)
�1
BA � A2 and 0 < B (A+ �)�1AB � B2

for � � 0:
If we multiply both sides by (A+B + �)�1 with � � 0; then we obtain

0 < (A+B + �)
�1
A (B + �)

�1
BA (A+B + �)

�1

� (A+B + �)�1A2 (A+B + �)�1

and

0 < (A+B + �)
�1
B (A+ �)

�1
AB (A+B + �)

�1

� (A+B + �)�1B2 (A+B + �)�1

for � � 0:
If we add these inequality, multiply by �2 � 0 and integrate, then we get

0 �
Z 1

0

�2 (A+B + �)
�1
h
A (B + �)

�1
BA+B (A+ �)

�1
AB

i
� (A+B + �)�1 d� (�)

�
Z 1

0

� (A+B + �)
�1 �

A2 +B2
�
(A+B + �)

�1
:
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Moreover, if we add to these inequalities the same quantityZ 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�) ;

then we obtainZ 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)

�
Z 1

0

�2 (A+B + �)
�1
h
A (B + �)

�1
BA+B (A+ �)

�1
AB

i
� (A+B + �)�1 d� (�)

+

Z 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)

�
Z 1

0

�2 (A+B + �)
�1 �

A2 +B2
�
(A+B + �)

�1

+

Z 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)

=

Z 1

0

�2 (A+B + �)
�1
(A+B)

2
(A+B + �)

�1
:

By utilising the identity (2.1) we deduce the desired result (2.6). �

Corollary 1. With the assumptions of Theorem 3 and if AB + BA � k, for k a
real number, then

k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2(2.7)

� c (AB +BA� k)
+ k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2

� f (A+B) + f (0)� f (A)� f (B) :

If AB +BA � k � 0; then

0 � ck � k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2(2.8)

� c (AB +BA� k)
+ k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2

� f (A+B) + f (0)� f (A)� f (B) :

Proof. Since AB +BA � k, hence by multiplying both sides by (A+B + �)�1 for
� � 0; we get

(A+B + �)
�1
(BA+AB) (A+B + �)

�1 � k (A+B + �)�2

for � � 0:
If we multiply by �2 � 0 and integrate, then we getZ 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)(2.9)

� k
Z 1

0

�2 (A+B + �)
�2
d� (�) :
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From (1.4) we get

f (t)� f (0)
t

� f 0+ (0)� ct =
Z 1

0

t�

t+ �
d� (�) ;

for t > 0:
If we take the derivative over t in this equality, then we obtain

tf 0 (t)� f (t) + f (0)
t2

� c =
Z 1

0

� (t+ �)� t�
(t+ �)

2 d� (�)

=

Z 1

0

�2

(t+ �)
2 d� (�) � 0

for t > 0:
This shows that

0 �
Z 1

0

�2 (A+B + �)
�2
d� (�)(2.10)

= [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � c:

By (2.9) we getZ 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)(2.11)

� k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � ck:

From the �rst inequality in (2.6), we getZ 1

0

�2 (A+B + �)
�1
(BA+AB) (A+B + �)

�1
d� (�)

+ c (AB +BA)

� f (A+B) + f (0)� f (A)� f (B)

and by (2.11) we derive

k [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � ck
+ c (AB +BA)

� f (A+B) + f (0)� f (A)� f (B) ;

which proves the second inequality in (2.7).
The �rst inequality follows by the fact that c � 0 and AB +BA � k:
Since, by (2.10), we have

[(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � c � 0;

hence for k � 0 we derive the �rst two inequalities in (2.8) as well. �
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Corollary 2. With the assumptions of Theorem 3 and if (0 <)A+B � K; then
f (A+B) + f (0)� f (A)� f (B)(2.12)

� K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2

� c
�
K2 �AB �BA

�
� K2

�
[(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � 1

2
c

�
� K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 :

Proof. From the second inequality in (2.6) we have

f (A+B) + f (0)� f (A)� f (B)(2.13)

� c (AB +BA)

+

Z 1

0

�2 (A+B + �)
�1
(A+B)

2
(A+B + �)

�1
d� (�) :

Since 0 < A+B � K; then (A+B)2 � K2; which, as above, implies thatZ 1

0

�2 (A+B + �)
�1
(A+B)

2
(A+B + �)

�1
d� (�)

� K2

Z 1

0

�2 (A+B + �)
�2
d� (�)

= K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � cK2:

Therefore

c (AB +BA)

+

Z 1

0

�2 (A+B + �)
�1
(A+B)

2
(A+B + �)

�1
d� (�)

� K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � cK2

+ c (AB +BA)

= K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2

� c
�
K2 �AB �BA

�
:

By utilising (2.13) we derive the �rst inequality in (2.12).
Observe that for any 0 < A+B � K we have

AB +BA � 1

2
(A+B)

2 � 1

2
K2:

Then

K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � cK2

+ c (AB +BA)

� K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � cK2 +
1

2
K2c

= K2

�
[(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2 � 1

2
c

�
� K2 [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2
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and the last part of (2.12) is proved. �

The symmetrized product of two operators A; B 2 B(H) is de�ned by S(A;B) =
AB+BA. In general, the symmetrized product of two operators A; B is not positive
(see for instance [11]). Also Gustafson [7] showed that if 0 � m � A � M and
0 � n � B � N , then we have the lower bound

(2.14) S(A;B) � 2mn� 1
4
(M �m) (N � n) =: k;

which can take positive or negative values depending on the parameters m; M; n;
N:

Corollary 3. With the assumptions of Theorem 3 and if 0 � m � A � M and
0 � n � B � N , then�

2mn� 1
4
(M �m) (N � n)

�
(2.15)

� [(A+B) f 0 (A+B)� f (A+B) + f (0)] (A+B)�2

� f (A+B) + f (0)� f (A)� f (B) :

3. Some Integral Inequalities

We have the following integral inequality.

Proposition 1. Assume that the function f : [0;1) ! R is operator convex in
[0;1) and that C; D > 0 such that CD + DC � k: Then we have the integral
inequalities

k [(C +D) f 0 (C +D)� f (C +D) + f (0)] (C +D)�2(3.1)

� f (C +D) + f (0)

2
�
Z 1

0

f ((1� t)C + tD) dt:

If CD +DC � 0; then

(3.2)
Z 1

0

f ((1� t)C + tD) dt � f (C +D) + f (0)

2
:

Proof. Let t 2 [0; 1] and put A = (1� t)C + tD; B = tC + (1� t)D: Then

AB = ((1� t)C + tD) (tC + (1� t)D)
= (1� t) tC2 + t2DC + (1� t)2 CD + t (1� t)D2

and

BA = (tC + (1� t)D) ((1� t)C + tD)
= t (1� t)C2 + (1� t)2DC + t2CD + (1� t) tD2

for t 2 [0; 1].
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Therefore

AB +BA

= 2t (1� t)C2 +
h
(1� t)2 + t2

i
(CD +DC) + 2 (1� t) tD2

= 2t (1� t)C2 +
�
1 + 2t2 � 2t

�
(CD +DC) + 2 (1� t) tD2

= 2t (1� t)
�
C2 � CD �DC +D2

�
+ CD +DC

= 2t (1� t) (C �D)2 + CD +DC � k
for t 2 [0; 1].
From (2.7) we have

k [(C +D) f 0 (C +D)� f (C +D) + f (0)] (C +D)�2(3.3)

� f (C +D) + f (0)� f ((1� t)C + tD)� f (tC + (1� t)D)
for t 2 [0; 1].
Taking the integral and observing thatZ 1

0

f ((1� t)C + tD) dt =
Z 1

0

f (tC + (1� t)D) dt;

then by (3.3) we obtain (3.1). �
Proposition 2. Assume that the function f : [0;1) ! R is operator convex in
[0;1) and that C; D > 0 such that C +D � K: Then

f (C +D) + f (0)

2
�
Z 1

0

f ((1� t)C + tD) dt(3.4)

� 1

2
K2 [(C +D) f 0 (C +D)� f (C +D) + f (0)] (C +D)�2 :

Proof. The proof follows from (2.12) by a similar argument to the one from the
proof of Proposition 1. �
Further, we have

Proposition 3. Assume that the function f : [0;1) ! R is operator convex in
[0;1) and that C; D > 0 such that CD + DC � 0: Then we have the integral
inequalities

(3.5)
Z 1

0

f (tC) dt+

Z 1

0

f (tD) dt �
Z 1

0

f ((1� t)C + tD) dt+ f (0) :

Proof. If CD + DC � 0; then t (1� t)CD + t (1� t)DC � 0 and by (2.8) for
A = (1� t)C and B = tD; we get

0 � f ((1� t)C + tD) + f (0)� f ((1� t)C)� f (tD) ;
namely

f ((1� t)C) + f (tD) � f ((1� t)C + tD) + f (0) ;
for all t 2 [0; 1] :
If we take the integral and observe thatZ 1

0

f ((1� t)C) dt =
Z 1

0

f (sC) ds;

then we obtain the desired result (3.5). �
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Proposition 4. Assume that the function f : [0;1) ! R is operator convex in
[0;1) and that C; D > 0 such that C; D � K; thenZ 1

0

f ((1� t)C + tD) dt+ f (0)�
Z 1

0

f (tC) dt�
Z 1

0

f (tD) dt(3.6)

� K2

�
f (0)

Z 1

0

((1� t)C + tD)�2 dt

+

Z 1

0

((1� t)C + tD)�1 f 0 ((1� t)C + tD) dt

�
Z 1

0

f ((1� t)C + tD) ((1� t)C + tD)�2 dt
�
:

Proof. By (2.12) for A = (1� t)C; B = tD; we get

f ((1� t)C + tD) + f (0)� f ((1� t)C)� f (tD)
� K2 [f (0) + ((1� t)C + tD) f 0 ((1� t)C + tD)� f ((1� t)C + tD)]
� ((1� t)C + tD)�2

and by integrating this inequality, we derive (3.6). �

4. Some Examples

For r 2 [0; 1] the function f (t) = tr+1 is operator convex on [0;1). If A; B > 0
with AB +BA � k, for k a real number, then by (2.7)

(4.1) kr (A+B)
r�1 � (A+B)r+1 �Ar+1 �Br+1:

If AB +BA � 0; then

(4.2) Ar+1 +Br+1 � (A+B)r+1 :

If A+B � K; then by (2.12),

(4.3) (A+B)
r+1 �Ar+1 �Br+1 � K2r (A+B)

r�1
:

For p 2 [0; 1] ; a > 0; the function f (t) = (t+ a)�p is operator convex on [0;1).
Then by (2.7) we get

k
h
a�p � (p+ 1) (A+B + a)�p

i
(A+B)

�2(4.4)

� (A+B + a)�p + a�p � (A+ a)�p � (B + a)�p ;

provided A; B > 0 with AB +BA � k:
If AB +BA � 0; then

(4.5) (A+ a)
�p
+ (B + a)

�p � (A+B + a)�p + a�p:

If A+B � K; then by (2.12) we get

(A+B + a)
�p
+ a�p � (A+ a)�p � (B + a)�p(4.6)

� K2
h
a�p � (p+ 1) (A+B + a)�p

i
(A+B)

�2
:
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Let " > 0 and consider the function f (t) = (t+ ") ln (t+ ") : This function is
operator convex on [0;1) and by (2.7) we have
k [(A+B) [ln (A+B + ") + 1]� (A+B + ") ln (A+B + ") + " ln "]
� (A+B)�2

� (A+B + ") ln (A+B + ") + " ln "� (A+ ") ln (A+ ")� (B + ") ln (B + ") ;
provided that A; B > 0 with AB +BA � k, for k a real number.
By taking the limit over "! 0+ we derive

(4.7) k (A+B)
�1 � (A+B) ln (A+B)�A lnA�B ln (B) ;

provided that A; B > 0 with AB +BA � k.
If AB +BA � 0; then

(4.8) A lnA+B ln (B) � (A+B) ln (A+B) :
By making use of (2.12) we obtain for A+B � K that

(4.9) (A+B) ln (A+B)�A lnA�B ln (B) � K2 (A+B)
�1
:

If A; B > 0 such that AB + BA � k; then by Proposition 2.3 for the power
function f (t) = tr+1; r 2 (0; 1];

(4.10)
1

2
kr (A+B)

r�1 � 1

2
(A+B)

r+1 �
Z 1

0

((1� t)A+ tB)r+1 dt:

If AB +BA � 0; then

(4.11)
��

A+B

2

�r
�
�Z 1

0

((1� t)A+ tB)r+1 dt � 1

2
(A+B)

r+1
:

The �rst inequality in (4.11) follows by the operator convexity of the power function
f (t) = tr+1; r 2 (0; 1] and holds for any A; B � 0:
If A; B > 0 such that A+B � K; then by (3.4)

(4.12)
1

2
(A+B)

r+1 �
Z 1

0

((1� t)A+ tB)r+1 dt � 1

2
K2t (A+B)

r�1
:

If A; B > 0 such that AB +BA � 0; then by (3.5)

(4.13)
Ar+1 +Br+1

r + 2
�
Z 1

0

((1� t)A+ tB)r+1 dt
�
� Ar+1 +Br+1

2

�
:

The second inequality in (4.13) follows by the operator convexity of the power
function and holds for any A; B � 0:
If A; B > 0 such that A; B � K; then by (3.6)

(4.14)
Z 1

0

((1� t)A+ tB)r+1�A
r+1 +Br+1

r + 2
dt � K2r

Z 1

0

((1� t)A+ tB)r�1 dt:

We also have the logarithmic inequalities

1

2
k (A+B)

�1(4.15)

� 1

2
(A+B) ln (A+B)�

Z 1

0

((1� t)A+ tB) ln ((1� t)A+ tB) dt;

provided that A; B > 0 with AB +BA � k.



14 S. S. DRAGOMIR

If AB +BA � 0; then�
1

2
(A+B) ln

�
A+B

2

�
�
�Z 1

0

((1� t)A+ tB) ln ((1� t)A+ tB) dt

� 1

2
(A+B) ln (A+B) :
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