LOWER AND UPPER BOUNDS FOR JENSEN’S GAP FOR
POSITIVE LINEAR FUNCTIONALS ON HERMITIAN UNITAL
BANACH x-ALGEBRAS

SILVESTRU SEVER DRAGOMIR1!:2

ABSTRACT. We establish in this paper some lower and upper bounds for Jensen’s
gap in the general setting of Hermitian unital Banach %-algebra, analytic con-
vex functions and positive normalized linear functionals. Some examples for
power function and logarithm are also provided.

1. INTRODUCTION

We need some preliminary concepts and facts about Banach x-algebras.

Let A be a unital Banach x-algebra with unit 1. An element a € A is called
selfadjoint if a* = a. A is called Hermitian if every selfadjoint element a in A has
real spectrum o (a), namely o (a) C R.

We say that an element a is nonnegative and write this as a > 0 if a* = a and
o (a) C [0,00). We say that a is positive and write a > 0 if a > 0 and 0 ¢ o (a).
Thus a > 0 implies that its inverse a~! exists. Denote the set of all invertible
elements of A by Inv (A). If a,b € Inv (A), then ab € Inv (4) and (ab) ™" = b~ ta~ 1.
Also, saying that a > b means that ¢ — b > 0 and, similarly ¢ > b means that
a—b>0.

The Shirali-Ford theorem asserts that if A is a unital Banach x-algebra [9] (see
also [1, Theorem 41.5]), then

(SF) a*a > 0 for every a € A.

Based on this fact, Okayasu [8], Tanahashi and Uchiyama [10] proved the following
fundamental properties (see also [6]):
(i) fa, b€ A, then a > 0, b > 0 imply a+ b > 0 and o > 0 implies aa > 0;
(ii) If a, b € A, then a > 0, b > 0 imply a + b > 0;
(iii) If a, b € A, then either a > b > 0 or a > b > 0 imply a > 0;
(iv) If a > 0, then a=! > 0;
(v) If ¢ >0, then 0 < b < a if and only if cbe < cac, also 0 < b < a if and only
if ¢be < cac;
(vi) If 0 < a < 1, then 1 < a™%;
(vii) f0<b<a, then0<a ! <b ! alsoif 0 <b<a,then0<a ! <bh
Okayasu [8] showed that the Léwner-Heinz inequality remains valid in a Her-
mitian unital Banach #-algebra with continuous involution, namely if a, b € A and
p € [0,1] then a > b (a > b) implies that a? > bP (aP > bP).
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In order to introduce the real power of a positive element, we need the following
facts [1, Theorem 41.5].

Let a € A and a > 0, then 0 ¢ o (a) and the fact that o (a) is a compact subset
of C implies that inf{z : z € 0 (a)} > 0 and sup{z: z € o (a)} < co. Choose 7 to
be close rectifiable curve in {Rez > 0}, the right half open plane of the complex
plane, such that o (a) C ins (), the inside of 4. Let G be an open subset of C with
o(a) CG. If f: G — C is analytic, we define an element f (a) in A by

f@) =5 [ 1) -0 d

T 2mi
It is well known (see for instance [2, pp. 201-204]) that f (a) does not depend on
the choice of v and the Spectral Mapping Theorem (SMT)

o (f(a)) = f(o(a))
holds.
For any o € R we define for ¢ € A and a > 0, the real power

1 _
a®=— [ 2%(z—a) 1dz,
2mi J,
where z® is the principal a-power of z. Since A is a Banach x-algebra, then a® € A.
Moreover, since z* is analytic in {Rez > 0}, then by (SMT) we have

o) =(o(a)*={2*:2€0(a)} C(0,0).
Following [6], we list below some important properties of real powers:

(viii) If 0 < @ € A and « € R, then a® € A with a® > 0 and (a2)1/2 = a, [10,
Lemma 6];
(ix) If0 < a € A and «, B € R, then a®a® = a**+7;
(x) f0<a€ Aand a €R, then (a®)” ' = (@) =a™
(xi) If0 < a, b€ A, a, B€R and ab = ba, then a*b® = b7a®.
Now, assume that f (-) is analytic in G, an open subset of C and for the real
interval I C G assume that f(z) > 0 for any z € I. If u € A such that o (u) C I,
then by (SMT) we have

o (f(u)=f(o(w)c f)cC0,00)
meaning that f (u) > 0 in the order of A.

Therefore, we can state the following fact that will be used to establish various
inequalities in A, see also [4].

Lemma 1. Let f(z) and g(z) be analytic in G, an open subset of C and for the
real interval I C G, assume that f(z) > g(z) for any z € 1. Then for any u € A
with o (u) C I we have f (u) > g (u) in the order of A.

Definition 1. Assume that A is a Hermitian unital Banach *-algebra. A linear
functional ¢ : A — C is positive if for a > 0 we have ¥ (a) > 0. We say that it is
normalized if ¢ (1) = 1.

We observe that the positive linear functional v preserves the order relation,
namely if @ > b then ¢ (a) > ¢ (b) and if 8 > a > « with «, 8 real numbers, then
B>9Y(a) > a

In the recent paper [5] we obtained between others the following results:
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Theorem 1. Let f (z) be analytic in G, an open subset of C and the real interval
I C G. If f is convex (in the usual sense) on the interval I and p : A — C is a
positive normalized linear functional on A, then for any selfadjoint element ¢ € A
with o (¢) C I, we have the Jensen type inequalities

(1.1) 0 <49 (f(e)) = f () <t (ef (e) = ()¢ (f ().

Motivated by the above results, we establish in this paper some new lower and
upper bounds for Jensen’s gap in the general setting of Hermitian unital Banach *-
algebra, analytic convex functions and positive normalized linear functionals. Some
examples for power function and logarithm are also provided.

2. FUNCTIONAL PROPERTIES

We denote by PB; (A) the set of all linear, positive functionals defined on A
with the property that, if ¢ € B3 (A), then ¢ (1) > 0. If ¢, w € Py (A) then
v+ w € P1 (A4) and for all @ > 0 we have ap € Py (4).

We define the order relation ” > "on ;1 (A) by ¢ = w iff ¢ —w € P (A).

Let f (z) be analytic in G, an open subset of C and the real interval I C G. If f
is convex on the interval I and ¢ € PB; (A), then for any selfadjoint element ¢ € A
with o (¢) C I, we have by (1.1) that

o0\ _ o7 (@)
@1) f<wm)§ o)

With the above assumptions for f and ¢, we define the functional J (f,¢,-) :
P1(A) — [0,00) by

T (e = e () - (25) 20

‘We have

Theorem 2. Let f (z) be analytic in G, an open subset of C and the real interval
I C G. Assume that f is convex on the interval I and c € A is a selfadjoint element
with o (¢) C I.

(i) If o, w € Py (A), then
(2.2) T (fre,op+w)>T(f,eop) + T (f,c,w) >0,

namely J (f,c,-) is superadditive on P (A).
(i) If p, w € Py (A) with ¢ > w, then

(2.3) I (fiesp) 2 T (fre,w) >0,
namely J (f, ¢, ") is monotonic nondecreasing on Py (4A) .

Proof. (i) If ¢, w € Py (A), then by the convexity of f we have

(e ()
+
+
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Therefore
T (Fewp+) = (e +0) (£ () - o+ ) ] ({2721
> e @+l @) -1 (E5) e s (29)

— @) e () +u

=J(f,e,0)+ T (fcw)
and the inequality (2.2) is proved.
(i) If ¢ > w, then x := p —w € P (A) . By (2.2) we get
T (f,eo)=T(fex+w) 2T (f,e,x) +T (f,cw),
which implies that

j(f?@@) _j(f,C,(U) Z j(.ﬁCaX) :j(f,C7QO_W) 2 0
and the inequality (2.3) is proved. O

Corollary 1. With the assumptions of Theorem 2 for f and c and if there exists
the constants 0 < m < M < oo such that Mw > ¢ > mw, then

(2.4) MJ (f,c,w) > T (f,¢,0) >mT (f,c,w) > 0.
Proof. From (2.3) we get
T (fre; Mw) = T (f,e,0) 2 T (f, ¢, mw)
and since J (f,¢, Mw) = MJ (f,c,w) and J (f,c,mw) = mJ (f,c,w), hence we
obtain (2.4). O
Let X be a linear space. A subset C' C X is called a convezr cone in X provided

the following conditions hold:
(i) z,y € C imply 2 +y € C;
(ii) z € C, a > 0 imply ax € C.
A functional h : C — R is called superadditive on C if
(ili) h(x+y) > h(x)+ h(y) for any z,y € C
and nonnegative (strictly positive) on C if, it satisfies
(iv) h(z) > (>)0 for each z € C.
The functional h is s-positive homogeneous on C, for a given s > 0, if
(v) h(az) =a®h(z) for any « > 0 and z € C.

In the paper [3] we obtained the following result for superadditive functions:
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Lemma 2. Let C be a convex cone in the linear space X and v : C — (0,00) an
additive functional on C. If h : C' — [0,00) is a superadditive functional on C and
p > 1 then the composite functional

(2.5) U,:C—[0,00),%,(z) = v () h(z)
is superadditive on C.

Corollary 2. Assume that X,C and v are as in Theorem 2. If h : C — [0,00) is
a superadditive functional on C and p, ¢ > 1 then the two parameters functional

(2.6) Wy C = [0,00), Wy (x) = v 75) () 17 (2)
is superadditive on C.

Remark 1. If we consider the functional ¢, (x) := vP~" (z) h* () then for p > 1
and h : C — [0,00) a superadditive functional on C, the functional 1, is also
superadditive on C.

Corollary 3. Let f (z) be analytic in G, an open subset of C and the real interval
I C G. Assume that f is convex on the interval I and c € A is a selfadjoint element
with o (¢) C I. Forp, ¢ > 1 we define the functional Jp.q (f,¢,-) : B1 (4) — [0, 00)
by

1

@7 Fog(fe0) =l WIUH) o (f (@) — o) f <i8ﬂ |

Then Jp, 4 (f,c,-) is superadditive on Py (A).

The proof follows by Corollary 2 by choosing
0o = (1) and hp) = (feee) = (F ) -0 £ (2.

We also observe that for p > 1

(28) e =l ot @ - f(£2)]

AS)

—~
—

~—

¢ (1)
and
(2.9) Tpa (fre,0) == [p ()] 77 [wf () =) f (228)]

are superadditive on B (A).

3. LowER AND UPPER BOUNDS
‘We have:

Theorem 3. Let f(z) be analytic in G, an open subset of C and convex on the
real interval I C G and ¢ : A — C is a positive normalized linear functional on A.
For any selfadjoint element ¢ € A with o (¢) C I,

(3.1) 0< (inf /01 F((1—s)t+s2)(1— s)ds) " [(c - t)Q]

zel

<SP (f(e) = f () (@) —t) = f ()
1
< <sup/0 F((1—s)t+52) (1 —s) ds) " {(c—t)z}

zef
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for allt € I.
In particular, we have

(3.2 <i2§ / F(1= 99 (@) +52) (1= 9)ds) [0 () - (O]
<V (e) ~ £ ((0)
< (sg)/ P =89 (c) +52) (1—s) ds> v ()~ @w©)].

Proof. Using Taylor’s representation with the integral remainder we can write the
following identity

B3 =L pM OG-0 [ 6 s
k=0

for any z, t € 107 the interior of I.
For any integrable function h on an interval and any distinct numbers ¢, d in
that interval, we have, by the change of variable s = (1 — s) ¢+ sd, s € [0,1] that

d 1
/h(s)ds:(dfc)/o h((1—s)c+ sd)ds.

Therefore,
t 1
=(z— t)/ FOHD (1 =)t +52)(z— (1 —s)t — s2)"ds
0

=(z—¢t)""! /01 FOFY (1 = s)t+ s2) (1 — )™ ds.

The identity (3.3) can then be written as

B4 FE= P01
k=0

.. —t)"+1/1f(”+1)((1— Jt+s2)(1—s5)"d
! z o S Sz S S.

For n =1 we get
1
(3.5) f(Z):f(t)+(Z*t)f/(t)+(zflt)2/0 P =s)t+s2)(1—s)ds

for any z, t € I.
Since

1

0 < inf f”((l—s)t—f—sz)(l—s ds</ (1 —=s)t+s2)(1—s)ds
zel

Ssup/ (1= s)t+s2) (1 —s)ds,

zel
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hence

(3.6) <1nf/ f (1 =s)t+sz2)(1—s) ds> (z —t)°

zel

<f(z — (==t f(t)

u " s)t+sz)(1—s)ds z—tQ,
(i;;/f +52) ))( )

for any z, t € I.
Fix t € I. Using Lemma 1 and the inequality (3.7) we obtain for the element
¢ € A with o (¢) C I the following inequality in the order of A

(mf 1 (( 1—5t+sz)(1—s)ds> (c—t)?

zel

<fle)=ft)— (=) f (t)
(bup (1 —=s)t+s2) (1 —s) ds) (c—1)%,

zel

for any t € I.
If we take in this inequality the functional 1 we get (3.1).
If we take in (3.1) t = ¢ (c), then we get

(3.7) (i‘éﬁ / 7 O +52)(1—s) ds) v [e=v ()]
< B (7 () 1 ()
< (ii?/ P = )60 + 52) <1—s>ds> ve-vr].
Since

vle=v @7 =v(E -2 e+ @ ())
=9 () =28 (e)* + (¥ (¢)* =¥ (¢*) — (W (0)*,

hence by (3.7) we get (3.2). O
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Corollary 4. With the assumptions of Theorem 3 and, if, in addition, ¥ (f' (¢)) #

0 with t = Z((c;((cc)))) € IO, then we have

o5 0s (i [ 1 (“ 9 o) 0 )

<o (-5 |

=P - < Fon) o -5ae) - (5

= (“p/ (o= g o) o ds)

v l( - %c]f((f))))ﬂ |
Corollary 5. For any selfadjoint element ¢ € A with o (¢) C [m, M] C I, we have
(3.9) 0§<2?Awal@mzﬂl+ﬂ>ﬂ@dad¢(67n;M>T

<vir-r (") (v - "5 -1 (M)

<o [ (0075 v)aaw)o | (o 54) ]
gi(M—mf (ig/olf" ((1—s)m—gM—|—sz) (1—s)ds>.

We also have:

Theorem 4. Let f(2) be analytic in G, an open subset of C and convex on the
real interval I C G and ¢ : A — C is a positive normalized linear functional on A.
For any selfadjomt element ¢ € A with o (¢) C [m, M] C I, we have

inf /f” s)t+sz) (1 —s)ds
Byelxi

=0y

(3.10)

< {¢(f(c))+(M_WC))L(]‘_@JWC)J‘(W%)}
1 M

| fma
su ! sz — 8)ds
(zt)erl)xl/ I s)t+s2) (1 )

/—’H l\DM—\

o)
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Proof. We have, by (3.6), on taking the integral mean over t € [m, M] that
1
(3.11) 0< / (mf/ (1= s)t+s2) (1—s)ds> (z—t)%dt
M m zel
e [ emoroa

(sup/ (1 —=s)t+s2) (1 —s) ds) (z—t)%dt

zel JO

m

forall z € 1.
Now, observe that

" 1 M 2
<Zt1)réfIXI/f 1—s)t+sz)(1—s)d>M_m/m (z—t)"dt

gM_m i (inﬁ/ f”((l—s)t—l—sz)(l—s)ds)(z—t)zdt

zel Jo
and
Sup/ F (A =s)t+s2)(1—s)ds | (z—1)°
m zel
sup /f” s)t+s2) (1 —s)ds L M(z—t)zdt
(z,t)elxi M —m [y,
for all z € I.
Also,
: /M(z_t)zdt—(M_z)3+(z_m)3
M-m |/, 3(M —m)
1
:g[(z—m)2+(M_z)2—(z—m)(M—z)}
1 m+ M\?
7]. 2 erM 2
fﬁ(Mfm) +(z 5 >
and

for all z € [m, M].
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By (3.11) we then get

0< inf

(z,t)efxf 0

X [112(M—m)2+<z—

<f(z

[

Mm

_Mm

sup
(z tyeixi

L

[112 (M —m) + (z -

which is equivalent to

(S

/ () dt
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s)t+s2) (1—s)ds
ﬂ

—2)[(M)+(z—m) f(m)
M—m

m+ M
2

[t

+(
s)t+sz) (1 —s)ds

il

m+ M
2

(3.12) gz(Ztl)réfIXI/ " ((1—=s8)t+s2)(1—s)ds
x[lg(Mm)QJr(zm;M)Q]
<;{f() (M—z)f(f\]@:(r«j—m)f(m)}_Ml_m/"jwf(t)dt
<;(zf)1g“/ f (1 —s)t+s2)(1—s)ds
[11 (M — m)2+(z—m—gM>2],
J

for z € [m, M

Using Lemma 1 and the inequality (3.12) we obtain for the element ¢ € A with

L M=) F(M)+(c=m) f(m)

[m, M] the following inequality in the order of A

/ (1 —=58)t+s2) (1 —s)ds

m+ M
2

)]

o(c) C
1
(3.13) 0< - inf
T 2 (epeixi
1 2
X —2 (M—m) "+ (c—
1
< =
<3 lr@+
1
- /f~ -
2(zt)EIXI
[

M—m

]_M
s)t+sz)(1—s)ds

)]

m+ M
2
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If we take the functional ¢ on (3.13), then we get (3.10). O

Corollary 6. With the assumptions of Theorem 4 we have

(3.14) 0< inf / I (1 =s)t+s2)(1—s)ds

4 (zt)elxi

[w(f(C)H (M =9 (c) f (M) + 4 (c) f(m)

M—m
1 M
/ f(t)dt
m’rn

1
<= sup / F7 (1 —s)t+s2) (1 —s)ds.
6 (z,t)eixi

The proof follows by (3.10) on observing that

osw[Gm;My1§hMmﬂ

Remark 2. If there exists the constants 0 < v < T < oo such that v < f"” () <T
for almost every x € I, then by (3.1) and (3.2) we get

(315) 0< gy (e~ 0] <¥(F @)~ 7' (W) ~ 1)~ F(1) < 5T% [~ )]

forallt € I.
In particular, we have

(316) 0< 29 [0() ~ @ (@] <6 (7 ()~ F @ () < 5T [ () — W ()?].

From (8.8) we get

@10 0% g ( ey
S (¢ f'/<(cc>)>)_> (ro-5e) - (55
<5Tv ( - pr(ff((c?)))?_ |
while from (3.9) we get
319 0 Loy |(e- M)
<O - f (m;M) (v -"5%) -7 (=)
s;w;Gm;Mf < S (M —m)T
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(=32

(M =4 (¢) f (M) + 4 (c) (m)}

From (3.10) we obtain

(3.19) ogiy{lg(M—m)%Lw

<3 [pUE) nan

2
1 M
_m/m ) dt
1

1
4F{ (M —m)® +1

while from (3.14) we have

(3.20) 0< — )
{ (0))f(M)+¢(C)f(m)}

m/f

< Lror-mpe.
2L ( m)*

M\H,&

We observe that from (3.17) we get the simpler reverse of Slater’s inequality

O o < g (LEF DY (Eles @)
o2 091 (S ) o < (5i5) (5 -+ ©)-

Theorem 5. Let f be analytic in G, an open subset of C and convex on the real
interval I C G, ¢ : A — C be a positive normalized linear functional on A and
¢ € A a selfadjoint element with o (¢) C I. If " is monotonic nondecreasing on
[m, M] C I, then

1 2 t) f(m
(3.22) ogt_m{f — }1/) c—t
<P(f(e) = f () - (¢() f1t)
<= A TS - r o} fe- o
forte (m,M). )
If f" is monotonic nonincreasing on [m, M| C I, then
(3.23) 0< Ml_t {f(]\fw) — { ®) f (t)} (e [(c —~ t)2]
<Y (f @)= f(t) =W (c)—t)f(t)
< i o= e e o]

forte (m,M).
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Proof. If f” is monotonic nondecreasing on [m, M] C I, then
1
(3.24) f@)—f@—%z—ﬂf@%=&—ﬂ2A.V«1—$t+WN1—@ds

1
2(2—15)2/0 F" (1 —=s)t+sm)(1—s)ds

and
1
(3.25) f(z)—f@)—(=z—t)f ()= z—tQ/ (1 —=s)t+s2) (1 —s)ds

(2 —t) / (1 =s)t+sM)(1—s)ds.

First, observe that for u, v € [m, M| with v # v we have

/ " (1=s)v+su)(l—s)ds

= /011—5 (1 —s)v+su))

u—v

1-s)f((1-29) v—i—su\o /f (1—s)v+su)ds
U—v

u—v{ (v /f (1—s)v+su)d }
v—u{fl /f (1—s)v+su)d }

S ETR AR

Using this equality, we have

/f’/((l—s)t+5m)(l_8)ds:t_:l {f’(t)—f(t :;I;(m)}
an
/f" t+sM)(1—S)d8=t_lM{f/(t)_f(ti:ﬁM)}
1 ff-f@)
— i (1L )
Then by (3.24) and (3.25) we get
(3.26) t_lm{f/(t)f(ti iz(m)}(Zt)Q
SF@—fO) = (=0 F @)
L (f(M)-f@) 2
—M—t{ Mt _f(t)}(z_t>

for allt € (m, M) and z € I.
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Fix t € (m,M). Using Lemma 1 and the inequality (3.26) we obtain for the
element ¢ € A with o (¢) C I the following inequality in the order of A

(3.27) t_lm{ () — W} (c—1)?
<fle)=f(t)—(c—t) f (1)

Lofron-sm _, :
< { Y e

for all t € (m, M) .
Taking the functional ) in the inequality (3.27) we get (3.22). O

Corollary 7. With the assumptions of Theorem 5 and if ¥ (c) € (m, M), then
TS SOOI U100 R ACO R S
29 0t {rwe) - LTI ) - o)
<Y (f(e) = F@ (o)

SMQZ@{ﬂﬁkiﬁf»—fwwﬁPM&—@@W]

if f is monotonic nondecreasing on [m, M| and

L [fn-seE) ) e
29 o<t S{LODETEO o)L o) - )]

SO~ )
R PO 10 B 10} A TR
< s {7 e - LTI () - o]

if f" is monotonic nonincreasing on [m, M].

Corollary 8. With the assumptions of Theorem &5 and if ¥ (f'(c)) # 0 with

w(ef'(©)
27 € (m, M), then

@%)0<44;Lj% f<Wd%m>_f(%ﬁ3U—fm>

= e §e)) T
b (ef ()2
X”l&‘www»)]
cf)) Gef @) . (b (ef (@)
<v{fe) ¢ ) (¢” zﬂﬁw»>f<¢q%w)
(w cf’ c)))
9T f<dem>
3 e 5 ()
/(@)

wac )

if f" is monotonic nondecreasmg on [m, M].
The case of monotonic nonincreasing functions is similar.
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4. SOME EXAMPLES

In this section we provide some simple inequalities that can be derived from the
above results by taking particular examples of convex functions such as: power func-
tion, exponential and logarithm. They generalize several known results obtained
for selfadjoint operators in Hilbert spaces.

For p > 1, consider the power function f, : (0,00) — (0,00), fp (z) = 2P which
is analytic and convex on (0,00) and 0 < ¢ € A.

We define J, (f,¢,-) : P1 (A) — [0,00) by

Ty (fr6,0) =@ (") = [ (" [p ()

By Theorem 2, the functional J, (f,¢,-) is superadditive on P (A) and if there
exists the constants 0 < m < M < oo such that Mw — ¢ and ¢ — mw € Py (A4)
with w, ¢ € Py (A) then by Corollary 1

(41 M{wE@) =P WEP} e @) - b OF e )
> m{w (@) - OF " w@F } =0,
Since f,/ (t) =p(p—1)t*~2, ¢ > 0 then
MP=2 for p € (1,2)

(4.2) ky:=p(p—1)
mP~2 for p € [2,00)

mP~2 for p € (1,2)
<fp () <K,:=pp-1) e 2 00)
P=<for p € (2,00

for any t € [m, M].
Assume that 0 < ¢ € A and there exist the constants 0 < m < M such that
o (c) C [m, M]. By Remark 2 we get
1 1
(43) 0 sk (=07 Sw @) —p @) - ) = < S0 (e~ 1)

for all t € (m, M).
In particular, we have

(14) 0< 2y [8() ~ @ @] <0 (@)~ @ @) < 55, [0(&) - @ ©)]
and
1 CICIRY
S
v

) " (w () - f(f)l)) ) (f(c(sp%)p
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S;prKc—m;M) ] Sé(M—m)QKp
We have
2
(4.7) ogikp{lz(M_m)erw (C_mJ;M>H
< 2oy A0 ]
Mp+1_mp+1
Cp+1D)(M —m)
2
SiKp{fQ(M—mf—i-l/J (c—m;M)1}7
and
(4.8) Oéékp(M_mf
1 oy (M —=1p(c)) MP + 4 (c) mP MPHL _ ptl
§2[¢(C)+ Y }_(p—’—l)(M_m)
< if(;,, (M — m)Q,
12

The case of logarithmic function is also of interest. We take the function f (¢) =
—Int and 0 < ¢ € A. Define 7, (f,¢,) : P1 (4) — [0, 00) by

c
(4.9 Fu(fep) =W (£ = (me) 20
By Theorem 2, the functional 7, (f, ¢, ) is superadditive on 9B; (A) and if there
exists the constants 0 < m < M < oo such that Mw — ¢ and ¢ — mw € Py (A4)

with w, ¢ € Py (A) then by Corollary 1 we obtain

(4.10) M {w (1)In <“’ (C)> —w (m)?} > ¢ (1)In (9”(0)> — ¢ (Inc)

w (1) (1)
>m {w(l)ln (ZE%) —w (lnc)p} > 0.
Moreover, we have f” (t) = 7. Therefore for ¢ € [m, M] C (0,00) we get
1, 1
<)< —.

M2
By using Remark 2 we get
1 1 1
(411) 0< =t [(e= 8] S(®) =¥ (Ine) + 5 (¥ () =) < v (e —1)’]
forall t € (m, M) .
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In particular, we obtain

(4.12) 0<

Also
1 m+ M\
(4.14) 0§2M2¢ (c— 5 )1
-1
< m—;M) <¢(c)—m—;M>+ln(m_;M>—1p(lnc)

We finally have

1 |1 m+ M\>
(4.15) OSW{H(M—m)Q—Hp (c— 5 )H

< MInM —mlnm— M +m

M—-—m

M—-—m

17
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