New inequalities for quotients of circular and
hyperbolic functions

Yogesh J. Bagul!, Ramkrishna M. Dhaigude?, Sumedh B. Thool*,
!Department of Mathematics, K. K. M. College, Manwath,
Dist: Parbhani(M.S.)-431505, India.
Email: yjbagul@gmail.com
2* Department of Mathematics, Government Vidarbha Institute of Science
and Humanities, Amravati(M. S.)-444604, India
Email: rmdhaigude@gmail.com, sumedhmaths@gmail.com

Abstract. This paper deals with new inequalities involving the quo-
tients =, 5L and tﬁl“hf; The proofs are based on I’'Hopital’s rule of
monotonicity, series expansions using Bernoulli numbers, and some analyt-
ical techniques. Some of the obtained inequalities have resemblance with

Adamovié-Mitrinovié, Wilker and Cusa-Huygens type inequalities.

1 Introduction

We begin with the following two results recently established by C. Chesneau
and Y. J. Bagul [8] for the quotients of circular and hyperbolic functions.
For similar results for the products of these functions we refer to [9] and
references therein.

Theorem 1. [8, Proposition 2/: For z € (0, ) where a € (0,7/2), we have

(1.1)

a2 CcosS T
e P < ,
cosh x

with 3 = In(cosh a/ cos ) /o
Theorem 2. [8, Proposition 4]: For x € (0,7/2), we have

2 sinzx

e (1.2)

sinh z’
with v = 41In(sinh 7/2) /72 ~ 0.337794.

The inequalities (1.1) and (1.2) are generalized in [17]. We can obtain
similar types of exponential bounds for both the quotients comhy and 5T
by using exponential bounds of *2%, —=— cosx and coshx given in [3,4,10]
after slight rearrangement of terms as follows:
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Theorem 3. For x € [0,a] where a € (0,7/2), we have

e~ (A+1/2)2% cosx < e*(B+1/2)127 (1.3)
cosh x

with A = —In(cosa)/a? and B = 41In[cosh(r/2)]/7? ~ 0.372844.

Theorem 4. For z € (0,7/2), we have

—(CH+1/6)2? ST < e~ (D+1/6)2% (1.4)
sinh z

with C = —4In(2/7)/7? ~ 0.183019 and D = 4In[2sinh(r/2)/7]/7? ~
0.154774.

Motivated by these results, the main purpose of this paper is to establish

3 Cos T sin x 3 3
improved upper bounds for ;3% and ;1% and to obtain some other inter-

esting inequalities involving these functlons Inequalities involving tg‘hxz will
also be investigated.
2 Preliminaries
The following series expansions can be found in [15, 1.411]:
I 2 _—
_ o n—
cotx = - Z o)l ([ Bon|a™ 5 2| <, (2.1)
n=1
- n 1 22 2n—1,
cothz = —|— Z ]B n|x T x| < my (2.2)
22n ' 1) 2n—1
cosecx = + Z | Bop |27 |z| <, (2.3)
and
1 o~ 2 (22n_1 — 1) 2n—1
cosechz = o Z (Q—TL)!B%L:U ;o |z <, (2.4)

n—=

where By, are the even-indexed Bernoulli numbers, see [14, p. 231]. From
expansion (2.1), we obtain

[e.e]

tanh x B tanh x Z 2

2n

)‘|Bgn\x2n_1 tanhx; |z| <, (2.5)
n)!

tan
n=1



and

sinh 2 2 /.19
= —(cot ) sinh” z

sin x

inh ) ” 22n(2n — 1
= (sm x) +ZM]B az? 2 sinh? x; |2| < 7.

z = (2n)!
(2.6)
Similarly, from (2.3), (2.4) we respectively have
22n 1_ 1) on.
sin z +Z | Ban|z™;  [x] <, (2.7)
and
e 2n—1
m 2 (2 - 1) 2
=1- —— B <. 2.8
sinh x Z:l (2n)! mx x| <7 (2.8)

The following I’'Hopital’s rule of monotonicity [1] has widespread ap-
plications and is proved to be an important tool in the field of analytic
inequalities.

Lemma 1. ([l’Hépital’s rule of monotonicity] [1]): Let f,g be two real
valued functions which are continuous on [a,b] and differentiable on (a,b),
where —00 < a < b < o0 and ¢'(x) # 0, for Vo € (a,b). Let,

Ay L)@

g(z) — g(a)
an F@) - £(b)
Bl = o=

Then

I A(x) and B(z) are increasing on (a,b) if f'/q’ is increasing on (a,b)
and

II. A(x) and B(zx) are decreasing on (a,b) if f'/g" is decreasing on (a,b).
The strictness of the monotonicity of A(z) and B(x) depends on the strict-
ness of monotonicity of f'/g'.

3 Main results

We now state and prove the first main result of the paper.



Proposition 1. If z € [0,a] where a € (0,7/2) then

e ¥ < <e ™, (3.1)

with a = In(cosh a/ cos ) /a.
Proof. We have to show that

1< fx)<a (0<z<m7/2),

where In(cosh )
n(coshz/ cosx
fla) = AR C032)
Let
g1(z) = In(coshx/ cosx), go(z) = tanhz + tanz,
and
hi(z) = 2%, ho(x) = 22.
Then /() ()
g1\ 92\x
i(0+) = h;(04+) =0 (i =1,2), = ,
w(04) = h(04) =0 (5 = 1.2), £ = 200
and

Rh(z) 2
with P(z) = sech? z + sec? z. Tt has derivative
P'(z) =2 (tanz sec’ z — tanh z sech® z) .

Now tanz > tanhz and sec? z > sech? z in (0,7/2) imply P'(x) > 0 which
in turn implies that P(z) is increasing in (0,7/2). Applying Lemma 1, gives
that f(x) is increasing in the same interval. Since f(0+) = 1 by I'Hopital’s
rule and f(a—) = Infcosha/cosa) we ohtain (3.1). O

«

It should be noted that the lower bound in (3.1) is nothing but lower
bound in (1.1) and upper bound in (3.1) is sharper than the corresponding
upper bound in (1.3). The right inequality of (3.1) is in fact true in (0, 7/2).

In what follows, similar bounds for SI5£ as in (3.1) are proposed.

Proposition 2. If x € (0,7/2) then

—ba? sin x —a2/3
< , 3.2
sinh x (3.2)

with b = ERT/2) o (.337794.

The following lemma is important as it leads to prove Proposition 2 and

gives very sharp bounds for I— in (0,7/2).




Lemma 2. \(z) = C‘)thz%cm is positive increasing in (0,m). In particular

we have the following inequalities:

9 T T 2

2
— — -7 0,7/2 3.3
tanhz > “tane - tanhz 3" z € (0.7/2), (3:3)
and
L2 e (3.4
—-z5 i .
tanz  tanhz 3’ ’
where ¢ = 29MT/2) _ 0694126 - .
Proof. Utilizing (2.1) and (2.2) we write
cothx — cotz
Az) = —
o 2% 1 2n—2
- Boy| [(=1)"1 + 1] 22~
n=1
oo
_ Z an$2n—2
n=1
where a, > 0; Vn. Thus A\(z) = 2 + % + % + --- . This clearly shows
that A(z) is positive increasing in (0,7). With the limits A(0+) = 2 and
ANrm/2—) = M we get inequalities (3.3) and (3.4). O

The inequality (3.3) is very sharp and can be studied further indepen-
dently for its refinement and generalization. Let us now prove Proposition
2.

Proof of Proposition 2. Let

In(sinhz/sinz)  g(x)

fla) = TG - 8

where g(x) = In(sinhz/sinz) and h(z) = 22 with g(0+) = 0 and h(0) = 0.
Differentiation gives

g (x) _ 1cothz — cotx _ lk(m)
M(x) 2 x 2
which is increasing in (0,7/2) by Lemma 2. So
FO+) < flz) < f(m/2-).
With the limits f(0+) = lims—o+ 3A(x) = 32 = 1 by Lemma 2 and
f(m/2—) = M ~ 0.337794 we finish the proof. O

Here, too, it should be noted that the lower bound in (3.2) is nothing
but lower bound in (1.2) and upper bound in (3.2) is sharper than the
corresponding upper bound in (1.4). Moreover, the constants obtained in
Propositions 1 and 2 are optimal.



Remark 1. An immediate consequence of Propositions 1 and 2 is the fol-
lowing inequality:

Ccos T sin x

coshz ~ sinhz’ 7 €(0,7/2) (3.5)

which can also be obtained from the obvious relation tanhx < tanx. Simi-
larly from Propositions 1 and 2, we can have the inequality

cos T sinx
sinh z

1/b
) ;o x € (0,7/2) (3.6)

coshz
where 1/b ~ 2.960383.
Now we ask the natural question: what can be the best possible exponent

of SLL in the above inequality (2.4)? can we expect it to be 3?7 The

affirmative answer can be seen in the following theorem.

Theorem 5. If x € (0,7/2) then the inequality

1/2 .
<tanh x> - sin x (37)

tanx sinh x

holds true with the best possible constant 1/2. Equivalently, we have

sinh z

cosT sin x
cosh x

3
) ;o z e (0,7/2), (3.8)

with the best possible constant 3.

Before entering the proof of Theorem 5, we prove two lemmas as follows.
Lemma 3. {(x) = cosxcoshz is strictly positive decreasing in (0,7/2).
Proof. The proof is easy and straightforward since,

¢ (z) = coszsinhz — sinz coshz < 0
by (3.5). O

sin? z4sinh’?z __ sinz + sinh z
sin z sinh x sinh z sinx

Lemma 4. 7(z) = is strictly increasing in

(0,7/2).
Proof.

(sinzsinh ) 7/ (z) = sin z sinh? z cosh & 4 sin? z sinh 2 cos
— sin® 2 cosh z — sinh®  cos =
= sinh? z (sin z cosh z — sinh z cos )
— sin? z (sin x cosh 2 — sinh z cos )
= (sinz cosh z — sinh z cos x) (sinh2 z — sin’ a:)

which is positive by (3.5) and the fact that sinhx > sinz. This proves our
lemma. O



We are now in a position to prove Theorem 5.

Proof of Theorem 5. Suppose

_ In(sin 2/ sinh ) _ g(x)
In(tanhz/tanz)  h(z)’

f(z)

where g(x) = In(sinz/sinhz) and h(z) = In(tanhz/tanz) with g(04) =
0 = h(0+). Then

¢ (z)  sinzcoshxz — sinhz cosx

= cosx coshz
h'(x)  sinhzcoshx — sinx cosx ( )

= q(z)(cosx cosh ).

And
sinzcoshz —sinhzcosz  qi(x)

q(z) =

where ¢ (z) = sinz coshz — sinhx cosx, ga2(x) = sinhx coshz — sinz cosz
with ¢1(0) = ¢2(0) = 0. By differentiation

sinhz coshx —sinzcosx  qo(w)’

qi(z)  sinzsinhz 1

¢h(x)  sin?z +sinh?z  T(z)

which is strictly decreasing by Lemma 4. By Lemma 1, ¢(x) is strictly
decreasing in (0,7/2) and it is obvious that ¢(z) is positive. By Lemma 3,
g'(z)
h (@)
in (0,7/2) and so is f(x) by Lemma 1 again. Hence

cos x cosh x is positive decreasing. Consequently is strictly decreasing

flx) < f(0+); O0<a<m/2

Lastly f(0+) = limgy0+ ¢(z) limgy o4 (coszcoshx) = lim, o4 —— =
completes the proof. [

Note: The inequality (3.8) has close resemblance with Mitrinovi¢-Adamovié
inequality, see e.g., [1,19,23,29].

In the following corollary, we present an inequality for ratio functions
which is exactly similar to the one known as Wilker’s inequality [12,20, 22,
25,28,30].

Corollary 1. For z € (0,7/2), we have

<sinaz >2+ tan x ~ o (3.9)

sinh z tanh x

Proof. For z € (0,7/2), the inequality (3.7) can be written as

sinz \? tanhz
" > .
sinh x tanx




This implies

>
tanh x tan x tanh x

sinz \ 2 tan x tanh x tan x
sinh z

asu+%>2foranyu>0. O

sinx
sinhzx*

In Proposition 3, we establish another upper bound for

Proposition 3. If x € (0,7) then

sinx <\/ T+ sinxcosz _\/2x+sin2x (3.10)

sinh x +sinhzcoshz 2z + sinh 2z '
Proof. By Lemma 2, X'(z) > 0 in (0, 7). It means that

x (008602 x — cosech? x) — (cothx — cotz) > 0,
which is equivalent to

x cosec® z + cot x > coth z + x cosech?
or ] )
T +sinxcosx  x+sinhxzcoshz
sin? z sinh?

This gives desired inequality. O

Some computations and Graphing calculator at www.symbolab.com sug-
gest that the upper bound of 33~ in (3.10) is sharper than the correspond-

ing upper bound in (1.4) except for a little portion as x — 7/2. We present
the following graphical comparison in support of our claim.

0.8 0.9 1.0
1 1
|
/
Vs

0.7
1

— sin(x)/sinh(x)
— = = exp(-(0.154774 +1/6)x%)
wen(=04)/3)

0.5

(x+sin(x)cos(x))/(x + sinh(x)cosh(x))
T T T T
0.0 0.5 1.0 15

Figure 1: Upper bounds of 2L in (1.4), (3.2) and (3.10) for z € (0,7/2).

Inspired by Corollary 1, we prove



Theorem 6. For x € (0,7), the inequality

inhz\? tanh
(S“.“ x) p AT (3.11)
sinx tanx
holds true.
Proof. Adding (2.5) and (2.6), and using the well-known inequality (see
e.g., [28])
sinhz\? tanhz
+ >2; x>0,
T
we get

inh 2 tanh i 22n
(sm x) +M>2+Zi|32n\fn(a¢)x2nflsinh$,

i |
sinz tan ot (2n)!

for z € (0,), where f,(z) = ((2n — 1)% — ). Since, (2n—1)%2he >

cosh z T
Coslhx for all x > 0 and n > 1, our assertion is proved. ]

tanh z

Let us find exponential bounds for =575,

Proposition 4. For x € (0,a] where o € (0,7/2), it is true that

omen? o PAMT g2 (3.12)

tanx

In(tan a/ tanh )

with the best possible constants ¢ = L

2
and -3

Proof. We want to prove that
2
~3 < f(z) <a; z€(0,q,

where Int /tanh )
n(tanx/tanh x
flw) = R,

Let g(x) = In(tanz/tanhx) and h(x) = 2. We can see that g(0+) = 0 =
h(0). After differentiating we get

¢'(x)  tanhzsec?

x — tan zsech? z
h'(x) 2x tan x tanh

sinh z coshx — sinz cosx

2x sin x cos x sinh x cosh ©

_ 1 2z 2z
© 222 \sin2z  sinh 2z




Utilization of (2.7) and (2.8) yields

/ X 92n+1/92n—1 _ 2n+1/092n—1
g'(x) 1 27 (2 2n 272 1) 2n
— B B
W(z) 222 (nzl (2n)! 2 iBanla +Z (2n)! et

22n+1 (22n 1 _

) (|BQn‘ + BQn) x2n72

Il
N | =
NE

ot (2n)!
1 oo 2n+1(22n 1 _ )
I B 1 -1 n—1 2n—2
which is strictly increasing in (0, al. By Lemma 1, f(z) is also strictly in-
creasing in (0, a]. By the limits f(0+) = 2 and f(a—) = W’Xw, the
proof is now complete. O

The right inequality of (3.12) is, of course, holds for z € (0,7/2) and
this inequality with the left inequality of (3.2) provides an alternative simple
proof of Theorem 5.

We proceed to obtain a simple Jordan type inequality for Ssiin“hmx. The
details of Jordan’s inequality can be found in [1,4,6,16,27] and references

therein.

Proposition 5. For x € (0,7/2) we have

x? sin x

R
3 <Sinhm

<1. (3.13)

Proof. The right inequality is obvious as sinx < sinhx. For left inequality,

let us set
2

T(z) =sinz — sinhx + — sinh z.
Successive differentiation gives

2
2
T'(x) = cosz — coshz + % coshx + ? sinh z,

1 . . x? T 2 .
T"(z) = —smx—smhm—f—gsmhx—i—?coshx+gsmhx

and
2

T"(x) = (coshz — cosx) + 2z sinh z + % coshz > 0,
implying that 7”(x) is increasing on (0,7/2) and, T"(x) > T"(0) = 0 for-
tiori, T'(x) > 0 gives inequality (3.13). O

Motivated by Cusa-Huygens inequality [2,5,13,20,21,24] which is stated

as . 94
sinz COST
0,7/2
. 3 € (0,7/2)

we present a very similar inequality in the next theorem.

10



Theorem 7. If x € (0,7/2) then the following inequality holds true:

sinx 24 cosx

. 3.14
sinh z < 2 + coshzx ( )

Proof. Suppose that,
f(x) =2(sinhz — sinz) — (sinz cosh x — sinh x cos x).

On differentiating continuously four times we get successive derivatives as
follows:
f'(z) = 2(coshx — cosz) — 2sin x sinh z,

f"(z) = 2(sinhz + sinz) — 2(cos z sinh x + sin x cosh z),

" (x) = 2(coshz + cosz) — 4 cosz cosh

and

f%(x) = 2(sinh & — sin x) + 4(sin x cosh x — cos zsinh ) > 0.

Now since sinh z > sinz and by (2.3) we get that f(z) > 0, implying taht
1" (x) is increasing on (0,7/2). Hence f"'(x) > f"(0) = 0 fortiori, f(x) > 0
gives the desired inequality. O

The inequality (3.14) is very sharp. This claim can be verified from the
following figure.

1.0

— sin(x)/sinh(x)
= = (2+cos(x))/(2+cosh(x))

0.9
1

0.8

0.7

0.6

0.0 0.5 1.0 15

Figure 2: Graphs of functions in (3.14) for z € (0,7/2).
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4 Applications

In this section, we see some important consequences of our main results. We
first offer a very simple proof of Wu and Srivastava’s inequality [26, Lemma
3].

Lemma 5. ( [20]) For x € (0,7/2) , it is true that

T \2 T
() e s
sin x tanx

Proof. Inequality (3.10) can be written as

(m )2+ x >( x >2+ x 136(077'('/2), (4.1)

sin tan x sinh z tanh x’

C.-P. Chen and J. Séandor [7, Theorem 1.2(iii)] established the inequality

( - >2+ YS9 ze(0,7/2) (4.2)

sinh tanh z ’ 7

Required inequality follows from inequalities (4.1) and (4.2). O
To obtain bounds of Ssiglha in terms of cosine and hyperbolic cosine func-

tions we continue with
Corollary 2. p(z) = cothz(cothz — cot x) is strictly increasing in (0, ).
Proof.

xz cothx —cotx

p(x)

~ tanhz T
= k(z)\(x)

which is strictly positive increasing since k(z) is obviously positive increasing
and A\(x) is also positive increasing by Lemma 2. O

Corollary 3. ¥(x) = cot z(cothx — cot x) is strictly decreasing in (0,7/2).

Proof. By (3.5), ¥(x) is positive in (0,7/2). After differentiating ¥(z) we
get
U’(z) = — cot z cosech? & — coth z cosec?  + 2 cot x cosec? .

By Corollary 2
p'(z) > 0in (0,7/2).

12



ie.
—2 coth x cosech? & + cot 2 cosech? x + coth x cosec® z > 0.

Equivalently,
— coth x cosec® z < (cot z — 2 coth x) cosech? z.
Hence

¥ (z) < (cotx — 2 cothx) cosech? z — cot x cosech? x

+ 2cotx cosech? z + 2cotx cosec? x

= —2coth x cosech? z + 2 cot z cosec?

(sinh3 2 cos x — sin® z cosh :c)
=2 ————3 <0
sin® x sinh® =
by 3.8. Thus our claim is proved. O

Note. We can obtain new bounds for -7 with the help of Corollaries

2 and 3; but the new bounds are not as sharp as those obtained in Lemma
2. So we do not present them here.

Proposition 6. For x € (0,7/2), one has

sinzx
cos?/® g <

(4.3)

sinhz’
Proof. Let
In(sinz/sinhz)  Fi(x)
In(cos x) - Fy(x)’
where Fj(z) = In(sinz/sinhz) and Fy(z) = In(cos(z)) with F1(04+) =0 =
F5(0). By differentiation we have

F(x) =

F(z)
Fy(z)

= cot z(cothx — cotx) = V(x)

which is strictly decreasing in (0,7/2) by Corollary 3. Therefore F(x) is
also strictly decreasing in (0,7/2) by Lemma 1. So we can write

F(z) < F(0+); = >0,
and F(0+) = limy—04 ¥ (z) = limy—o04 - A(z) = 3 gives (4.3). O

Proposition 7. For z € (0,7/2) we have

1 " sina 1 2/3
44
<coshx> < sinh z < (cosha:) (44)
with best possible constants h = % ~ 0.905994 and 2/3.

13



Proof. Suppose
In(sinh z/ sin x)

G(z) =

In(cosh x)
We want 5
3 < G(z) < h; xe(0,7/2).

Let G1(z) = In(sinh z/sinz) and Ga(z) = In(cosh z). Clearly G1(0+) =0 =
G2(0). Differentiation gives
Gy ()
Gix)

= cothz(cothx — cot z) = p(z)

which is strictly increasing in (0, 7/2) Corollary 2 and so is G(z) by Lemma
1. Lastly, the limits G(0+) = lim; 04 G(2) = limgy—04 p(2) = limy 04 s A7) =

2 and G(r/2-) = % ~ 0.905994 give desired result. O

Remark 2. Combining (4.3) and (4.4), the following inequality can be
written:

. 3
cos’x < (SSIELZ) < 0051123:; z € (0,m/2). (4.5)

We conclude this section by noticing that our obtained results give in-
terested inequalities connecting sinc and hyperbolic sinc functions as well as
inequalities connecting cosine and hyperbolic cosine functions. For instance,
the inequalities (3.1), (3.2), (3.8), (3.12), (3.13), and (3.14) can be written
respectively as follows:

axr

e % cosha < cosz < e ¥ cosha; € [0, o, (4.6)

where a € (0,7/2) and a = In(cosh o/ cos ) /a2,

<sinhx> o—ba? sinx - (sinh$> e,mz/s; z € (0,7/2), (4.7)

x T X

where b ~ 0.337794,

inh 3 : 3
<sm x) cosx < <smx> coshz; x € (0,7/2), (4.8)
x x
e~ tanz < tanhz < e 3% tanz; x € (0, o, (4.9)

n(tan o/ tanh o)

where a € (0,7/2) and ¢ = 1 2

14



2 . . .
z“\ sinhxz sinxz  sinhx
1—— < < ; x e (0,7/2), 4.10
(1-5) ™ <M ey, o)
and
sinx [ 2+ coshx sinhx (24 coszx
; 0,m/2). 4.11
2 (ZERE) < TE (ZE) sy )
5 Conclusion
We obtained sharp exponential bounds for 3%, Ssiglhxm, and tﬁ’hxm and es-

tablished some other inequalities involving these functions. The obtained
inequalities are similar to Jordan, Mitrinovié-Adamovié¢, Wilker and Cusa-
Huygens type for these functions. In an attempt to obtain our main results,

we also established very sharp bounds for 7.
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