
UPPER AND LOWER BOUNDS FOR AN INTEGRAL
TRANSFORM OF POSITIVE OPERATORS IN HILBERT SPACES

WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR1;2

Abstract. For a continuous and positive function w (�) ; � > 0 and � a
positive measure on (0;1) we consider the following integral transform

D (w; �) (T ) :=
Z 1

0
w (�) (�+ T )�1 d� (�) ;

where the integral is assumed to exist for T a positive operator on a complex
Hilbert space H.

In this paper we show, among others that, if the positive operators A; B
satisfy the separation condition

0 < � � A � � <  � B � �
for some positive constants �; �; ; �; then

0 �  � �
� � �

[D (w; �) (�)�D (w; �) (�)]

� D (w; �) (A)�D (w; �) (B) � � � �
 � �

[D (w; �) (�)�D (w; �) ()] :

If A; B > 0 with kAk
B�1 < 1; then

0 �
1� kAk

B�1
(kBk � kAk) kB�1k

[D (w; �) (kAk)�D (w; �) (kBk)]

� D (w; �) (A)�D (w; �) (B)

�
kBk

A�1� 1
kA�1k � kB�1k

B�1 hD (w; �)�A�1�1��D (w; �)�B�1�1�i :
Some natural applications for operator monotone and operator convex func-
tions are also given.

1. Introduction

Consider a complex Hilbert space (H; h�; �i). An operator T is said to be positive
(denoted by T � 0) if hTx; xi � 0 for all x 2 H and also an operator T is said to
be strictly positive (denoted by T > 0) if T is positive and invertible. A real valued
continuous function f on (0;1) is said to be operator monotone if f(A) � f(B)
holds for any A � B > 0:
We have the following representation of operator monotone functions [10], see

for instance [1, p. 144-145]:
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Theorem 1. A function f : (0;1) ! R is operator monotone in (0;1) if and
only if it has the representation

(1.1) f (t) = a+ bt+

Z 1

0

t�

t+ �
d� (�) ;

where a 2 R; b � 0 and a positive measure � on (0;1) such that

(1.2)
Z 1

0

�

1 + �
d� (�) <1:

If f is operator monotone in [0;1); then a = f (0) in (1.1).

A real valued continuous function f on an interval I is said to be operator convex
(operator concave) on I if

(OC) f ((1� �)A+ �B) � (�) (1� �) f (A) + �f (B)
in the operator order, for all � 2 [0; 1] and for every selfadjoint operator A and B
on a Hilbert space H whose spectra are contained in I: Notice that a function f is
operator concave if �f is operator convex.
We have the following representation of operator convex functions [1, p. 147]:

Theorem 2. A function f : (0;1)! R is operator convex in (0;1) if and only if
it has the representation

(1.3) f (t) = a+ bt+ ct2 +

Z 1

0

t2�

t+ �
d� (�) ;

where a; b 2 R; c � 0 and a positive measure � on (0;1) such that (1.2) holds. If
f is operator convex in [0;1); then a = f (0) and b = f 0+ (0) ; the right derivative,
in (1.1).

We have the following integral representation for the power function when t > 0;
r 2 (0; 1]; see for instance [1, p. 145]

tr�1 =
sin (r�)

�

Z 1

0

�r�1

�+ t
d�:

Motivated by these representations, we introduce, for a continuous and positive
function w (�) ; � > 0; the following integral transform

(1.4) D (w; �) (t) :=
Z 1

0

w (�)

�+ t
d� (�) ; t > 0;

where � is a positive measure on (0;1) and the integral (1.4) exists for all t > 0:
For � the Lebesgue usual measure, we put

(1.5) D (w) (t) :=
Z 1

0

w (�)

�+ t
d�; t > 0:

Now, assume that T > 0, then by the continuous functional calculus for selfad-
joint operators, we can de�ne the positive operator

(1.6) D (w; �) (T ) :=
Z 1

0

w (�) (�+ T )
�1
d� (�) ;

where w and � are as above. Also, when � is the usual Lebesgue measure, then

(1.7) D (w) (T ) :=
Z 1

0

w (�) (�+ T )
�1
d�;
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for T > 0:
If we take � to be the usual Lebesgue measure and the kernel wr (�) = �r�1;

r 2 (0; 1]; then

(1.8) tr�1 =
sin (r�)

�
D (wr) (t) ; t > 0:

We de�ne the upper incomplete Gamma function as [8]

�(a; z) :=

Z 1

z

ta�1e�tdt;

which for z = 0 gives Gamma function

�(a) :=

Z 1

0

ta�1e�tdt for Re a > 0:

We have the integral representation [9]

(1.9) �(a; z) =
zae�z

�(1� a)

Z 1

0

t�ae�t

z + t
dt

for Re a < 1 and jph zj < �:
Now, we consider the weight w��ae�� (�) := �

�ae�� for � > 0: Then by (1.9) we
have

(1.10) D (w��ae��) (t) =
Z 1

0

��ae��

t+ �
d� = �(1� a)t�aet�(a; t)

for a < 1 and t > 0:
For a = 0 in 1.10we get

(1.11) D (we��) (t) =
Z 1

0

e��

t+ �
d� = �(1)et�(0; t) = etE1 (t)

for t > 0; where

(1.12) E1 (t) :=

Z 1

t

e�u

u
du:

Let a = 1� n; with n a natural number with n � 0; then by (1.10) we have

D (w�n�1e��) (t) =
Z 1

0

�n�1e��

t+ �
d� = �(n)tn�1et�(1� n; t)(1.13)

= (n� 1)!tn�1et�(1� n; t):

If we de�ne the generalized exponential integral [6] by

Ep (z) := z
p�1� (1� p; z) = zp�1

Z 1

z

e�t

tp
dt

then
tn�1�(1� n; t) = En (t)

for n � 1 and t > 0:
Using the identity [6, Eq 8.19.7], for n � 2

En (z) =
(�z)n�1

(n� 1)! E1 (z) +
e�z

(n� 1)!

n�2X
k=0

(n� k � 2)! (�z)k ;
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we get

D (w�n�1e��) (t)(1.14)

= (n� 1)!etEn (t)

= (n� 1)!et
"
(�t)n�1

(n� 1)!E1 (t) +
e�t

(n� 1)!

n�2X
k=0

(n� k � 2)! (�t)k
#

=
n�2X
k=0

(�1)k (n� k � 2)!tk + (�1)n�1 tn�1etE1 (t)

for n � 2 and t > 0:
If T > 0; then we have

(1.15) D (w��ae��) (T ) =
Z 1

0

��ae�� (t+ �)
�1
d� = �(1� a)T�a exp (T ) �(a; T )

for a < 1.
In particular,

(1.16) D (we��) (T ) =
Z 1

0

e�� (T + �)
�1
d� = exp (T )E1 (T )

and, for n � 2
D (w�n�1e��) (t)(1.17)

=

Z 1

0

�n�1e�� (T + �)
�1
d�

=
n�2X
k=0

(�1)k (n� k � 2)!T k + (�1)n�1 Tn�1 exp (T )E1 (T ) ;

where T > 0:
For n = 2; we also get

(1.18) D (w�e��) (T ) =
Z 1

0

�e�� (T + �)
�1
d� = 1� T exp (T )E1 (T )

for T > 0:
We consider the weight w(�+a)�1 (�) :=

1
�+a for � > 0 and a > 0: Then, by simple

calculations, we get

(1.19) D
�
w(�+a)�1

�
(t) :=

Z 1

0

1

(�+ t) (�+ a)
d� =

ln t� ln a
t� a

for all a > 0 and t > 0 with t 6= a:
From this, we get

ln t = ln a+ (t� a)D
�
w(�+a)�1

�
(t)

for all t; a > 0:
If T > 0; then

lnT = ln a+ (T � a)D
�
w(�+a)�1

�
(t)(1.20)

= ln a+ (T � a)
Z 1

0

1

(�+ a)
(�+ T )

�1
d�:
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Let a > 0: Assume that either 0 < T < a or T > a; then by (1.21) we get

(1.21) (lnT � ln a) (T � a)�1 =
Z 1

0

1

(�+ a)
(�+ T )

�1
d�:

We can also consider the weight w(�2+a2)�1 (�) :=
1

�2+a2
for � > 0 and a > 0:

Then, by simple calculations, we get

D
�
w(�2+a2)�1

�
(t) :=

Z 1

0

1

(�+ t)
�
�2 + a2

�d�
=

�t

2a (t2 + a2)
� ln t� ln a

t2 + a2

for t > 0 and a > 0:
For a = 1 we also have

D
�
w(�2+1)�1

�
(t) :=

Z 1

0

1

(�+ t)
�
�2 + 1

�d� = �t

2 (t2 + 1)
� ln t

t2 + 1

for t > 0:
If T > 0 and a > 0; then

�

2a
T
�
T 2 + a2

��1 � (lnT � ln a) �T 2 + a2��1(1.22)

=

Z 1

0

1�
�2 + a2

� (�+ T )�1 d�
and, in particular,

(1.23)
�

2
T
�
T 2 + 1

��1 � �T 2 + 1��1 lnT = Z 1

0

1�
�2 + 1

� (�+ T )�1 d�:
Assume that 0 < A < B: We say that these operators are separated if there

exists 0 < � <  such that 0 < A � � <  � B:
For a positive operator T > 0; we have the operator inequalities

T�1�1 � T �
kTk : Therefore, if A; B > 0 with kAk

B�1 < 1; then
0 <

A�1�1 � A � kAk < B�1�1 � B � kBk :
The class of two separated positive operators play an important role in establish-

ing various re�nements and reverses of operator Young inequalities as pointed out
in numerous recent papers from which we only mention [3], [13] and the references
therein.
In this paper we show, among others that, if the positive operators A; B satisfy

the separation condition

0 < � � A � � <  � B � �

for some positive constants �; �; ; �; then

0 �  � �
� � � [D (w; �) (�)�D (w; �) (�)]

� D (w; �) (A)�D (w; �) (B) � � � �
 � � [D (w; �) (�)�D (w; �) ()] :
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If A; B > 0 with kAk
B�1 < 1; then

0 �
1� kAk

B�1
(kBk � kAk) kB�1k [D (w; �) (kAk)�D (w; �) (kBk)]

� D (w; �) (A)�D (w; �) (B)

�
kBk

A�1� 1
kA�1k � kB�1k

B�1 hD (w; �)�A�1�1��D (w; �)�B�1�1�i :
Some natural applications for operator monotone and operator convex functions
are also given.

2. Main Results

In the following, whenever we write D (w; �) we mean that the integral from
(2.3) exists and is �nite for all t > 0:

Lemma 1. For all A; B > 0 we have the representation

D (w; �) (A)�D (w; �) (B)(2.1)

=

Z 1

0

�Z 1

0

(�+ sB + (1� s)A)�1 (B �A) (�+ sB + (1� s)A)�1 ds
�

� w (�) d� (�) :

Proof. Observe that, for all A; B > 0

(2.2) D (w; �) (B)�D (w; �) (A) =
Z 1

0

w (�)
h
(�+B)

�1 � (�+A)�1
i
d� (�) :

Let T; S > 0: The function f (t) = �t�1 is operator monotone on (0;1), operator
Gâteaux di¤erentiable and the Gâteaux derivative is given by

rfT (S) := lim
t!0

�
f (T + tS)� f (T )

t

�
= T�1ST�1

for T; S > 0:
Consider the continuous function f de�ned on an interval I for which the cor-

responding operator function is Gâteaux di¤erentiable on the segment [C;D] :
f(1� t)C + tD; t 2 [0; 1]g for C; D selfadjoint operators with spectra in I: We
consider the auxiliary function de�ned on [0; 1] by

fC;D (t) := f ((1� t)C + tD) ; t 2 [0; 1] :

Then we have, by the properties of the Bochner integral, that

f (D)� f (C) =
Z 1

0

d

dt
(fC;D (t)) dt =

Z 1

0

rf(1�t)C+tD (D � C) dt:

If we write this equality for the function f (t) = �t�1 and C; D > 0; then we get
the representation

(2.3) C�1 �D�1 =

Z 1

0

((1� t)C + tD)�1 (D � C) ((1� t)C + tD)�1 dt
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Now, if we take in (2.3) C = �+B; D = �+A; then

(�+B)
�1 � (�+A)�1

=

Z 1

0

((1� t) (�+B) + t (�+A))�1 (A�B)

� ((1� t) (�+B) + t (�+A))�1 dt

=

Z 1

0

(�+ (1� t)B + tA)�1 (A�B) (�+ (1� t)B + tA)�1 dt

and by (2.2) we derive

D (w; �) (A)�D (w; �) (B)

=

Z 1

0

w (�)

�Z 1

0

(�+ (1� t)B + tA)�1 (B �A) (�+ (1� t)B + tA)�1 dt
�
d� (�) ;

which, by the change of variable t = 1� s; gives (2.1). �

We have the following double inequality for two positive separated operators:

Theorem 3. If the positive operators satisfy the separation condition

(2.4) 0 < � � A � � <  � B � �

for some positive constants �; �; ; �; then

0 �  � �
� � � [D (w; �) (�)�D (w; �) (�)] � D (w; �) (A)�D (w; �) (B)(2.5)

� � � �
 � � [D (w; �) (�)�D (w; �) ()] :

Proof. From (2.4) we have

0 <  � � � B �A � � � �;

which implies that

0 � ( � �) ((1� s)A+ sB + �)�2

� ((1� s)A+ sB + �)�1 (B �A) ((1� s)A+ sB + �)�1

� (� � �) ((1� s)A+ sB + �)�2

for all s 2 [0; 1] and � � 0:
By integration over s 2 [0; 1] we deduce

0 � ( � �)
Z 1

0

((1� s)A+ sB + �)�2 ds

�
Z 1

0

((1� s)A+ sB + �)�1 (B �A) ((1� s)A+ sB + �)�1 ds

� (� � �)
Z 1

0

((1� s)A+ sB + �)�2 ds

for all � � 0:
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If we multiply this inequality by w (�) � 0 and integrate over the measure � (�) ;
we get

0 � ( � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�)

�
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�1 (B �A) ((1� s)A+ sB + �)�1 ds
�
d� (�)

� (� � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�) ;

and, by (2.1) we derive the inequality of interest

0 � ( � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�)(2.6)

� D (w; �) (A)�D (w; �) (B)

� (� � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�) :

From (2.4) we derive that

(1� s)A+ sB + � � (1� s)� + s� + �;

which implies that

((1� s)A+ sB + �)�1 � ((1� s)� + s� + �)�1

and
((1� s)A+ sB + �)�2 � ((1� s)� + s� + �)�2

for all s 2 [0; 1] and � � 0:
Also

(1� s)A+ sB + � � (1� s)�+ s + �;
which implies that

((1� s)A+ sB + �)�1 � ((1� s)�+ s + �)�1

and
((1� s)A+ sB + �)�2 � ((1� s)�+ s + �)�2

for all s 2 [0; 1] and � � 0:
Therefore

( � �)
Z 1

0

w (�)

�Z 1

0

((1� s)� + s� + �)�2 ds
�
d� (�)(2.7)

� ( � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�)

and

(� � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�)(2.8)

� (� � �)
Z 1

0

w (�)

�Z 1

0

((1� s)�+ s + �)�2 ds
�
d� (�) :
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Since

( � �)
Z 1

0

w (�)

�Z 1

0

((1� s)� + s� + �)�2 ds
�
d� (�)

=
 � �
� � �

�
Z 1

0

w (�)

�Z 1

0

((1� s)� + s� + �)�1 (� � �) ((1� s)� + s� + �)�1 ds
�
d� (�)

=
 � �
� � � [D (w; �) (�)�D (w; �) (�)] (by (2.1))

and

(� � �)
Z 1

0

w (�)

�Z 1

0

((1� s)�+ s + �)�2 ds
�
d� (�)

=
� � �
 � �

�
Z 1

0

w (�)

�Z 1

0

((1� s)�+ s + �)�1 ( � �) ((1� s)�+ s + �)�1 ds
�
d� (�)

=
� � �
 � � [D (w; �) (�)�D (w; �) ()] (by (2.1)),

then (2.7) and (2.8) become

 � �
� � � [D (w; �) (�)�D (w; �) (�)](2.9)

� ( � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�)

and

(� � �)
Z 1

0

w (�)

�Z 1

0

((1� s)A+ sB + �)�2 ds
�
d� (�)(2.10)

� � � �
 � � [D (w; �) (�)�D (w; �) ()] :

Finally, on making use of (2.6), (2.9) and (2.10), we derive (2.5). �

Corollary 1. If A; B > 0 with kAk
B�1 < 1; then

0 �
1� kAk

B�1
(kBk � kAk) kB�1k [D (w; �) (kAk)�D (w; �) (kBk)](2.11)

� D (w; �) (A)�D (w; �) (B)

�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
D (w; �)

�A�1�1��D (w; �)�B�1�1�i :
The proof follows by Theorem 3 on taking � =

A�1�1 ; � = kAk ;  =B�1�1 and � = kBk and performing the required calculations.
We can state the following result for operator monotone functions on [0;1) :
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Proposition 1. Assume that f : [0;1)! R is an operator monotone function on
[0;1). If A; B > 0 satisfy condition (2.4), then

 � �
� � �

�
f (�)��1 � f (�) ��1 � f (0)

�
��1 � ��1

��
(2.12)

� f (A)A�1 � f (B)B�1 � f (0)
�
A�1 �B�1

�
� � � �
 � �

�
f (�)��1 � f () �1 � f (0)

�
��1 � �1

��
:

If f (0) = 0; then we have the simpler inequality

 � �
� � �

�
f (�)��1 � f (�) ��1

�
� f (A)A�1 � f (B)B�1(2.13)

� � � �
 � �

�
f (�)��1 � f () �1

�
:

Proof. If f : [0;1)! R is an operator monotone, then by (1.1)

f (t)� f (0)
t

� b = D (`; �) (t) ; t > 0

for some positive measure �; where ` (�) = �; � > 0: By applying Theorem 3 for
the D (`; �) and performing the required calculations, we deduce (2.12). �

Corollary 2. Assume that f : [0;1) ! R is an operator monotone function on
[0;1). If A; B > 0 with kAk

B�1 < 1; then
0 �

1� kAk
B�1

(kBk � kAk) kB�1k(2.14)

�
h
f (kAk) kAk�1 � f (kBk) kBk�1 � f (0)

�
kAk�1 � kBk�1

�i
� f (A)A�1 � f (B)B�1 � f (0)

�
A�1 �B�1

�
�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
f
�A�1�1�A�1� f �B�1�1�B�1

�f (0)
�A�1� B�1�� :

If f (0) = 0; then

0 �
1� kAk

B�1
(kBk � kAk) kB�1k

h
f (kAk) kAk�1 � f (kBk) kBk�1

i
(2.15)

� f (A)A�1 � f (B)B�1

�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
f
�A�1�1�A�1� f �B�1�1�B�1i :

The proof follows by Proposition 1 on taking � =
A�1�1 ; � = kAk ;  =B�1�1 and � = kBk.

We can state the following result for operator convex functions on [0;1) :



UPPER AND LOWER BOUNDS FOR AN INTEGRAL TRANSFORM 11

Proposition 2. Assume that f : [0;1) ! R is an operator convex function on
[0;1). If A; B > 0 satisfy condition (2.4), then

 � �
� � �(2.16)

�
�
f (�)��2 � f (�) ��2 � f (0)

�
��2 � ��2

�
� f 0+ (0)

�
��1 � ��1

��
� f (A)A�2 � f (B)B�2 � f (0)

�
A�2 �B�2

�
� f 0+ (0)

�
A�1 �B�1

�
� � � �
 � �

�
�
f (�)��2 � f () �2 � f (0)

�
��2 � �2

�
� f 0+ (0)

�
��1 � �1

��
:

If f (0) = 0; then

 � �
� � �

�
f (�)��2 � f (�) ��2 � f 0+ (0)

�
��1 � ��1

��
(2.17)

� f (A)A�2 � f (B)B�2 � f 0+ (0)
�
A�1 �B�1

�
� � � �
 � �

�
f (�)��2 � f () �2 � f 0+ (0)

�
��1 � �1

��
:

Proof. If f : [0;1)! R is an operator convex function on [0;1); then by (1.3) we
have that

f (t)� f (0)� f 0+ (0) t
t2

� c = D (`; �) (t) ;

for some positive measure �; where ` (�) = �; � > 0: By applying Theorem 3 for
the D (`; �) and performing the required calculations, we deduce (2.12). �

Corollary 3. Assume that f : [0;1) ! R is an operator monotone function on
[0;1). If A; B > 0 with kAk

B�1 < 1; then
0 �

1� kAk
B�1

(kBk � kAk) kB�1k(2.18)

�
h
f (kAk) kAk�2 � f (kBk) kBk�2 � f (0)

�
kAk�2 � kBk�2

�
�f 0+ (0)

�
kAk�1 � kBk�1

� i
� f (A)A�2 � f (B)B�2 � f (0)

�
A�2 �B�2

�
� f 0+ (0)

�
A�1 �B�1

�
�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
f
�A�1�1�A�12 � f �B�1�1�B�12

�f (0)
�A�12 � B�12�� f 0+ (0) �A�1� B�1�i :
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If f (0) = 0; then

0 �
1� kAk

B�1
(kBk � kAk) kB�1k(2.19)

�
h
f (kAk) kAk�2 � f (kBk) kBk�2 � f 0+ (0)

�
kAk�1 � kBk�1

�i
� f (A)A�2 � f (B)B�2 � f 0+ (0)

�
A�1 �B�1

�
�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
f
�A�1�1�A�12 � f �B�1�1�B�12

�f 0+ (0)
�A�1� B�1�� :

3. Some Examples

Consider the operator monotonic function f (t) = tr; r 2 (0; 1]: If the condition
(2.4) is satis�ed, then by (2.13) we get the power inequalities

(3.1)
 � �
� � �

�
�r�1 � �r�1

�
� Ar�1 �Br�1 � � � �

 � �
�
�r�1 � r�1

�
:

If A; B > 0 with kAk
B�1 < 1; then by (2.15) we obtain

0 �
1� kAk

B�1
(kBk � kAk) kB�1k

�
kAkr�1 � kBkr�1

�
(3.2)

� Ar�1 �Br�1

�
kBk

A�1� 1
kA�1k � kB�1k

B�1�A�11�r � B�11�r� :
Consider the operator convex function f (t) = � ln (t+ 1) : If the condition (2.4)

is satis�ed, then by (2.17) we get the logarithmic inequalities

 � �
� � �

�
��2 ln (� + 1)� ��2 ln (� + 1) + ��1 � ��1

�
(3.3)

� B�2 ln (B + 1)�A�2 ln (A+ 1) +A�1 �B�1

� � � �
 � �

�
��2 ln (� + 1)� ��2 ln (� + 1) + ��1 � ��1

�
:

If A; B > 0 with kAk
B�1 < 1; then by (2.19) we derive

0 �
1� kAk

B�1
(kBk � kAk) kB�1k(3.4)

�
h
kBk�2 ln (kBk+ 1)� kAk�2 ln (kAk+ 1) + kAk�1 � kBk�1

i
� B�2 ln (B + 1)�A�2 ln (A+ 1) +A�1 �B�1

�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
ln
�B�1�1 + 1�B�12 � A�12 ln�A�1�1 + 1�

+
A�1� B�1� :
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Assume that for a < 1. By taking

D (w��ae��) (T ) =
Z 1

0

��ae�� (t+ �)
�1
d� = �(1� a)T�a exp (T ) �(a; T )

in (2.5) we obtain

0 �  � �
� � �

�
��a exp (�) �(a; �)� ��a exp (�) �(a; �)

�
(3.5)

� A�a exp (A) �(a;A)�B�a exp (B) �(a;B)

� � � �
 � �

�
��a exp (�) �(a; �)� �a exp () �(a; )

�
provided that the positive operators A; B satisfy condition (2.4).
In particular, we have

0 �  � �
� � � [exp (�)E1(�)� exp (�)E1(�)](3.6)

� exp (A)E1(A)� exp (B)E1(B)

� � � �
 � � [exp (�)E1(�)� exp ()E1()] :

If A; B > 0 with kAk
B�1 < 1; then

0 �
1� kAk

B�1
(kBk � kAk) kB�1k(3.7)

�
h
kAk�a exp (kAk) �(a; kAk)� kBk�a exp (kBk) �(a; kBk)

i
� A�a exp (A) �(a;A)�B�a exp (B) �(a;B)

�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
hA�1a exp�A�1�1��(a;A�1�1)

�
B�1a exp�B�1�1��(a;B�1�1)i :

In particular,

0 �
1� kAk

B�1
(kBk � kAk) kB�1k(3.8)

� [exp (kAk)E1 (kAk)� exp (kBk)E1 (kBk)]
� exp (A)E1(A)� exp (B)E1(B)

�
kBk

A�1� 1
kA�1k � kB�1k

B�1
�
h
exp

�A�1�1�E1 �A�1�1�� exp�B�1�1�E1 �B�1�1�i :
The interested author may state other similar inequalities by using the examples

of operator monotone functions from [2], [4] and the references therein.
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