OPTIMAL BOUNDS FOR THE SINE AND HYPERBOLIC
TANGENT MEANS IV

MONIKA NOWICKA AND ALFRED WITKOWSKI

ABSTRACT. We provide optimal bounds for the sine and hyperbolic tangent
means in terms of various weighted means of the arithmetic and centroidal
means.
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS
The means
-y
. sane=u 7Y
(sine mean) Mgin (2, y) = sin T2
T T=y
and
r—Yy
~ Stamh ez 7Y
(hyperbolic tangent mean) Meanh (2, y) = anh o=

x T=y

defined for positive arguments, have been introduced in [8], where one of the authors
investigates means of the form

(1) My (2, ) = { 27 (154
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It was shown that every symmetric and homogeneous mean of positive arguments
can be represented in the form (1) and that every function f : (0,1) — R (called
Seiffert function) satisfying
z z
142 = ) = 1—-=2
produces a mean. The correspondence between means and Seiffert functions is
given by the formula

z [z —y
f(z)= MA—2152) where 2z = Tty

The aim of this paper is to determine various optimal bounds for the M, and
Mgin with the arithmetic and centroidal means (denoted here by A and Ce). Similar
bounds by the arithmetic and contraharmonic means were obtained in [5], and by
arithmetic and quadratic means in [6]. For other bounds of Seiffert-like means by
the arithmetic and centroidal means, see e.q. [7, 2, 3, 9].

For two means M, N, the symbol M < N denotes that for all positive  # y the
inequality M (z,y) < N(z,y) holds.

Our main tool will be the obvious fact that if for two Seiffert functions the
inequality f < g holds, then their corresponding means satisfy My > M,. Thus
every inequality between means can be replaced by the inequality between their
Seiffert functions.

Remark 1.1. Throughout this paper all means are defined on (0, 00)?.

Remark 1.2. Note that the Seiffert function of the centroidal mean Ce(x,y) =

%% is ce(z) = % and that of the arithmetic mean A(z,y) = 21¥ is the
identity function a(z) = z. Clearly, the Seiffert functions of Mg, and M¢,,p are the

functions sin and tanh, respectively.

For the reader’s convenience, in the following sections we place the main results
with their proofs, while all lemmas and technical details can be found in the last
section of this paper.

The motivation for our research are the inequalities A < Mgy < My < Ce
proven in [8, Lemma 3.1] and Lemma 7.1.

2. LINEAR BOUNDS

Given three means K < L < M, one may try to find the best a, 8 satisfying

the double inequality (1 — a)K + aM < L < (1 — B)K + BM or equivalently
L—K

a < 37— < B. If k,I,m are respective Seiffert functions, then the latter can be
written as

1_ 1
(2) a< i ’“1 < g.

m k

Therefore the problem reduces to finding upper and lower bounds for certain func-
tions defined on the interval (0,1).

Theorem 2.1. The inequalities
(1—-a)A+aCe <My, < (1—-p8)A+ pCe
hold if, and only if, o < % and B > =3~ — 3 ~ 0.5652.

sin 1




Proof. By formula (2) and Remark 1.2, we investigate the function

1 1
h(z>: sinz 2 — 3 _i
3+22 _ 1 »ging 22
3z z
We shall show that h increases. Observe that
W (2) 32sin2,zfz2coszfzsinz s(z)
z) = =: .
23sin? 2 23sin? 2

Using the known inequalities x — 23/3! < sinx < z — 23/3! + 2°/5! and cosz <
1—22/2! + 2 /4! we get

23 2 2 Z2 24 2,3 25 Z6

so h'(z) > 0. We complete the proof by noting that lim,_,o h(z) = 1/2. O

Theorem 2.2. The inequalities
(I1—a)A+ aCe < Mgann < (1= B)A+ pCe

hold if, and only if, a < tas’hl —3~0.9391 and 8 > 1.

Proof. We use Remark 1.2 and formula (2) once more and investigate the function
1

1
~z 3 1 1 3s(z)
h(z) — tanhz _ 2 ) = )
(2) 1+22/3 1 z \tanhz =z z
The function s satisfies lim._,0s(z) = 0 and s”(2) = 2y (coshz - 5“;}# <

0 (by Lemma 7.2), so s is concave and, by Property 7.2, its divided difference
(and consequently the function h) decreases. To complete the proof note that
lim, ;o h(z) = 1. O

3. HARMONIC BOUNDS
In this section, we look for optimal bounds for means K < L < M of the form

1_7‘X +x < % < 1;45 + % or, in terms of their Seiffert functions,

l—m

(3) a< < B.

We shall use the above to prove two theorems.

k—m

Theorem 3.1. The inequalities

11—« <
Ce Mgin Ce
hold if, and only if, « < 4sinl — 3 =~ 0.3659 and 5 > %

« 1 1-8 pB
taAcS A

Proof. According to formula (3), we investigate the function

. 3 .
sinz — 53 (22 +3)sinz — 3z

h(z) = 3 &

2243
We shall show that h decreases. We have
(22 +32)cosz — (22 +9)sinz + 62 s(2)

h/(Z) = Z4 = ZT

23
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The function s satisfies s(0) = s’(0) = s”(0) = 0 and
§"(2) = 2 ((* — 9)sinz — 8z cos 2) < 0.
Thus s is negative and so is h’. We complete the proof by noting that lim,_,o h(z) =
1/2. O
Theorem 3.2. The inequalities
1— _
«@ n a - 1 1-58 B

C A " Miann C A

hold if, and only if, « <0 and B > 4tanh 1 — 3 ~ .0464.

Proof. We use Remark 1.2 and formula (3) once more and investigate the function

tanh z — 733_22 (34 2?)tanh z — 32
z) = = .
z— % 23
We shall show that A increases. We have

62 + 2(3 + 22 Q 4 22)sinhz

h/(z) _ ( ) cosh24 ( ) cosh z

z
122+ 22° +6zcosh2z — (94 2%)sinh2z  s(2)
224 cosh? 2 " 224 cosh? 2

By Lemma 7.4 we get

+

s(2) > 122 4+ 22% 4 62 (1 " (222!)2 (242'!)4 + (2;)6)

9 (22)  (22)°  _(22)7 425
—(9+z)(2z—|— 3l + = +2 o 315(1—152 —42%) > 0.
Therefore h increases from lim,_,o h(z) = 0 to h(1). O

4. QUADRATIC BOUNDS
Given three means K < L < M, one may try to ﬁnd the best a, 3 satisfying the
double inequality VI —a)K2+aM? < L </(1- + BM? or equivalently

a < W < B. If k,l,m are respective Seiffert functlons then the latter can be
written as

1
2
4) a< T—7 < 8.
k2
Thus, the problem reduces to finding upper and lower bounds for certain functions
defined on the interval (0, 1).

Theorem 4.1. The inequalities

V(1= a) A2 + aCe® < My, < /(1 - B) A2 + BCe?
hold if, and only if, « < sand >3 cot2 1~ 0.5301.

Proof. Using formula (4 ) we investigate the function

1 1 22
2 2 2 -1
h(Z)— Sin” 2 z — SN~ 2 .
(2> +3)° 1 (2*+3) .



To show that h increases we use Lemma 7.3. A simple calculation shows that

22 !

(sin2 z 1) 9(sinz — z cos z)

7’(2) = 2 2 7= D) 3

(22+3) ) 2(22 4+ 3)sin” z

9
and
F(z) = 92(223 +52) — (22 + 9)sin 2z + 22(22 + 4) cos 2z s(z)
- 4(22 + 3)2sin’ 2 T T 4(22 4 3)2sint 2

From sin 2z < 2z—(2x)3/3!4(22)° /5! and cos 2z > 1—(2z)?/2!+(22)* /41— (22)5 /6!
we get

s(z) > 2(223 +52) — (22 +9) (22 _ (22)3 N (22)5>

3! 5!

2 (22)2 | (229)*  (22)°
+22(2" +4) (1— T ol
4
= gzs(—2z4 +42% 4+ 3) > 0.
Thus 7’ is positive and both r and h increase. We complete the proof by noting
that lir% h(z) =1/2. O
z—

And here comes the hyperbolic tangent version of the previous theorem.
Theorem 4.2. The inequalities
V1= ) A% +aCe? < My < /(1 — 8) A2 + ACe?
hold if, and only if, a < 2(coth® 1 — 1) ~.9309 and 8 > 1.

Proof. We shall use the identity tanh? z = %
The function to be considered here is

1 1
h(z) tanh®z 22 1+ 22+ (22 —1)cosh2z
2) = =
(z*+3)?* 1 (24 +622)(cosh2z — 1) ’
922 22

and its derivative equals
18z sinh z
s
(2% +622)2(cosh 2z — 1)?

h/(Z) = (Z),

where
5(2) = 423(2% + 6) cosh z + (2% 4+ 622 + 18) sinh z — (6 + 22% — 2*)sinh 32
and by Lemma 7.4
423(2% + 6) (1+§+§+§+§;)
s(2) > +(t+622+18) (24 5+ 5+ 5)
_721892° +45022" + 1443027 + 21504
20160

0.
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This shows that b’ < 0 so h decreases from lim, o h(z) =1 to h(1) = %(coth2 1-
1) ~ .9300. O

5. BOUNDS WITH THE WEIGHTED POWER MEAN OF ORDER —2

In this section, we look for optimal bounds for means K < L < M of the form

\/ﬂ <1< \/ﬂ or, in terms of their Seiffert functions,

12 —m?

Theorem 5.1. The inequalities

lfa
c2 Mgin c2

hold if, and only if, a < 168‘“ 129 ~0.3327 and 8 > 1

Proof. Taking formula (5) into account we should investigate the function

. Z2
his) — sin® z — 7(z29+3)2 (22 43)?sin® 2z — 922
(Z) - 22 - 922 - 24(22 4 6)
= 43)7

We shall show that h decreases. We have

h'(z) _ (z2+3) (_Z4+2732—36+(2’2+3)(22+6)Zsin22—|—(z4+922+36)00523)

25(22 4+ 6)?
P +3)s02)
(22 + 6)2
From sin2z < 2z — (22)3/3! 4 (22)5/5! — (22)7/7! + (22)°/9! and cos2x < 1 —
(22)%/2! + (22)* /4! — (22)5/6! + (22)8 /8! we obtain

S(Z) < —Z4 + 2722 — 36+ (22 +3)(22 +6)Z <22 . (2;)3 n (252')5 B (272")7 + (292')9)

22)? 22)* 22)8 22)8
(2!) +(4!) _(6!) +(8!)>

+ (z* + 927 + 36) (1 -

26(22% — 920 4+ 452" + 99927 — 6237) < 0

2835
Thus h/(z) < 0. We complete the proof by noting that lim,_,o h(z) = 1/2. O

Theorem 5.2. The inequalities

1—a n o < 1 < 1-p
C62 A2 Mtanh C€2

. . anh®1-9 __
hold if, and only if, « <0 and g > 16t7719 ~ .0401.

Proof. This time we investigate the function

2
M(2) tanh® 2 — 5% (22 4 3)2 tanh? 2 — 922
zZ) = =
22 _ % 20 + 624




This function increases, because by Lemma 7.4
2243 42(2% + 3)(22 + 6) sinh 2
= 5 +— | +(z* +632% 4+ 36) cosh z
22%(2% +6)? cosh” 2 —(2* — 922 + 36) cosh 32

W(z) =

2
~ 2z5(z2j—($23cosh3 z +(" + 632" + 36) (1 + 27? + % + o! * %?) .
(2t - 922 1 36) (14 B2 4 8914 89" 4 a0
2(22 +3) ~ 1061725 4 99001=" — 1563242 + 258048 _
- 2(22 + 6)2 cosh® 2 8 80640
So the function h assumes values between lim, o h(z) = 0 and h(1). O

6. BOUNDS WITH VARYING ARGUMENTS

If N is a mean, then the formula N} (z,y) = N (232 422 2y 320 de-
fines a homotopy between the arithmetic mean A = N1 and N = N{!}, Therefore
if A< M < N, it makes sense to ask what the optimal numbers «, § are satisfying
Nt < M < N{P}. Theorem 6.1 from [8] gives a method for finding such numbers

in terms of the Seiffert functions of the means involved. It says

Theorem 6.1. For a Seiffert function k, denote k(z) = k(z)/z. Let M and N
be two means with Seiffert functions m and n, respectively Suppose that n(z) is
(m(Z)) and go = sup (m(Z))
If Az, y) < M(z,y) < N(z,y) for all x # vy, then the mequalztzes
N}z, y) < M(z,y) < N (z,y)

hold if, and only if, p < po and q¢ = qo
If N(z,y) < M(z,y) < A(z,y) for all x # y, then the inequalities

N{Q}(w y) < M(z,y) < NP (a,y)
hold if, and only if, p < po and q = qo-

strictly monotone and let pg = 1nf n

In the case of N = Ce we see that ce(z) = and é& ' (z) = V31 — 3,

_3
2243
Theorem 6.2. The inequalities

Co (S5 25t B —a) <M < Co(PH 4 22

hold if, and only if, a < \/7 ~ 0.7071 and B > 1/ 5

Proof. Using Theorem 6.1 we should find the range of the function

3-25--3
h(z): Sin z .

z

The monotonicity of the function h? follows from the proof of Theorem 2.1, so
evaluation of the values of h at the endpoints completes the proof. O

Theorem 6.3. The inequalities

Ce (52 + 252, 242 — 0%5) < M < Co (2 + 9252, =52 — 252)

hold if, and only if, « < +/3cothl —3 < 0.9691 and 5 > 1.
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Proof. According to Theorem 6.1, we shall consider the function

3—=— —3
h — tanh z
() = YoTmhz — %,
but we found the range of its square in the proof of Theorem 2.2. O

7. TOOLS AND LEMMAS
In this section, we place all the technical details needed to prove our main results.

Property 7.1. A function f : (a,b) — R is convex if, and only if, for every
a < 6 < b its divided difference w increases for x # 6.

A simple consequence of Property 7.1 is

Property 7.2. If a function f : (a,b) — R is convex and lim,_,, f(x) = ©, then
the function f(f%;@ increases.

Lemma 7.1. For all positive x # y the inequality Myann (z,y) < Ce(z,y) holds.

Proof. Using Seiffert’s functions we have to proof that h(z) = tanhz — ?jﬁ >0

for 0 < z < 1. Note that

2 254 Z6 ZS

z

<1+22+z4(1+1+1+...>:1+22+z4.
ot Tl 21 5>t 1o
This yields
W)= L 98 L 9322
cosh’z (342227 (1+2 +2)2  (3+2%)?
324(25 + 924 42422 + 12)
=B 2Rzt 62t Ae

which, combined with h(0) = 0 completes the proof. O

Lemma 7.2 (Lazarevic [4]). Consider the functions g, : [0,00) = R
gu(z) = cosh zsinhz —z, —-1<u<0.

For —1/3 < u < 0, the functions g, are positive. For —1 < u < —1/3, there exists
Xy > 0, such that g, is negative in (0,2,) and positive in (xy,00).

Proof. We have ¢,(0) = g/,(0) = 0 and
14 3u
w(u—1)]"

If —1/3 < u < 0, we have ul(:f’{) > 0, so g, is convex thus positive. For —1 <

g"(z) = u(u — 1) sinh z cosh" z |tanh® z +

u < —1/3, the equation tanh? x + ul(:fq) = 0 has exactly one solution &,, so g, is

concave and negative on (0,,). Then it becomes convex and tends to infinity, thus
assumes zero at exactly one point x,,. O

The next lemma can be found in [1, Theorem 1.25].

Lemma 7.3. Suppose f,g: (a,b) = R are differentiable with ¢’(x) # 0 and such
that lim, . f(z) = limg,—, g(z) = 0 or lim,_p f(2) = lim,—p g(x) = 0. Then



(1) if g—,/ is increasing on (a,b), then L is increasing on (a,b),

is decreasing on (a,b).

Q@

(2) if ;—: is decreasing on (a,b), then

Lemma 7.4. For 0 < x <1, the following inequalities hold

. (3z)*  (3z)°  (3x)7 (3z)°

a) sinh 3z < 3z + T + = + o +2 o
3 5 7
b) sinh 2z < 2z + G2 4 B2l 4 920

¢) cosh3zr <1+ (3;)2 + (31!)4 + (3;)6 +3 X (3;)8'

Proof. Proof a)

sinh(3z) — 30— B2 G2)  @2)T  (30)°

3! 5! 7! 9!
~ (Bx)tt ()3 (3z)° 32 34 (3z)
11! + 13! + < 9! 10-11+10-11~12-13+'” < 9!
Other proofs are similar. O
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