p-NORMS INTEGRAL INEQUALITIES FOR THE WEIGHTED
CEBYSEV FUNCTIONAL WITH APPLICATIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Assume that w : [a,b] — [0,00) is integrable with ffw (t)dt =1
and f, g are Lebesgue integrable on [a, b] . Consider the Cebysev functional
b b b
Du(f.9)i= [ FO9@uwd~ [ fw®d [ s®u@a
a a a

In ths paper we show among other that, if f, g are absolutely continuous with
1/p 1/q
b b
1 o o= (S2 17 @17 du) ™7 < o0 and g/l 1,4 = (S 19 (w)|?du) " <

oo for p, ¢ > 1 with % + % =1, then

0w ()l < [Du (& [ 15 ol au )] v 2w (e [ 1o ol au )] v
b

1 b
31 ey 19 iy | w0 Ot [ sy

S 1 i 191 Vb 52w (s) ds — (/l’ sw (s) ds) T

1
5 (b - a’) ||fl||[a,b],p ||ng[a,b],q :

Applications for continuous probability density functions supported on infinite
intervals and for norms and semi-inner products are also given.

IN

dt

IN

IN

1. INTRODUCTION

Let (2, A, 1) be a measurable space consisting of a set 2, a o-algebra A of parts
of 2 and a countably additive and positive measure y on A with values in RU{oc0} .

For a p-measurable function w : Q@ — R, with w(z) > 0 for p-ae. z € Q,
consider the Lebesgue space L., (2,u) := {h :  — R, h is y-measurable and
Jow () |h(x)]dp(z) < co}. Assume [, w (z)dp(x) = 1. In order to simplify
the notation for the integrals, we do not write the variable, namely, instead of
Jow () dp () we simply write [, wdp.

If h, k : Q — R are p-measurable functions and h, k, hk € L, (Q, 1), then we
may consider the weighted Cebysev functional in the following form

(1.1) Dy, (h,k) ::/whkdu—/whdu/wkdu.
Q Q Q
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2 S.S. DRAGOMIR

The following result is known in the literature as the Griiss inequality, see for
instance [7]:

1
(1.2) 1Dw (h, k)l < 7 (T'=7) (A =9),
provided
(1.3) —0<Y<h<I'<oo, —0<di<k<A<x

p-a.e. on §2. The constant % is sharp in the sense that it cannot be replaced by a
smaller constant.

In [7] Cerone and Dragomir proved among others the following refinement of
Griiss’ inequality:

Theorem 1. For h, k : Q — R, u-measurable functions and so that —oco < v <
h<T'<oo, —c0<d<k<A<o0 p-a.e onf,

(1.4) | Dy (h, k)| S%(A—(S)/Qw h—/{zwhdu‘du
S%(A—(S) l/ﬂthd,u—(/Qwham)jé
< A-HT -7,

provided that h, k, hk € L,, (, 1). The constants % and i are best possible.

Consider a probability density function w on [a,b], i.e., w > 0 a.e. on [a,d]
with f: w (t)dt = 1, and the weighted Cebysev functional for functions defined on
a finite interval [a, b],

Du (b, k) 1= /bh(t)k(t)w(t)dt—/bh(t)w(t)dt/bk(t)w(t)dt.

From (1.4) we get

b
h(t)—/ h(s)w () ds| dt

b b 2
%(A—(S) /aw(s)fﬁ(s)ds—</a h(s)w(s)ds)

<1(A-8)r -9,

b
(15)  IDu (k) <585 [ wi)

2

IN

provided that h, k : [a,b] — R are measurable functions and so that —oo < v <
h<T < o0, —00<d<k<A<ooae. onlab],and h, k, hk € Ly [a,b].

For more recent upper bounds related to the Cebysev functional see [1]-[9], [11]-
[19] and [22]-[29].

In this paper we show among other that, if f, g are absolutely continuous with

b 1/p b 1/q
1 i o= (217 @1 du) ™ < o0 and lg' . = (S o' (@)]%du) " < oo
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forp,q>1withz%+%:1,then

[Dw (f,9)| < [Dw <g, /a 7 (u)pdu)]w [Dw (6, /a S du)}w
1

b b
1 i 19 s [ 0@ e [ swio)ds

2
1 b b
< 3 ||f/||[a,b],p ||g/||[a,b],q / s*w (s) ds — (/ sw (5)d5>
a a

1
5 0= ) 17 a1 19 N 1.0

IN

dt

1
2

IN

Applications for continuous probability density functions supported on infinite in-
tervals and for norms and semi-inner products are also given.

2. MAIN RESULTS

The first main results is as follows:

Theorem 2. Assume that w : [a,b] — [0,00) is integrable with fabw (t)dt =1 and
f, g absolutely continuous with || 'l j o = €ssSuPse(qp |f' ()] < 00, then

@n|mmmswmmg%@/wwwﬂ

1 b b
< o 1 o 19 s [ w0 @)= [ s (s)ds
. ) . 272
< I oo 19y | [ weds = { [ sws)as
1 ! /
< 7 0= ) 1Mo 00 19" a1
’ LN
where [|g'|| 4 4.1 = (fa lg’ (u)] du) and L (t) =t,t € [a,b].
Also,
(22)  [Dw(f,9)|
<1 e Do (& [ 1o @01a0)
<1 b !
=5 (b—a)lf ||[a,b],oo
t s b b
x w(t) / (/ w(u)du> lg’ (5)|dsf/ </ w(u)du) lg’ ()| ds| dt
a a t s




4 S.S. DRAGOMIR

(b—=a) [1f ll14.0),00

[/ (o ([ ([ o) 00) |

> Z (b —a) ||f/||[a,b],oo ||9’||[a,b],1 :

Proof. Observe that, by the use of integral’s properties,

l\D\»—l

/ / w(t)w (s)[f (1) — £ (5)] g (1) — g (5)) dtds
=//wtws S g — 1) g )~ F(£)g(s)+ () g (s)) deds

/ ds/ rit / ()f()ds/b (t) g (1) dt
7/a w()f()dt/a w(s) g (s) ds+/ dt/ f(s)g(s)ds =2Dy (f.9),

which give the weighted Korkine’s identity for functions with complex values

- %/ / w(t)w () [f () = f(s)lg (t) — g (s)] dids.

For Korkine’s classical identity for real-valued functions, see [27, p. 242].
If we take the modulus and use the integral’s properties, we get

b b
(2.3) IDw(fyg)léé/a / w®)w(s)|[f (&) = f ()] g (t) — g (s)] dtds
b b
:%//“’(t)w(sﬂf(t)—f(S)Ilg(t)—g(s)|dtds.

Observe that for s, t € [a, ]

s>=/:f'<u>du, g(t)—g(s)z/:g'(u)cm
/ (u) du

/\g'UIdu
< su [f ()] |t = s|

/Ig )| du
te(a,b

= sup |f (u)|(t—s) / lg" (w)| du,

te(a,b)

which implies that

[f @)= f(s)llg () —g(s)| = u) du

(u)| du

for all s, ¢t € [a,b].
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By (2.3) we get

24) Do (£.9) < sup If'(u |f// (t - 5) (/ o () s

Since

(t— ) (/:|g'<u>|du) —(t-s) (Lt|g/<u>duls|g'<u>|du),

hence by Korkine’s identity for real valued functions f (¢t) = ¢ (¢) and f |9’ (u)] du,
we have

(2.5) // (t—s) (/ g’ (u |du—/ g’ (u |du>dtds
=D, (z/ g'(u)|du>.

By utilising (2.4) and (2.5), we deduce the first inequality in (2.1).

Observe that
t b
0< [y @ldu< [ 1 @ldu

for all ¢t € [a, b], then by (1.5) for the functions h (t) = £(t) and k (¢ f lg" ()] du,
t € [a,b], we get

(2.6) ‘Dw (z, / I (u )|du)
;(/ e du)/ w(t) t—/absw<s>ds

;(/abw/(u)du) [/abs%ﬂ(s)ds— (/absw(s)ds>2]2
L0-a) (/abw'(u)mu),

which proves the last part of (2.1).

IN

dt

IN

IA
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If we use (1.5) for the functions k (¢) = £ () and h (¢ f lg' (w)| du, t € [a,b],

we get
(/'Lc/ )
/ /|g )| du — /(/:lg’(uﬂdu)w(s)ds dt

IN

IN

1 N = L\D\

—
>
\
Q
=

/ (/ |9/ (u du) ds</b</:g/(u)du>w<s)ds>2]§
—9) (/a Ig’(u)du>_

t " |dU—/b 8)(/:gl(u)|du>dsdt
/Ig )| du — /(/:9/(“)|du>d</:w(u)du) dt

u)| du

IA
»P\n—

fe
e
<[
([ ds) wan= [ ([ o))
- ol s

- [wo|[ ’<u>|du—</:|g’<s>| </:w<u>du)ds)
= [ [ |du_/:|g/<s)</s”w<u)du>d5

L[ o)
ol ) o)
/abw@) f(/:w(u)du) /()| ds - /(/ w () d >|g<>|ds

and by (2.7) we derive (2.2). O

dt

dt

dt
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Theorem 3. Assume that w : [a,b] — [0,00) is integrable with f t)ydt =1
1/p
and f, g absolutely continuous with || f[/(, 4, (f If (u)|? du) < oo and

1/q .
19'110,01,4 = (f lg" (u |qdu) < oo forp, q>1 with 5 + & = 1. Then

28 1Du(fo) < [Du (e ] '|f'<u>|’”du>r/p (e ] |g’<u>qdu)}1/q
1
2

b
1oy 19 [ 0@t [ sw(s)as

2
1 b b
3 ||f/||[a,b],p ||ng[a,b],q / s*w (s) ds — </ sw (s) ds)
a a

1
) (b—a) HfIH[a,b],p

IN

dt

1
2

IN

IN

19"l fa61.4

1/2 1/2
In particular, if | '], 4, (f [f (u)] du) <00 and ||g'|l4 4.2 = (f lg’ (u)] du) <
0o, then

29 1Du(ra)l < [Du (& [ 17 @) - (¢ [ 1 @) v
1
2

b
1 2 19 m/ (1) t—/ ow (s) ds

2
1 b b
< 5 ||fl||[a,b],2 Hg/H[a,b],Q / s*w (s) ds — (/ sw (s) ds)

1
< 5 (b—a) Hf/H[a,b],Q ||g/||[a,b],2'

IN

dt

1
2

Proof. Using Holder’s inequality for p, ¢ > 1 with % + % =1, then

F($)lg (@) =g ()]

/ () du

u) du

' ()| du /|g’<u>|du
t 1/p t 1/q
<l st/ / F@Pdu| - s / 19 (u)|? du
t 1/p 1/q
—it=sl| [ 1 )P du ()" du

for all ¢, s € [a,b] .
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By the weighted Holder’s inequality for double integral, we also have

(2.10) // )19 (1) — g (s)] dtds
// )t - s|/|f Vi

s(// bt - |< W)l du
(// it~ s(/m ) du
(// D=l [ 15 @l
([ [ et [ cortan

Observe that
/ab/abw@)w(t) s '/:If'(uﬂpdu
= /ab/abw(s)w(t) (t—s) (/f 1 (u)|pdu> dids
/ab/ab‘”(s)“’(@ (t-2) (/:If’ )l du~ [ 1f @l ) avas
=20, (f, | (u>|”du>

and, similarly

[ Lo
D9l <5 // 1/|g<> g (5)| deds 1/

oo o) L)
oo (s [ 17w a]” oo (e fwcora)]

which proves the first inequality in (2.8).

dtds

|du

1/p
) iids )
> dtds)

dtds)

dtds)

dtds

dids = 2D, ( /a'|g/(u)|qdu>.

/Ig )| du
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If we use inequality (1.5) for h = £ and k = [ |f’(u)|" du and observe that
0<f|f’ |pdu<f\f’ )P du while a < £(t) < b for t € [a,b], then

ey o (e[ 17 @pa)
(/ e |pdu>/bw |
(/ 7 |”du)[ s ds—(/ﬂbsw@)ds)]
O (/ 7 |Pdu>7

w(s)ds|dt

,.;;

and, similarly

(2.12) </|g |qdu)

Therefore, by (2.11) and (2.12) we derive

- rer el foors]
[; (/ 7 pdu)/b w )
x [; ( / |g’<u>|qdu> [ we

t_

tf/a sw (s) ds
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;(/:v'(uﬂpdu) {/abs%(s)ds— (/absms)dsﬂ
;(/abm'(uwdu) {/@bs%(sms— (/absw@)dsﬂ
E (b-a) (/f (u)pduﬂ”” [i (b-a) (/ i <u>|qdu>r/q7

which proves the last part of (2.8). O

1/p

[NIE

IN

1/4q

[N

X

IN

3. THE CASE OF UNIFORM DISTRIBUTION

If we consider the uniform distribution wq (¢) =1/ (b — @) on the interval [a, ],

then we get
b_a/h dt——/h dt_a/k
Dy (& [ 1o )
s [ fvrae- st ([ )

Integrating by parts, we have

b
5[ 6-0-alg o]

s
—;[w—t)(t—a)/a |g'<u>dua+/ab<2t—a—b>(/Dg'(uﬂdu)dt}
L5 ([ )

- [e([wenaga-2 [([wora)a

Dy, (h, k)

Therefore,
b
g ( du)z/ b—1t)(t—a)lg (t)|dt.
Dy (& [ W law) = 5 [ 0= 0 -l @)
Also
b b 1 b b
/{lwo(t)t—/(sto(s)ds dt:bfa/a t—bf asds dt
1 ("] a+b 1
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therefore, by the first two inequalities in (2.1) we derive the following inequality of

interest:
o[ romoa gt [ roast [ o

(3.1)

1 !
< s Wl [ @D~ a)lg O
1 , ,
<3 (0 =a) [[f'10,5),00 19" .51 -

Observe also that

Do (1 [ 117 ) ) = 2(61_)/ (b= 1)t —a) I/’ ()" di
Dy (1 [ 1o @) = 55t [ ") (t— a)ldf (w)l"dt.

By utilising the first two inequalities in (2.8) we also get

N T ST

1 P
)[/ (b—1)(t—a) | ()] dt]

2(b

1/q
[ —tt—aﬂg(ﬂl
1
<35l

b—a) 1f lljq4.

and

(3.2)

| /\

19' a0

provided that |||, ., < o0 and [|g'[|(, 1., < o0 for p, ¢ > 1 with % + % =1.

4. THE CASE OF INFINITE INTERVALS

Similar results may be stated for the probability distributions that are supported
on the whole axis R = (—00,00). Namely, if I = (—o00,00) and w(s) > 0 for s € R
with f s)ds = 1, namely w is a probability density function on (—oo, 00), then
for f, g Lebesgue measurable functions on (—oo, 00) , we can consider the functional
the functional

o0 oo

Dw,R(f,g)::/oow(t)f(t)g(t)dt—/ w(t)f(t)dt/ w(t) g (t) dt.

— 00 — 00 — 00
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From (2.1) we then have

(41)  |Dwr(f 9)l

1 ceer Pz (& 1o @)l
1 , , oo oo
I Moo 19 s | w @] [ () s

1
212
1 o0 oo
5 ||fl||(_oo,oo),oo ||9/||(_w700)71 l/ s*w (s)ds — </ sw(s) ds> ]

with the assumptions that f and g are locally absolutely continuous, || f'|| (—00,00),00 =

eSS () 1S ()] < 00 a0 19" (g 1 = (Sl ()] ) < .

IN

IN

dt

IN

. o0 l/p o0
A130, 517/ -y = (S50 1 @) ) ™ < o0 and 1] g ey g = (S50 9" (@) du

oo for p, ¢ > 1 with % + % = 1. Then from (2.8) we derive

(42) |Dw,R (fa g)|

. 1/p . 1/q
< [DW,R (z, / K (u)V’duﬂ {Dw,R (z, / f (u)|qduﬂ
1 o0 o0
< G119 ey | 0] [ v as]a

IN

1 oo 0o 2 3
3 ||f/||(7oo,oo),p ||9/H(7oo7oo)’q l/ sw (s) ds — </ sw (s) ds) ]

- 1/2
In particular, if ”f/H(—oo,oo),z = (f_oo |f! (u)|2du> < oo and ”9/”(—00,00),2 =

s 1/2
(f, Ig’(U)IQdU) < oo, then

o0

(4.3)  [Duwr(f,9)l

(e[ o] [pus (1 [ _woor )]

1 oo oo
<51 a0 e [ 0@ [ sw)as

— 00

1
1 00 00 212
5 17102 19 oe..2 [/ s2w<s>ds</ sw@)ds)].

The probability density of the normal distribution on (—oo,00) is

IN

1 (x— )’
W2 (T) 1= Tora expl -5 5|2 e R,

where p is the mean or expectation of the distribution (and also its median and
mode), o is the standard deviation, and o2 is the variance.

)1/q -
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The cumulative distribution function is

Wioo (2) = ;+1 f(i\f“)

where the error function erf is defined by

erf (x / exp t2 dt.
f

Consider the functional

DN,J,,LL (f, g)

- 21770 /Z P (Jt ;Ug) ) ft)g(t)dt

G T A C S I

with the parameters p and o as above.
Then from (4.1) we get

(44)  [Dnowu(f.9)l

1) ey Do (& 19" ]

1 > (t—p)?
< ——|If ! — t— | dt
S oes 11l = o0,00),00 19 H(foo,oom/_oo eXP( 52 | 1t Hl

1
4 Hf/H(_oo7oo)7oo ||gl||(_<>0,oo),1

IN

IN

with the assumptions that f and g are locally absolutely continuous, || f/|| (—00,00),00 =

eSS, (o) LS (8)] < 00 a0 19" (g 1 = (Sl ()] ) < o
From (4.2) we derive

(4.5) |DN,0,,u (fa g)'

[DNM <€’ [w Fr duﬂ N {DNJ,M (ﬂ [ g @ du)} v

<X 7 17 e (2 g
9y/2mo ) N=oo00)p 19 l(—o0,00)q | EXP 202 "

IN

IN

!/ /
50 I f ||(_oo,oo),p lg H(—(x)7oo)7q

_ 1/p
provided that ||f’||(_007 (f_ |f' (u |pdu) < oo and Hg/”(—oo,oo),q =

o0 1/q
(ffoo |g’(u)|qdu) <ooforp,q>1with;)—|—%:1.

5. APPLICATIONS FOR NORMS AND SEMI-INNER PRODUCTS

Let X be areal linear space, x,y € X, x # yandlet [x,y] :== {(1 = Nz + Ay, A € [0,1]}
be the segment generated by z and y. We consider the function f : [z,y] — R and
the attached function g (z,y) : [0,1] = R, g (z,y) () := f[(1 —t)x + ty], ¢t € [0, 1].
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It is well known that f is convex on [z,y] iff g (x,y) is convex on [0, 1], and the
following lateral derivatives exist and satisfy

(i) ¢4 (z,9) (5) = V[ [(1 = s)z + syl (y — x), s € [0, 1),

(i) g% (2,9) (0) = V+f()( - ),
(ii)) g~ (z,9) (1) = V- (y) (y — ),
where 74 f (x) (y) are the Gateaur lateral derivatives, we recall that

f(z+hy) = f(x)

V+f (@) (y) - = lim 5 ,
Vof@ ) o o= am LEEWIZTE

We remark also that
Vifll=s)z+syl(y—z) = V- fI1—s)z+syl(y — )
for almost every s € [0,1], being the lateral derivatives of a convex function. In
integrals we can then write 3/ instead of 74 or /_.

Now, assume that (X, ||-||) is a normed linear space. The function f; (s) = 3 =2,
x € X is convex and thus the following limits exist

() (@9}, = 4. fo () (2) = Jim Lol

(v) (@) = V- fo (y) (2) = Jim lberf =l

for any z, y € X. They are called the lower and upper semi-inner products
associated to the norm ||-||.

For the sake of completeness we list here some of the main properties of these
mappings that will be used in the sequel (see for example [21]), assuming that p,
q € {s,i} and p # ¢

(a) (z,2), = [lz|* for all z € X;
(az, ﬂy) =af(z,y), fa, 8>0and z,y € X;

(aga) |(z,y) \<||xu lyl| for all z, y € X;

)

(aa)
)|

(av) (az +y,2), = a(z,z), + (y,2), f v, y € X and @ € R;

) (—2,y), = —(z,y), for all z, yeX;

(va) <3?+y72> < Jlal 1211+ z), forall z, y, 2 € X;

(vaa) The mapping (-,-), is continuous and subadditive (superadditive) in the
first variable for p = s (or p = i);

(vaaa) The normed linear space (X, ||-]|) is smooth at the point zg € X\ {0} if and
only if (y,z0), = (y,xo), for all y € X in general (y,x), < (y,z), for all z,
yeX;

(ax) If the norm ||-|| is induced by an inner product (-,-), then (y,z), = (y,z) =
(y,z), for all z, y € X.

For m > 1 the function f,, (z) = ||z||™ is convex on X. Therefore

(5.1) Vi fm (1) (@) = pllyl™ ™ (2. )

which exists for all z, y € X whenever m > 2. If 1 < m < 2 the equality (4.4) holds
for all x € X and nonzero y € X.
Observe also that

Vifm[(1=s)z+syl(y—2) =m|(1—s)z+sy|" > (y—2,(1— )z + sy),
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which exists for all z, y € X whenever m > 2. If 1 < m < 2 the equality (4.4) holds
for all x, y such that (1 —s)z + sy # 0 for all s € [0,1].

Now, assume that f, g : C' — R are convex on the convev subset C' in the linear

space X. Assume also that w : [0, 1] — [0, 00) is integrable and fol w (t)dt = 1. For
distinct vectors x, y we consider the functional

Dy zy (f,9) = ; f(A=t)z+ty)g((1—t)z+ty)w(t)dt
_/ f((l—t);zc—i—ty)w(t)dt/ 9 (1= )& + ty) w () dt.
0 0

From (2.1) we then obtain

(5:2)  |[Dw,ay (£, 9)|

< sup [Vf[(1—s)z+syl(y— )
tE[O,l]

<Dy (& [ 1val - wa -+l o))

<3 s \vf[(l—S)w+sy](y—x)|/ g l(1— )7+ sy] (y — )| ds
te[0,1] 0
b
t—/ sw(s)ds

1

x/o w (t)

1 1

< s \vf[(l—S)w+sy](y—w)|/ g [(L— 8)z + 9] (v — )| ds
te[0,1] 0

X [/OISQw(s)ds </015w(s)ds>2r

<1 swp \vf[(l—S)w+sy](y—w)l/ g [(L— 8)z + 9] (y — )] ds,
te[0,1] 0

dt

provided that the sup and the integral in the right side are finite.
From (2.8) we derive

(5:3)  [Duwzy (f,9)]

{Dw (& /0 Vf I —w)e+uyl (y — )" du>] :

IA

X

[Dw <£’ /0' Vg [(1—u)z + uy] (yl‘)lqdu)]l/q
< % (/01 |V f (1= s)x + sy] (y_m)|rds>1/r

x (/Olwg[(ls)wsy} <yx>qu)1/q/abw<t> dt

t/absw(s)ds
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s ([ oo -oe s -ar ds)w
([ 1vota =9+ si-apra)
[ s /a:w@ds)zr
s ([ o=t saiw-ar ds)w

(/ 99 [(1— )2+ s3] (y x>|qu)1/q

for r, ¢ > 1 with % + % =1, provided the integrals from the right side are finite.

IN

X

IN

In the case when w = wy = 1, then from (5.2) we have

(5.4)

f(A=t)z+ty)g((1—t)z+ty)dt
- [ rw-veswa | g<<1—t>m+ty>dt|

1
< & o 9710 =)z bl -] [ 19910~ )+ sl - )l ds
te[0,1]

while from (5.3)

(5.5) /0 F(L=t)z+ty) g (1 — ) o +ty) dt

—/Olf((l—t)x—l—ty)dt/olg((l—t)x—i—ty)dt’

<3 ([wrta -9z s <y—x>|’”ds>1/r

X (/01 Vg [(1—s)z+ sy (y_w)qu)l/q

forr,q>1with%+%:1.
Now, if we write (5.4) for the convex functions f,, (z) = [|z|™, m > 1 and
g (@) = ] .1 > 1, then for

Dyjjmn (2,)

1 1 1
:/ \|(17t)x+ty||m+"dt—/ ||(17t)x+ty||mdt/ (1= )z + ty|" dt
0 0 0
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we get
[Din,n (2,9)]

1 o
ggmn sup {||(1—8):L‘—|—8y|| 2‘<y—x,(1—s)x+sy>p‘}
t€[0,1]

< [0 et sl 1= 0t s,

which exists for all z, y € X whenever m, n > 2. If either ] <m <2or1<n <2,
the inequality (4.4) holds for all x, y such that (1 —s)x + sy # 0 for all s € [0,1].
Using the Schwarz inequality for the semi-inner products, we have

ds, p=s,1,

(=1 = )+ sy}, | < ly =2l (1= 5) 2+ syl

and by (5.6) we derive
(5:6)  [Dyppmn (2,9)]

1 m— ! n—
< gmnlly =l swp {1 =)z sy} [0 5o+ syl s
te[0,1] 0

for m, n > 1.
Now, if we write (5.4) for the convex functions f,, (z) = ||z|™, m > 1 and
gn (z) = ||z||", n > 1, then we get
B-7) | Dy fimn (2,9)]
1 1 . 1/r
< gt/ ( [ sy sl 7 fty o, (1= s) a4 s, ds)
0

q 1/q
ds)

for r, ¢ > 1 with % + % = 1, which exists for all z, y € X whenever m, n > 2. If
either 1 < m < 2 or 1 < n < 2, the inequality (4.4) holds for all z, y such that
(1—s)z+sy+#0forallsel0,1].

Using the Schwarz inequality for the semi-inner products, we have

x </01 (1= s)z + sy||?"2 (<y —z,(1-s)z+sy),

1 1 . 1/r
(58) Dy (2,9)] < gmt/ "ty — 2| (/ (1= 5) 2 + sy||" 1>d8>
0

1/q

1
X (/ H(l—s)x—ksy”qm_l) ds) ,
0

which holds for all z, y € X and r, ¢ > 1 with % + % =1.
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