GENERALIZED TRAPEZOID TYPE INEQUALITIES FOR THE
OPERATOR MODULUS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let (H;(-,-)) be a complex Hilbert space. Denote by B (H) the
Banach C*-algebra of bounded linear operators on H. In this paper we show
among others that, if the function A : [a,b] — B (H) is continuous on |[a, b]
and strongly differentiable on (a,b) with A’ € L ([a, b] B(H)), then

’(b—s)A(b) (s—a)Aa / awal

<(b—a)|:12(b—a)2+<s—a+b> /}A’(t| dt

for s € (a,b), in the operator order of B(H). Some examples for the operator
exponential and inverse functions are also provided.

1. INTRODUCTION

In 1999, Cerone and Dragomir proved the following generalized trapezoid type
inequality for p-norm [5].

Theorem 1. Let f : [a,b] — R be an absolutely continuous function on [a,b]. If
[/ € Lyla,b], then we have the inequality

b
(L1) (b—x>f<b>+<x—a>f<a>—/ £ (t) dt
1 q+1 g+1 1/q ,
< m {(x—a) -2 +} 1 a0, 0

for all x € [a,b], where p > 1, % + % =1 and |[[( 4, is the p-Lebesgue norm on

L, [a,b], i.e., we recall it
/p
19001 = ( / 9t m) .

From (1.1) we get the following trapezoid inequality

(b—a) 1,

la,b],p

12) |(p—a @S0 /f t) dt

(q+1)1/q

and % is a best possible constant.

1991 Mathematics Subject Classification. 47A63, 26D15, 46C05.
Key words and phrases. Ostrowski’s inequality, Midpoint inequality, Operator Valued func-
tions in Hilbert spaces, Operator exponential.

1

RGMIA Res. Rep. Coll. 24 (2021), Art. 50, 15 pp. Received 28/04/21


e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 24 (2021), Art. 50, 15 pp.    Received 28/04/21


2 S.S. DRAGOMIR

For p = ¢ = 2 we derive the Ly [a, b]-inequality
2

b
(1.3) <b—a:>f<b)+<x—a>f(a>—/ £ (t)dt

1
<3 |@=a®+ -2 17 e

for all z € [a,b] and the trapezoid inequality
b
P ELCESC Ry

2

1
< —

12

(1.4) (b—a) 1 54

For a survey on scalar trapezoid inequality, see [5]. For recent papers on this
inequality see also [1]-[4] and [6]-[15].

Denote by B (H) the Banach C*-algebra of bounded linear operators on Hilbert
space H. For A € B(H) we define the modulus of A by |A| := (A*A)l/Q. It is
well known that the modulus of operators does not satisfy, in general, the triangle
inequality |A + B| < |A|+ |B|, so the classical arguments using this inequality can
not be used. In order to obtain the corresponding version for the operator modulus
we need the following preparations.

In this paper we show among others that, if the function A : [a,b] — B (H) is
continuous on [a, b] and strongly differentiable on (a,b) with A" € Ls ([a,b], B (H)),
then
2

b
(b—s)A(b)+(s—a)A(a)—/ A(t)dt

s(ba)lé(b@H(s“;b)z /:|A’<t>|2dt

for s € (a,b), in the operator order of B(H). Some examples for the operator
exponential and inverse functions are also provided.

2. MAIN RESULTS

We use the following Cauchy-Bunyakowsky-Schwarz inequality:

Lemma 1. Assume thatw : [a,b] — (0,00) is continuous on [a, b] with f:w (s)ds =
1.If a € Ly ([a,b],C) and

b
A€ Loy (Ja,b], B(H)) == {A:[a,b]—>B(H), /w(t)||A(t)||2dt<oo},

then

b 2

b
(2.1) /w(t)|a(t)\2dt/ w () |A ()] dt >

a

/bw(t)a(t)A(t)dt

Proof. We have for a: [a,b] — C and A : [a,b] — B(H),
0< [0 @A () ~a@A®)| = la@[AE)F - a(=a@4 1) Als)
—a(t)a(s)A" (s) A1) +|a(s)* A @),
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which gives that
o (D JA ()" + e ()] [A ()] = a () a (A" (£) A (s) + (£ a () A" (5) A(2)

for all s, ¢t € [a,b].
Now, multiply this with w (s) w (¢) > 0 to get

w (t) e (ﬁw () [A ()" +w () o (s)*w () [A (2

>w(t)a@®)A" ) w(s)a(s)A(s)+w(s)a(s)A" (s)w (t) a(t) A(t)

for all s, ¢t € [a,b].
Integrating over ¢t and s on [a, b], then we get

b b b b
/w(t)|a(t)|2dt/ |A(s)|2ds+/ |a(s)\2ds/ w(t)|A (1) dt
b b
> / w(t) a BA (t) dt / o (s) A(s)ds

b b
+/ w () a () A* (s)ds/ o () A(t) dt

b
/ w(s)a(s)A(s)ds

and the inequality (2.1) is obtained. O

In a similar way we can prove the following discrete inequality

(2.2) D wplz D wi AR > | wiz Ay
k=1 k=1 k=1

where z, € C, Ay € B(H), wy, >0 for ke {1,...,n} and >}, wp = 1.
We have the following trapezoid type inequality for the modulus of operators:

2

3

Theorem 2. Assume that for s € (a,b), the function A : [a,b] — B (H) is con-
tinuous on [a,b] and strongly differentiable on (a,b) with A’ € Lo ([a,b],B(H)).
Then

2

b
(2.3) (b—s)A(b)—l—(s—a)A(a)—/ A(t) dt

<(b—a) [llz(b—a)Z—F(s—a;b)Q /ab|A’(t)2dt.

In particular, we have the trapezoid inequality

b
(- o) AL AW 7/ Alt) dt

2

b
(2.4) < % (bfa)g/a 1A’ ()] dt.

The constant % is best possible.
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Proof. Using integration by parts for Bochner’s integral, we have, see also
scalar case,

b

b
(2.5) / (t—s) A (t)dt = (tfs)A(t)|Zf/ A(t)ds

’ b
:(bfs)A(b)Jr(sfa)A(a)f/ A(t)ds

for all s € [a,}].
If we take the modulus and use the inequality (2.1) we get

b

(bfs)A(b)+(sfa)A(a)f/ A(t)ds

a

2 b b ,
g/ (t—s)2dt/ A’ (8)|° dt
1

=3 [(b — )+ (s — a)3] /ab A ()] dt.

Observe that, by simple calculations we get

oo s6-o] =00 [ oo+ (s 222

(2.6)

<

/h(t—s)A’(t)dt

2

By making use of (2.6), we derive (2.3).
The inequality (2.4) follows by (2.3) for s = 232,
Now, consider the function

2
Then
b
M) = Ao(@) = 5 6=, [ Ao(dt = 0o
and
(b—a) AO(b);AO(G) —/bAo(t)dt: %(b—a)?’
Also
b a 2
/ \A’(t)|2dt:/ <t— ;Lb> dt = %(b—a)d
Therefore
a b
(b— )AO(b);AO()_ aA(](t)dt —ﬁ(b—a)ﬁi
and

1 s [P0 a2 1 6
5=’ [ 40P @ = g 06— o,

which proves the sharpness of the inequality (2.4).

for the
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Remark 1. Recall the Lowner—Heinz inequality which says that A > B > 0 implies
A® > B® for all a € [0,1]. By taking the power 1/2 in (2.3) we derive
b

(b—s)A(b)+(sfa)A(a)f/ A(t)dt

a

1/2
i(b_ )2+ _L—i_b ’
DR ST

(2.7)

< (b _ a)1/2

while from (2.4) we get

b
(2.8) (bfa)wf/ A(t)dt

6

1/2
gﬁ@a)g”( b|A’<t>|2dt> :

The constant % is best possible in (2.8).

Theorem 3. Assume that the function A : [a,b] — B (H) is continuous on [a,b]
and strongly differentiable on (a,b) with A’ € Ly ([a,b] ,B(H)). Then

b 2
(2.9) (b—s)A(b)—i—(s—a)A(a)—/ A(t) dt
< [(b—s)4+(s—a)4] /0 TA (1 =7)s+7b)dr
[ a=na@-nasror ]
<309+ -0
></0 (14 (L= ) at7s) + |4 (1 =) s+ 70) ] dr
for s € [a,b].

Proof. We use the following change of variable t = (1 —7)c+ 7d, dt = (d — ¢) dr
and

d 1
/A(t)dt—(d—c)/ A((L=7)c+rd)dr.

0
Observe that

/b(t—s)A’(t)dt:/S(t—s)A’(t)dt+/b(t—s)A’(t)dt.

Therefore
/s(t—s)A'(t)dt: (s—a)/o (1-=7)a+7s—3s)A' (1 =T)a+Ts)dr

:—(sfa)z/o (1-7A((1-71)a+Ts)dr
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and

b 1
/ (t—s)A’(t)dt:(b—s)/O (1= 7)s+7b—s5) A (1= 1)+ 7b) dr

1
=(b- 5)2/0 TA (1 —7)s+7b)dr.

By (2.5) we get the following identity of interest

b
(2.10) (b—s)A(b)+(s—a)A(a)—/ A(t)ds
:(b—s)z/o TA (1 —7)s+7b)dr

—(s—a)2/0 (1= 7) A (1= 7)a+rs)dr

for all s € [a,b].
If we take the modulus and use the elementary inequality which follows by (2.2)

(|271|2 + |22|2) (|A1|2 + \A2|2) > 2141 4 z940)?,

then we get
2

b
(2.11) (b—s)A(b)—l—(S—a)A(a)—/ A(t)ds

= '(b—$)2AITA/((1—T)$+Tb)d7'
2

—(s—a)2/0 (1= ) A (1= 7)a+rs)dr

2

/ITAI((lT)S+Tb)dT
0

2 1 1
g/ T2d7/ A" (1 —7)s+7b)[* dr
0 0

<[o-9'+(s—a)'] [

+

1
/0 (1-7)A((1-=71)a+Ts)dr

which proves the first inequality in (2.9).
By (2.1) we have

/1TAI((1—T)S+Tb)dT
0

1
— %/ A" ((1 —T)S+Tb)|2d7'
0

and

1
/0 (1-7)A ((1—-7)a+Ts)dr

2

1 1
2 I 2
§/0 (1—-7) dT/O |[A"((1=7)a+7s)|"dr

1
_ %/ A (1= 7)a+7s)] dr,
0

which proves the last part of (2.9). O
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The following representation result holds.

Lemma 2. Let B : [a,b] — B(H) be a Bochner integrable on [a,b]. Then for any
A € [0, 1] we have the representation

(2.12) /1B[(1—t)a+tb]dt:(1—)\)/lB[(l—t)((l—A)a—i—Ab)—i—tb]dt
0 0
1
+)\/ Bl(1—=t)a+1t((1—X)a+ Ab)]dt.
0
In particular,

(2.13) /013[(1 ~t)a+tb]di

;/01 <B {(1t)“;b+tb] +B{(1t) +t;b]>dt.

Proof. For A =0 and A = 1 the equality (2.12) is obvious.
Let A € (0,1). Observe that

/IB[(I—t)()\b+(1—/\)a)+tb]dt
0

:/13[((1—t)/\—i—t)b—i—(l—t)(l—)\)a}dt

/B b+ (1= N a) + (1 —t)a] dt = /Bt)\b+(1—)\t) o] dt.

If we make the change of variable u := (1 —¢) A + ¢ then we have 1 — u =
(1—-¢t)(1=X) and du = (1 — A) dt. Then

1 1
1-X2J,

If we make the change of variable u := A\t then we have du = Adt and

/1B[((1t)/\+t)b+(1t)(l)\)a]dt Blub+ (1—u)ad] du.
0

/01 b+ (1— M)a / Blub+ (1 - u) a] du.

Therefore

(1—A)/lB[(l—t)(/\b+(1—>\)a)+tb]dt

0

+/\/ Blt(Ab+(1—XNa)+ (1 —t)a]dt
0
1 A

:/ B[ub—i—(l—u)a]du—i—/ Blub+ (1 —u)a]du
A 0

—/1B[ub+(1u)a]du
0

and the identity (2.12) is proved. O
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Corollary 1. Assume that the function A : [a,b] — B(H) is continuous on [a,b]
and strongly differentiable on (a,b) with A’ € Lo ([a,b],B(H)). Then

(b—a)A(bH—A(a)—/bA(t)dt

(2.14)

The constants ¢ and 15 are best possible in (2.14).

Proof. From (2.9) we have for s = %2 that

(b—a)w—/bA(t)dt

2

1 1
Sf(b—a)4 /TA' (1—7)a+b+7'b dr
8 ) 2
1 2
+/ (1—7)A’<(1—T)a+7a;b>d7 ]
0
1 4
< —(p—
S9(0-9)
1 [ 2 27
x/ ‘A/<(1—7)a+7'a_2|—b> —&—’A’((l—r)a;—b—l—ﬂ)) dr.
0
y (2.13) we also have
1t b\ |2 b 2]
7/ A'((l—r)a—l—TaJr > —|—‘A’((1—7’)aJr +7'b> dr
2/, 2 2
1 ) 1 1 ) i
:/ 1A' (1= 7)a+ )| dt:—/ A (1) dt
0 b—a Jy
and the inequality (2.14) is thus proved. O

We can introduce the following concept:

Definition 1. We say that the continuous function B : [a,b] — B(H) is square
modulus convex on [a,b] if

(2.15) B((1—t)u+w)®<(1-0)[BW+tB)

in the operator order of B(H), for all u, v € [a,b] and t € [0,1].
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Let A, Be€ B(H) and « € [0,1]. Then by (2.2) we get

2
(1—a)A+aBf=|1-a)?(1 fa)l/zAJral/Qal/QB’

(
< {( 1/2 + (a1/2>2] U(l_a)l/z A‘Q—k ‘alﬂBﬂ
—(l-a+a) { 1—a>|A|2+a|B|2}

=(1—a)|A +a|B.

Consider the function C : [0,1] —» B(H),C (t) = |(1 —¢) A+ ¢B|. Let 1, t2 € [0, 1]
and a € [0,1]. Then
[(1— (1 —a)ty —ats) A+ (1 — @) ts + aty) B
(1—a)(1—t) A+t B) +a((1—t) A+ t2B)|
(1—a)|(1—t) A+t B + a|(l —ty) A+ t2B?
(1—a)|C (0" +alC ()],

IC((1 =)ty + ata)]?

IA

which shows that C' is square modulus convex on [0, 1].
Assume that f is nonnegative on I and operator converx, namely

F(1=a)A+aB) < (1-a)f(A)+af (B)
for all a € [0,1] and selfadjoint operators A, B with spectra in I.
For such function and A, B, we consider
D(t):=[f(1—t)A+tB)"* te[0,1].

Then, using a similar proof as above for the modulus function, we conclude that D
is square modulus convex on [0,1].
The function f(t) = t" is operator convex on (0,00) if either 1 < r < 2 or

—1 < r <0 and is operator concave on (0,00) if 0 < r < 1. Therefore for 4, B > 0,
the function

B(t):=((1—-t)A+tB)"* te0,1]
is square modulus convex on [0,1] for 1 <r <2or —1 <r <0.

Proposition 1. With the assumption of Theorem 2 and if A’ is square modulus
convex on (a,b), then

b 2
(2.16) (b—3)A(d) + (s —a) A(a) —/ A(t)dt

1 2 a+b 2
E(bfa) +<s 5 )

2
< gz (b—a) [l4 @) + 14 0)].

(b—a)’

<3 (4" @ + 14" 0]

In particular,

217) |(p—a) A0 FA@ _ /bA(t) dt
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Proof. We have, by the square modulus convexity of A’, that
b 1

/ A (O dt = (b— a)/ AT (1= s)a+ sb)|* ds
a 0

1
SO0 [ [0-914 @ + 514 ®F] s
4 @ +14 ()
2 )
and by (2.3) we get (2.16). O

=({b-a)

We also have:

Proposition 2. With the assumption of Theorem 3 and if A’ is square modulus
convezx on (a,b) then
2

b
(2.18) (b—s5)A(b)+ (s—a) A(a) —/ Alt) dt

<< [s-a)'+ 09" |14 ()

W =

2

y%A%®|+M%®|}

In particular,
2

(2.19) (b—ay A FAQ) /bA(t) dt

2
o a+b
2

< o5 (b—a) [l @)+ 14 B)P].

1

ﬂ(b—a)Q

<

_FM%MI;M%MI]

Proof. We have, by the square modulus convexity of A’, that

/01 {|A' (A—7)a+7s) +]A (1—-7)s+ Tb)ﬂ dr

! 2 2 2 2
< [a-ni@F + o4 @F @ - @F + 714 )] d
0
_ P+ A O @
and by (2.9) we derive (2.18). O

3. SOME EXAMPLES

Consider the function A (t) = exp (tT), where t € R and T € B(H). Then
A'(t)=Texp (tT), for t e R and T € B (H). By making use of 2.19 we get
2

(3.1) (b — q) 22T oD o7 _ / ' exp (4T dt
b
< 11—2(b7a)3/a |T exp (tT)]? dt.
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If T is invertible, then [2]
b
(3.2) / exp (tT) dt = T~ [exp (bT) — exp (aT)] .

From (3.1) we derive

exp (aT') 4 exp (bT)
2

— T [exp (bT) — exp (aT)]

(3.3) ‘(b —a)

< 12 (b—a) / T exp (tT)|? dt.
For T invertible, if we consider B (t) = T exp (tT), then B’ (t) = T? exp (¢I') and
b
/ B (t)dt = exp (bT) — exp (aT) .

By (2.19) we derive
2

(3.4) ‘(b —a) 7P (aT) ;r exp (0T) _ exp (bT') + exp (aT)
b
< % (b a)3/ |72 exp (¢T)|” dt.

Since for any operator V € B(H) we have |[V|* < |[V]]* and |jexp (tT)| <
exp (|t||T]),t € R, T € B(H), then by (3.1) we get
2

(b — o 220T) —; exp (bT) / ’ exp (1T di

(3.5)

1

gﬁ _a) / I exp () dt < o 1T / lexp (¢7)||2 d

b
E IT1* (b~ a)3/ exp (2| T [¢]) dt

If 0 <a <b, then

IN

b b
exp (2||T]|b) —exp (2||T| a
[ et = [ @iy a - =G eI

and by (3.5) we get

2
(b—a) exp (aT) ; exp (1) /b exp (1T dt

(3.6)

< 57 (0= IT| [exp (2||T | b) — exp (2| )]

1

24

for any T € B(H).
Moreover, if T' is invertible, then we also have the exponential inequality

2
(3.7) ’(b —a) exp (aT) ;_ exp (OT) _ T [exp (bT) — exp (aT)]

< i (b—a)* |IT [exp (2| T b) — exp (2| T[] )] -
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Consider the function A (t) = exp[(1 —t) A] (B — A)exp (tB), t
integrating by parts

/Olf(t)dt

0

1
= / (exp[(1 —t) A] Bexp (tB) —exp[(1 —t) A] Aexp (tB)) dt

€ [0,1]. Then,

- / exp [(1 — 1) A] (exp (tB))' dt + / (exp[(1 — ) A]) exp (¢B) dt
0 0

= exp[(1 —t) Al exp (tB)\(l) + A/O exp[(1 —t) Al exp (tB) dt

1
+ exp[(1 —t) Al exp (tB)|é — /0 (exp[(1 —t) A]) Bexp (tB) dt

=2(expB —expA) — /o exp[(1 —1t) Al (B — A)exp (tB)

1
:2(expB—epr)—/O f(t)dt

which gives the following identity of interest [4]

/0 exp[(1—t)A] (B — A)exp (tB)dt =exp B —exp A

forall A, Be B(H).
Also

A'(t)=—Aexp[(1 —t) Al (B — A)exp (tB)
+exp[(1—t)A](B— A)Bexp (tB)dt
=exp[(1—1t)A](B— A)Bexp (tB)d
—exp[(1—t)A]A(B — A)exp (tB)

—exp[(1— 1) A][(B — 4) B — A(B — 4)]exp (tB)

[(1—=1)

A
=exp[(1—1t)A4] (BQfQAB+A2) exp (tB).

By utilising (2.4) we get

exp (A) (B — A) + (B — A) exp (B) 2

(3.8) 5 —expB+expd

< % /b |eXp [(1—1t)A] (B*>—2A4B + A?) exp (sz)|2 dt,

forall A, Be B(H).
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Since
lexp [(1 — ) A] (B? — 2AB + A2) exp (tB)|”
< |jexp[(1 — t) A] (B? — 24B + A%) exp (¢B)||”
< Jlexp[(1 — ) A]|? | B? — 248 + A%||? |lexp (¢B)
< exp[2(1— 1) Al | B* - 24B + 42| exp (2¢ | B])
— [|B% — 24B + A%|" exp [2[(1 — ¢) | A|l + ¢ | B}
= [|B” — 248 + A%|Pexp {2[(1 — ) [|4]| + ¢ | BI}},
hence by (3.8) we get

exp (A) (B — A) + (B — A)exp (B) 2

(3.9) 5 —expB+expA

IA

1 2 [P
s 1B =248+ 4P [Cexp (210 - o)1 + ¢80 d

exp (2| All) if [|B] = [lAll,

1
12 ||B2 —2AB + A2H2 { (2|| B @lIAl)
ex —ex .
S TBT=TAD if |B]l # IA]l-

Further, let A, B € B(H) such that (1 —t) A+ tB is invertible for all ¢ € [0, 1].
For this to happen, it is enough to assume that A, B > 0 in the operator order
of B(H) . Consider the function A (t) := ((1 —t) A+tB)~", t € [0,1] and observe
that

At)=—((1—t)A+tB) ' (B-—A) (1 —-t)A+tB)"", te[0,1].

By utilising (2.4) we then get

2

(3.10) ‘AlgBl - /01 (1—t)A+tB) " dt
< 112/01 ’((17t)A+tB)*1 (B — A) ((17t)A+tB)71‘2dt

for A, B € B(H) such that (1 —t) A+ ¢B is invertible for all ¢ € [0,1].
Since

‘((1 —t)A+tB) (B A)(1-t) A+ tB)_l\
<|@-pasmy | 18- al.

hence by (3.10) we derive

2

A1 4 B!
(3.11) ‘+ -

1
. /0 (1—t)A+tB)" adt

< % 1B — Al /01 H(u A+ tB)_1H4dt.
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Now, if A>m > 0and B> m > 0, then (1 —t) A+tB)"' <m~* for t € [0,1]
and by (3.11) we obtain the simpler inequality

2

1 A2
—/ (1—t)A+tB) " dt < LIB-AF
0

Al 4+ B!
12 m#

2

Since f (u) = u~! is operator convex on (0, 00), then by taking the square root and
using the Hermite-Hadamard operator inequality [8], we derive

A7l 4+ B! ! 1 V3B — Al
12 < - 1-t)A+tB < ——
g1 o<t P [a-nasmta < FEAL

provided that A > m > 0 and B > m > 0.
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