
GENERALIZED TRAPEZOID TYPE INEQUALITIES FOR THE
OPERATOR MODULUS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Let (H; h�; �i) be a complex Hilbert space. Denote by B (H) the
Banach C�-algebra of bounded linear operators on H. In this paper we show
among others that, if the function A : [a; b] ! B (H) is continuous on [a; b]
and strongly di¤erentiable on (a; b) with A0 2 L2 ([a; b] ;B (H)) ; then����(b� s)A (b) + (s� a)A (a)� Z b

a
A (t) dt

����2
� (b� a)

"
1

12
(b� a)2 +

�
s� a+ b

2

�2#Z b

a

��A0 (t)��2 dt
for s 2 (a; b) ; in the operator order of B (H) : Some examples for the operator
exponential and inverse functions are also provided.

1. Introduction

In 1999, Cerone and Dragomir proved the following generalized trapezoid type
inequality for p-norm [5].

Theorem 1. Let f : [a; b] ! R be an absolutely continuous function on [a; b]. If
f 0 2 Lp [a; b] ; then we have the inequality�����(b� x) f (b) + (x� a) f (a)�

Z b

a

f (t) dt

�����(1.1)

� 1

(q + 1)
1=q

h
(x� a)q+1 + (b� x)q+1

i1=q
kf 0k[a;b];p ;

for all x 2 [a; b], where p > 1; 1p +
1
q = 1 and k�k[a;b];p is the p-Lebesgue norm on

Lp [a; b], i.e., we recall it

kgk[a;b];p :=
 Z b

a

jg (t)jp dt
!1=p

:

From (1.1) we get the following trapezoid inequality

(1.2)

�����(b� a) f (a) + f (b)2
�
Z b

a

f (t) dt

����� � 1

2 (q + 1)
1=q

(b� a)1+1=q kf 0k[a;b];p ;

and 1
2 is a best possible constant.
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2 S. S. DRAGOMIR

For p = q = 2 we derive the L2 [a; b]-inequality�����(b� x) f (b) + (x� a) f (a)�
Z b

a

f (t) dt

�����
2

(1.3)

� 1

3

h
(x� a)3 + (b� x)3

i
kf 0k2[a;b];2 ;

for all x 2 [a; b] and the trapezoid inequality

(1.4)

�����(b� a) f (a) + f (b)2
�
Z b

a

f (t) dt

�����
2

� 1

12
(b� a)3 kf 0k2[a;b] :

For a survey on scalar trapezoid inequality, see [5]. For recent papers on this
inequality see also [1]-[4] and [6]-[15].
Denote by B (H) the Banach C�-algebra of bounded linear operators on Hilbert

space H. For A 2 B (H) we de�ne the modulus of A by jAj := (A�A)
1=2
: It is

well known that the modulus of operators does not satisfy, in general, the triangle
inequality jA+Bj � jAj+ jBj ; so the classical arguments using this inequality can
not be used. In order to obtain the corresponding version for the operator modulus
we need the following preparations.
In this paper we show among others that, if the function A : [a; b] ! B (H) is

continuous on [a; b] and strongly di¤erentiable on (a; b) with A0 2 L2 ([a; b] ;B (H)) ;
then �����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) dt

�����
2

� (b� a)
"
1

12
(b� a)2 +

�
s� a+ b

2

�2#Z b

a

jA0 (t)j2 dt

for s 2 (a; b) ; in the operator order of B (H) : Some examples for the operator
exponential and inverse functions are also provided.

2. Main Results

We use the following Cauchy-Bunyakowsky-Schwarz inequality:

Lemma 1. Assume that w : [a; b]! (0;1) is continuous on [a; b] with
R b
a
w (s) ds =

1:If � 2 L2;w ([a; b] ;C) and

A 2 L2;w ([a; b] ;B (H)) :=
(
A : [a; b]! B (H) ;

Z b

a

w (t) kA (t)k2 dt <1
)
;

then

(2.1)
Z b

a

w (t) j� (t)j2 dt
Z b

a

w (t) jA (t)j2 dt �
�����
Z b

a

w (t)� (t)A (t) dt

�����
2

:

Proof. We have for � : [a; b]! C and A : [a; b]! B (H) ;

0 �
���� (t)A (s)� � (s)A (t)���2 = j� (t)j jA (s)j2 � � (s)� (t)A� (t)A (s)

� � (t)� (s)A� (s)A (t) + j� (s)j2 jA (t)j2 ;
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which gives that

j� (t)j2 jA (s)j2 + j� (s)j2 jA (t)j2 � � (s)� (t)A� (t)A (s) + � (t)� (s)A� (s)A (t)

for all s; t 2 [a; b] :
Now, multiply this with w (s)w (t) � 0 to get

w (t) j� (t)j2 w (s) jA (s)j2 + w (s) j� (s)j2 w (t) jA (t)j2

� w (t)� (t)A� (t)w (s)� (s)A (s) + w (s)� (s)A� (s)w (t)� (t)A (t)

for all s; t 2 [a; b] :
Integrating over t and s on [a; b] ; then we getZ b

a

w (t) j� (t)j2 dt
Z b

a

jA (s)j2 ds+
Z b

a

j� (s)j2 ds
Z b

a

w (t) jA (t)j2 dt

�
Z b

a

w (t)� (t)A� (t) dt

Z b

a

� (s)A (s) ds

+

Z b

a

w (s)� (s)A� (s) ds

Z b

a

� (t)A (t) dt

= 2

�����
Z b

a

w (s)� (s)A (s) ds

�����
2

;

and the inequality (2.1) is obtained. �

In a similar way we can prove the following discrete inequality

(2.2)
nX
k=1

wk jzkj2
nX
k=1

wk jAkj2 �
�����
nX
k=1

wkzkAk

�����
2

;

where zk 2 C, Ak 2 B (H) ; wk � 0 for k 2 f1; :::; ng and
Pn

k=1 wk = 1:
We have the following trapezoid type inequality for the modulus of operators:

Theorem 2. Assume that for s 2 (a; b) ; the function A : [a; b] ! B (H) is con-
tinuous on [a; b] and strongly di¤erentiable on (a; b) with A0 2 L2 ([a; b] ;B (H)) :
Then �����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) dt

�����
2

(2.3)

� (b� a)
"
1

12
(b� a)2 +

�
s� a+ b

2

�2#Z b

a

jA0 (t)j2 dt:

In particular, we have the trapezoid inequality

(2.4)

�����(b� a) A (b) +A (a)2
�
Z b

a

A (t) dt

�����
2

� 1

12
(b� a)3

Z b

a

jA0 (t)j2 dt:

The constant 1
12 is best possible.
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Proof. Using integration by parts for Bochner�s integral, we have, see also for the
scalar case,Z b

a

(t� s)A0 (t) dt = (t� s)A (t)jba �
Z b

a

A (t) ds(2.5)

= (b� s)A (b) + (s� a)A (a)�
Z b

a

A (t) ds

for all s 2 [a; b] :
If we take the modulus and use the inequality (2.1) we get�����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) ds

�����(2.6)

�
�����
Z b

a

(t� s)A0 (t) dt
�����
2

�
Z b

a

(t� s)2 dt
Z b

a

jA0 (t)j2 dt

=
1

3

h
(b� s)3 + (s� a)3

i Z b

a

jA0 (t)j2 dt:

Observe that, by simple calculations we get

1

3

h
(s� a)3 + (b� s)3

i
= (b� a)

"
1

12
(b� a)2 +

�
s� a+ b

2

�2#
:

By making use of (2.6), we derive (2.3).
The inequality (2.4) follows by (2.3) for s = a+b

2 :
Now, consider the function

A0 (t) =
1

2

�
t� a+ b

2

�2
; t 2 [a; b] :

Then

A0 (b) = A0 (a) =
1

8
(b� a)2 ;

Z b

a

A0 (t) dt =
1

24
(b� a)3

and

(b� a) A0 (b) +A0 (a)
2

�
Z b

a

A0 (t) dt =
1

12
(b� a)3 :

Also Z b

a

jA0 (t)j2 dt =
Z b

a

�
t� a+ b

2

�2
dt =

1

12
(b� a)3 :

Therefore �����(b� a) A0 (b) +A0 (a)2
�
Z b

a

A0 (t) dt

�����
2

=
1

144
(b� a)6

and
1

12
(b� a)3

Z b

a

jA00 (t)j
2
dt =

1

144
(b� a)6 ;

which proves the sharpness of the inequality (2.4). �
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Remark 1. Recall the Löwner�Heinz inequality which says that A � B � 0 implies
A� � B� for all � 2 [0; 1]. By taking the power 1=2 in (2.3) we derive�����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) dt

�����(2.7)

� (b� a)1=2
"
1

12
(b� a)2 +

�
s� a+ b

2

�2#1=2 Z b

a

jA0 (t)j2 dt
!1=2

;

while from (2.4) we get

(2.8)

�����(b� a) A (b) +A (a)2
�
Z b

a

A (t) dt

����� �
p
3

6
(b� a)3=2

 Z b

a

jA0 (t)j2 dt
!1=2

:

The constant
p
3
6 is best possible in (2.8).

Theorem 3. Assume that the function A : [a; b] ! B (H) is continuous on [a; b]
and strongly di¤erentiable on (a; b) with A0 2 L2 ([a; b] ;B (H)) : Then�����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) dt

�����
2

(2.9)

�
h
(b� s)4 + (s� a)4

i "����Z 1

0

�A0 ((1� �) s+ �b) d�
����2

+

����Z 1

0

(1� �)A0 ((1� �) a+ �s) d�
����2
#

� 1

3

h
(b� s)4 + (s� a)4

i
�
Z 1

0

h
jA0 ((1� �) a+ �s)j2 + jA0 ((1� �) s+ �b)j2

i
d�

for s 2 [a; b] :

Proof. We use the following change of variable t = (1� �) c + �d, dt = (d� c) d�
and Z d

c

A (t) dt = (d� c)
Z 1

0

A ((1� �) c+ �d) d�:

Observe thatZ b

a

(t� s)A0 (t) dt =
Z s

a

(t� s)A0 (t) dt+
Z b

s

(t� s)A0 (t) dt:

ThereforeZ s

a

(t� s)A0 (t) dt = (s� a)
Z 1

0

((1� �) a+ �s� s)A0 ((1� �) a+ �s) d�

= � (s� a)2
Z 1

0

(1� �)A0 ((1� �) a+ �s) d�
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and Z b

s

(t� s)A0 (t) dt = (b� s)
Z 1

0

((1� �) s+ �b� s)A0 ((1� �) s+ �b) d�

= (b� s)2
Z 1

0

�A0 ((1� �) s+ �b) d� :

By (2.5) we get the following identity of interest

(b� s)A (b) + (s� a)A (a)�
Z b

a

A (t) ds(2.10)

= (b� s)2
Z 1

0

�A0 ((1� �) s+ �b) d�

� (s� a)2
Z 1

0

(1� �)A0 ((1� �) a+ �s) d�

for all s 2 [a; b] :
If we take the modulus and use the elementary inequality which follows by (2.2)�

jz1j2 + jz2j2
��
jA1j2 + jA2j2

�
� jz1A1 + z2A2j2 ;

then we get �����(b� s)A (b) + (s� a)A (a)�
Z b

a

A (t) ds

�����
2

(2.11)

=

����(b� s)2 Z 1

0

�A0 ((1� �) s+ �b) d�

� (s� a)2
Z 1

0

(1� �)A0 ((1� �) a+ �s) d�
����2

�
h
(b� s)4 + (s� a)4

i "����Z 1

0

�A0 ((1� �) s+ �b) d�
����2

+

����Z 1

0

(1� �)A0 ((1� �) a+ �s) d�
����2
#

which proves the �rst inequality in (2.9).
By (2.1) we have����Z 1

0

�A0 ((1� �) s+ �b) d�
����2 � Z 1

0

�2d�

Z 1

0

jA0 ((1� �) s+ �b)j2 d�

=
1

3

Z 1

0

jA0 ((1� �) s+ �b)j2 d�

and����Z 1

0

(1� �)A0 ((1� �) a+ �s) d�
����2 � Z 1

0

(1� �)2 d�
Z 1

0

jA0 ((1� �) a+ �s)j2 d�

=
1

3

Z 1

0

jA0 ((1� �) a+ �s)j2 d� ;

which proves the last part of (2.9). �
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The following representation result holds.

Lemma 2. Let B : [a; b] ! B (H) be a Bochner integrable on [a; b] : Then for any
� 2 [0; 1] we have the representationZ 1

0

B [(1� t) a+ tb] dt = (1� �)
Z 1

0

B [(1� t) ((1� �) a+ �b) + tb] dt(2.12)

+ �

Z 1

0

B [(1� t) a+ t ((1� �) a+ �b)] dt:

In particular,Z 1

0

B [(1� t) a+ tb] dt(2.13)

=
1

2

Z 1

0

�
B

�
(1� t) a+ b

2
+ tb

�
+B

�
(1� t) a+ ta+ b

2

��
dt:

Proof. For � = 0 and � = 1 the equality (2.12) is obvious.
Let � 2 (0; 1) : Observe thatZ 1

0

B [(1� t) (�b+ (1� �) a) + tb] dt

=

Z 1

0

B [((1� t)�+ t) b+ (1� t) (1� �) a] dt

and Z 1

0

B [t (�b+ (1� �) a) + (1� t) a] dt =
Z 1

0

B [t�b+ (1� �t) a] dt:

If we make the change of variable u := (1� t)� + t then we have 1 � u =
(1� t) (1� �) and du = (1� �) dt: ThenZ 1

0

B [((1� t)�+ t) b+ (1� t) (1� �) a] dt = 1

1� �

Z 1

�

B [ub+ (1� u) a] du:

If we make the change of variable u := �t then we have du = �dt andZ 1

0

B [t�b+ (1� �t) a] dt = 1

�

Z �

0

B [ub+ (1� u) a] du:

Therefore

(1� �)
Z 1

0

B [(1� t) (�b+ (1� �) a) + tb] dt

+ �

Z 1

0

B [t (�b+ (1� �) a) + (1� t) a] dt

=

Z 1

�

B [ub+ (1� u) a] du+
Z �

0

B [ub+ (1� u) a] du

=

Z 1

0

B [ub+ (1� u) a] du

and the identity (2.12) is proved. �
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Corollary 1. Assume that the function A : [a; b] ! B (H) is continuous on [a; b]
and strongly di¤erentiable on (a; b) with A0 2 L2 ([a; b] ;B (H)) : Then�����(b� a) A (b) +A (a)2

�
Z b

a

A (t) dt

�����
2

(2.14)

� 1

8
(b� a)4

"����Z 1

0

�A0
�
(1� �) a+ b

2
+ �b

�
d�

����2

+

����Z 1

0

(1� �)A0
�
(1� �) a+ � a+ b

2

�
d�

����2
#

� 1

12
(b� a)3

Z 1

0

jA0 (t)j2 dt:

The constants 1
8 and

1
12 are best possible in (2.14).

Proof. From (2.9) we have for s = a+b
2 that�����(b� a) A (b) +A (a)2

�
Z b

a

A (t) dt

�����
2

� 1

8
(b� a)4

"����Z 1

0

�A0
�
(1� �) a+ b

2
+ �b

�
d�

����2

+

����Z 1

0

(1� �)A0
�
(1� �) a+ � a+ b

2

�
d�

����2
#

� 1

24
(b� a)4

�
Z 1

0

"����A0�(1� �) a+ � a+ b2
�����2 + ����A0�(1� �) a+ b2 + �b

�����2
#
d� :

By (2.13) we also have

1

2

Z 1

0

"����A0�(1� �) a+ � a+ b2
�����2 + ����A0�(1� �) a+ b2 + �b

�����2
#
d�

=

Z 1

0

jA0 ((1� �) a+ �b)j2 dt = 1

b� a

Z 1

0

jA0 (t)j2 dt

and the inequality (2.14) is thus proved. �

We can introduce the following concept:

De�nition 1. We say that the continuous function B : [a; b] ! B (H) is square
modulus convex on [a; b] if

(2.15) jB ((1� t)u+ tv)j2 � (1� t) jB (u)j2 + t jB (v)j2

in the operator order of B (H) ; for all u; v 2 [a; b] and t 2 [0; 1] :
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Let A; B 2 B (H) and � 2 [0; 1] : Then by (2.2) we get

j(1� �)A+ �Bj2 =
���(1� �)1=2 (1� �)1=2A+ �1=2�1=2B���2

�
��
(1� �)1=2

�2
+
�
�1=2

�2� ����(1� �)1=2A���2 + ����1=2B���2�
= (1� �+ �)

h
(1� �) jAj2 + � jBj2

i
= (1� �) jAj2 + � jBj2 :

Consider the function C : [0; 1]! B (H) ; C (t) = j(1� t)A+ tBj : Let t1; t2 2 [0; 1]
and � 2 [0; 1] : Then

jC ((1� �) t1 + �t2)j2 = j(1� (1� �) t1 � �t2)A+ ((1� �) t1 + �t2)Bj2

= j(1� �) ((1� t1)A+ t1B) + � ((1� t2)A+ t2B)j2

� (1� �) j(1� t1)A+ t1Bj2 + � j(1� t2)A+ t2Bj2

= (1� �) jC (t1)j2 + � jC (t2)j2 ;

which shows that C is square modulus convex on [0; 1] :
Assume that f is nonnegative on I and operator convex, namely

f ((1� �)A+ �B) � (1� �) f (A) + �f (B)

for all � 2 [0; 1] and selfadjoint operators A; B with spectra in I:
For such function and A; B; we consider

D (t) := [f ((1� t)A+ tB)]1=2 ; t 2 [0; 1] :

Then, using a similar proof as above for the modulus function, we conclude that D
is square modulus convex on [0; 1] :
The function f (t) = tr is operator convex on (0;1) if either 1 � r � 2 or

�1 � r � 0 and is operator concave on (0;1) if 0 � r � 1: Therefore for A; B > 0;
the function

B (t) := ((1� t)A+ tB)r=2 ; t 2 [0; 1]
is square modulus convex on [0; 1] for 1 � r � 2 or �1 � r � 0.

Proposition 1. With the assumption of Theorem 2 and if A0 is square modulus
convex on (a; b) ; then�����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) dt

�����
2

(2.16)

� 1

2
(b� a)2

"
1

12
(b� a)2 +

�
s� a+ b

2

�2# h
jA0 (a)j2 + jA0 (b)j2

i
:

In particular,

(2.17)

�����(b� a) A (b) +A (a)2
�
Z b

a

A (t) dt

�����
2

� 1

24
(b� a)4

h
jA0 (a)j2 + jA0 (b)j2

i
:
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Proof. We have, by the square modulus convexity of A0; thatZ b

a

jA0 (t)j2 dt = (b� a)
Z 1

0

jA0 ((1� s) a+ sb)j2 ds

� (b� a)
Z 1

0

h
(1� s) jA0 (a)j2 + s jA0 (b)j2

i
ds

= (b� a) jA
0 (a)j2 + jA0 (b)j2

2
;

and by (2.3) we get (2.16). �

We also have:

Proposition 2. With the assumption of Theorem 3 and if A0 is square modulus
convex on (a; b) then�����(b� s)A (b) + (s� a)A (a)�

Z b

a

A (t) dt

�����
2

(2.18)

� 1

3

h
(s� a)4 + (b� s)4

i "
jA0 (s)j2 + jA

0 (b)j2 + jA0 (a)j2

2

#
:

In particular, �����(b� a) A (b) +A (a)2
�
Z b

a

A (t) dt

�����
2

(2.19)

� 1

24
(b� a)2

"����A0�a+ b2
�����2 + jA0 (b)j2 + jA0 (a)j22

#

� 1

12
(b� a)4

h
jA0 (a)j2 + jA0 (b)j2

i
:

Proof. We have, by the square modulus convexity of A0; thatZ 1

0

h
jA0 ((1� �) a+ �s)j2 + jA0 ((1� �) s+ �b)j2

i
d�

�
Z 1

0

h
(1� �) jA0 (a)j2 + � jA0 (s)j2 + (1� �) jA0 (s)j2 + � jA0 (b)j2

i
dt

= jA0 (s)j2 + jA
0 (b)j2 + jA0 (a)j2

2

and by (2.9) we derive (2.18). �

3. Some Examples

Consider the function A (t) = exp (tT ) ; where t 2 R and T 2 B (H) : Then
A0 (t) = T exp (tT ) ; for t 2 R and T 2 B (H) : By making use of 2.19 we get�����(b� a) exp (aT ) + exp (bT )2

�
Z b

a

exp (tT ) dt

�����
2

(3.1)

� 1

12
(b� a)3

Z b

a

jT exp (tT )j2 dt:
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If T is invertible, then [2]

(3.2)
Z b

a

exp (tT ) dt = T�1 [exp (bT )� exp (aT )] :

From (3.1) we derive����(b� a) exp (aT ) + exp (bT )2
� T�1 [exp (bT )� exp (aT )]

����2(3.3)

� 1

12
(b� a)3

Z b

a

jT exp (tT )j2 dt:

For T invertible, if we consider B (t) = T exp (tT ) ; then B0 (t) = T 2 exp (tT ) andZ b

a

B (t) dt = exp (bT )� exp (aT ) :

By (2.19) we derive����(b� a)T exp (aT ) + exp (bT )2
� exp (bT ) + exp (aT )

����2(3.4)

� 1

12
(b� a)3

Z b

a

��T 2 exp (tT )��2 dt:
Since for any operator V 2 B (H) we have jV j2 � kV k2 and kexp (tT )k �

exp (jtj kTk) ; t 2 R, T 2 B (H) ; then by (3.1) we get�����(b� a) exp (aT ) + exp (bT )2
�
Z b

a

exp (tT ) dt

�����
2

(3.5)

� 1

12
(b� a)3

Z b

a

kT exp (tT )k2 dt � 1

12
kTk2 (b� a)3

Z b

a

kexp (tT )k2 dt

� 1

12
kTk2 (b� a)3

Z b

a

exp (2 kTk jtj) dt:

If 0 � a � b; thenZ b

a

exp (2 kTk jtj) dt =
Z b

a

exp (2 kTk t) dt = exp (2 kTk b)� exp (2 kTk a)
2 kTk

and by (3.5) we get�����(b� a) exp (aT ) + exp (bT )2
�
Z b

a

exp (tT ) dt

�����
2

(3.6)

� 1

24
(b� a)3 kTk [exp (2 kTk b)� exp (2 kTk a)]

for any T 2 B (H) :
Moreover, if T is invertible, then we also have the exponential inequality����(b� a) exp (aT ) + exp (bT )2

� T�1 [exp (bT )� exp (aT )]
����2(3.7)

� 1

24
(b� a)3 kTk [exp (2 kTk b)� exp (2 kTk a)] :
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Consider the function A (t) = exp [(1� t)A] (B �A) exp (tB) ; t 2 [0; 1] : Then,
integrating by parts

Z 1

0

f (t) dt

=

Z 1

0

(exp [(1� t)A]B exp (tB)� exp [(1� t)A]A exp (tB)) dt

=

Z 1

0

exp [(1� t)A] (exp (tB))0 dt+
Z 1

0

(exp [(1� t)A])0 exp (tB) dt

= exp [(1� t)A] exp (tB)j10 +A
Z 1

0

exp [(1� t)A] exp (tB) dt

+ exp [(1� t)A] exp (tB)j10 �
Z 1

0

(exp [(1� t)A])B exp (tB) dt

= 2 (expB � expA)�
Z 1

0

exp [(1� t)A] (B �A) exp (tB)

= 2 (expB � expA)�
Z 1

0

f (t) dt;

which gives the following identity of interest [4]

Z 1

0

exp [(1� t)A] (B �A) exp (tB) dt = expB � expA

for all A; B 2 B (H) :
Also

A0 (t) = �A exp [(1� t)A] (B �A) exp (tB)
+ exp [(1� t)A] (B �A)B exp (tB) dt
= exp [(1� t)A] (B �A)B exp (tB) d
� exp [(1� t)A]A (B �A) exp (tB)
= exp [(1� t)A] [(B �A)B �A (B �A)] exp (tB)
= exp [(1� t)A]

�
B2 � 2AB +A2

�
exp (tB) :

By utilising (2.4) we get

����exp (A) (B �A) + (B �A) exp (B)2
� expB + expA

����2(3.8)

� 1

12

Z b

a

��exp [(1� t)A] �B2 � 2AB +A2� exp (tB)��2 dt;
for all A; B 2 B (H) :
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Since ��exp [(1� t)A] �B2 � 2AB +A2� exp (tB)��2
�


exp [(1� t)A] �B2 � 2AB +A2� exp (tB)

2

� kexp [(1� t)A]k2


B2 � 2AB +A2

2 kexp (tB)k2

� exp [2 (1� t) kAk]


B2 � 2AB +A2

2 exp (2t kBk)

=


B2 � 2AB +A2

2 exp [2 [(1� t) kAk+ t kBk]]

=


B2 � 2AB +A2

2 exp f2 [(1� t) kAk+ t kBk]g ;

hence by (3.8) we get����exp (A) (B �A) + (B �A) exp (B)2
� expB + expA

����2(3.9)

� 1

12



B2 � 2AB +A2

2 Z b

a

exp f2 [(1� t) kAk+ t kBk]g dt

=
1

12



B2 � 2AB +A2

2
8<:
exp (2 kAk) if kBk = kAk ;

exp(2kBk)�exp(2kAk)
2(kBk�kAk) if kBk 6= kAk :

Further, let A; B 2 B (H) such that (1� t)A+ tB is invertible for all t 2 [0; 1] :
For this to happen, it is enough to assume that A; B > 0 in the operator order
of B (H) : Consider the function A (t) := ((1� t)A+ tB)�1 ; t 2 [0; 1] and observe
that

A0 (t) = � ((1� t)A+ tB)�1 (B �A) ((1� t)A+ tB)�1 ; t 2 [0; 1] :

By utilising (2.4) we then get����A�1 +B�12
�
Z 1

0

((1� t)A+ tB)�1 dt
����2(3.10)

� 1

12

Z 1

0

���((1� t)A+ tB)�1 (B �A) ((1� t)A+ tB)�1���2 dt
for A; B 2 B (H) such that (1� t)A+ tB is invertible for all t 2 [0; 1] :
Since ���((1� t)A+ tB)�1 (B �A) ((1� t)A+ tB)�1���

�



((1� t)A+ tB)�1


2 kB �Ak ;

hence by (3.10) we derive����A�1 +B�12
�
Z 1

0

((1� t)A+ tB)�1 dt
����2(3.11)

� 1

12
kB �Ak2

Z 1

0




((1� t)A+ tB)�1


4 dt:
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Now, if A � m > 0 and B � m > 0; then ((1� t)A+ tB)�1 � m�1 for t 2 [0; 1]
and by (3.11) we obtain the simpler inequality����A�1 +B�12

�
Z 1

0

((1� t)A+ tB)�1 dt
����2 � 1

12

kB �Ak2

m4
:

Since f (u) = u�1 is operator convex on (0;1), then by taking the square root and
using the Hermite-Hadamard operator inequality [8], we derive

(3.12) 0 � A�1 +B�1

2
�
Z 1

0

((1� t)A+ tB)�1 dt �
p
3

6

kB �Ak
m2

;

provided that A � m > 0 and B � m > 0:
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