GRUSS’ TYPE INEQUALITIES FOR THE OPERATOR
MODULUS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Denote by B(H) the Banach C*-algebra of bounded linear op-
erators on Hilbert space H. For A € B(H) we define the modulus of A by
|A] := (A*A)'/2 . In this paper we show among others that, if & € L2, (Q, 4, C),
B € La(Q,u,B(H)) withw >0and [pw(s)=1and X,Y € H with X #Y

so that )
X

+Y < 1
— 4

‘B (s) — Y — X2 for p-ae. s€Q,

or, equivalently,
Re[(B* (s) = Y™)(X — B(s))] > 0 for pra.e. s € Q,

then

\/Qw(sm(s)B(s)du(s)f/Qw(s)a(s)du(s)Aw(s)B@)du(s)

2
>Y—X2.

2

<7 </Qw(8)a(S)Qdu(S)—’/ﬂw(S)a(S)du(S)

Applications for finite Fourier Transform are also given.

1. INTRODUCTION

For two Lebesgue integrable functions f, ¢ : [a,b] — C, in order to compare the
integral mean of the product with the product of the integral means, we consider
the Cebysev functional defined by

1 b 1 b b
i S wewa o [roa [ywa
In 1934, G. Griiss [11] showed that

D(f,g) =

1
(1.1) 1D (f,9)l < 3 (M —m) (N —n),
provided m, M, n, N are real numbers with the property that
(1.2) —co<m< f<M<oo, —co<n<g<N<oo ae on [ab].

The constant % is best possible in (1.1) in the sense that it cannot be replaced
by a smaller one.

An extension of this classical result to real or complex inner product spaces has
been obtained by the author in [2]:
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Theorem 1. Let (H;{(-,-)) be an inner product space over the real or complex
number field K ande € H, |le|| =1. If o, ¢, v, T € K and x, y € H are such that

(1.3) Re(pe —x,x —pe) >0 and Re{Te—y,y—ve) >0
or, equivalently (see [4])
1 v+T 1

. - Zlg— <0 —
) fe-E5te < glo-l a | | <2ir-a.
then

1

(1.5) [, y) — (@) e,y < 719 — ¢l [T =1

The constant % is best possible in (1.5).

A further extension for Bochner integrals of vector-valued functions in real or
complex Hilbert spaces was obtained by the author in 2001, [3].

Theorem 2. Let (H; (-,-)) be a real or complex Hilbert space, ! C R™ be a Lebesgue
measurable set and p : Q@ — [0,00) a Lebesgue measurable function with [, p(s) ds =
1. We denote by Ly, (9, H) the set of all Bochner measurable functions f on Q

such that Hf||2 P = Jqr(s)|If(s )12 ds < co. If f, g belong to L o (&, H) and there
exist the vectors x, X, y, Y € H such that

(16) Aﬂ@RﬂXfﬂmf@f@ﬂzQ

AmeMY—Mng—wﬁz&

then we have the inequality

(17) \/ = { [ s 0a [ pwswa)

< Z [X —z| [IY =yl
The constant i s sharp in the sense mentioned above.

Remark 1. A practical sufficient condition for (1.6) to hold is
Re(X —f(t),f(t) —2) >0, Re(Y —g(t),g(t) —y) >0

or, equivalently

pw—

for a.e. t €.

X+z
2

<2 -yl

< 31X~ all ana g0 - 1|

For related results, see [1], [4]-[10] and [12]-[13].

Denote by B (H) the Banach C*-algebra of bounded linear operators on Hilbert
space H. For A € B(H) we define the modulus of A by |A| := (A*A)1/2. It is
well known that the modulus of operators does not satisfy, in general, the triangle
inequality |A + B| < |A| 4 |B], so the classical arguments using this inequality can
not be used.
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In this paper we bhOW among others that, if « € L2 (Q, u,C), B € Ly (Q, 1, B(H))

with w >0 and [, w(s) =1 and X, YGHWlthX;éYsothat
X+Y]? 1
'B(s)— ;_ Z|Y X|? for p-ae. s €,

or, equivalently,
Re[(B*(s) = Y*)(X — B(s))] > 0 for pra.e. s €9,

then
2

Aw®a®B(MM) /w()(MM)Aw®B®MM$

§1</Qw(s)|a )N dpa (s ’/ >2)Y—X|2-

Applications for finite Fourier Transform are also given.

S

2. PRELIMINARY FACTS

We have the following Cauchy-Bunyakowsky-Schwarz inequality for the operator
modulus:

Lemma 1. If a € L2 (Q,11,C) and

A€ Lo (4,1, B(H)) := {AiﬁﬂB(H), /Qw(S) 1A () dpa () < OO},

then
2
(2.1)

th@a®A@MM®
SAw@W@MM@Aw@M@N@@

in the operator order of B(H).
(Q,1,C) and A € Lo, (Q, u, B(H)),

Proof. We have for a € L?

w

0< [a@AW) ~a @A) =0 ADF - a@aEA" (5 A@)
—a(9)a DA M) As) +la®F A
which gives that
ja ()P A +la O AP
> a(t)a(5)A" (5) A () +a(s)a (DA (1) A(s)

for all ¢, s € Q.
Now, multiply this with w (¢) w (s) > 0 to get

w (s) o (s)[*w (£) [A () +w (&) | ()] w () |A (5)
>w(s)a(s)A* (s)wt)a(t) At) +w(t)a(t)A* () w(s)a(s) A(s)

for all ¢, s € Q.
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Integrating over s and ¢ on €2, then we get

/b<na ) da (s /NA|dm>
t [P [(we)1a@ R

> / w(E)aEA () du(s) [ a®A©du )

+ / w () a (DA (t) dp (1 / o (s) A (s) du (5)
=2

)

b
[ w®ama@dut

and the inequality (2.1) is obtained. O

We recall Lowner-Heinz inequality which says that, if 0 < A < B, then for all
p € (0,1) we have 0 < AP < BP. By using this property, we can state the following
result as well:

Corollary 1. With the assumptions of Lemma 2, we have the inequality

(2.2)

[w@a) A
Q

<([we a<s>2du<s>)m (fwe |A<s>2du<s>)l/2,

in the operator order of B(H).

The proof follows by (2.1) by taking the operator square root.

Remark 2. We remark that, if « is real valued and A(s), s € Q are selfadjoint
operators, then we have

(2.3)

/Q w(s) (s) A (s) dy (s)

<([w@ae du(8)>1/2 ([were du(8)>1/2~

We have the following lemma that is of interest in itself:

Lemma 2. Assume that f € Lo, (0, p, H), then for allv € H,

(2.0 0 [ W@ ©IF duts H [ w5

s/ﬂww 1 (5) — ol dpe (s)

2
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Proof. Observe that, for any v € H

/ w(S)f(S)du(S)H
Q

- /Q w(s) (F (3) £ (5)) dpe (s)

([w@ @, [vor@ae)
~ [we (s~ [ww i@ .£o) - o)au) = .

Therefore, by Schwarz inequality in Hilbert spaces and the CBS integral inequality,
we have

20 K< [0e|(£e)- [ w0 de)

(25 0< /w () 1 ()11 i (s) —

§/Qw(s)Hf(s)/Qw(U)f(u)dM(U) (5) — ol dys (5)
< (/Qw(s)Hf(s)—/ﬂw(U)f(U)du(U) 2du(5)>1/2
([l IQdM())l/Q-

Since, by the properties of inner product and integral,
/Qw(S)Hf(S)—/Qw(U)f(U)du(U) i (s)

:/Qw(s) [||f(s)||2—2Re<f(5)a/ﬂw(u)f(u)du(u)>

+ /Q w () f (u)dp ()| | dia(s)

= [0 61 du ()
e ([ w) £ dnt). [ w s )

+ /w< ) f (u) dp ()

Q

= [w@ @ 2| [ ww

/w( ) () d ()|

Q

= e - [ ow

+
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hence by (2.5) and (2.6) we get

0< [ wis) s @)1 auts H/ ap (s)
<<K¥M$|f N dp (s H/ dp (u)
X<A;u®)f()—MIWM)> |

which is equivalent to (2.4).

2

2) 1/2

Lemma 3. For z, y, z € H we have the equality

T+ 2
(2.7) z— Y — —ly—zl’ =Re(z—z,z—y).
2 4
Proof. We have
SEEE} [ P
2 4

2 T4y 1 2 1 2
= —2 —_— —_ _—— —_
o1 - 2Re (5 552 ) + o+ ol - Iy~
1
= |l2]* = Re (2,2} — Re {2,9) + 7 (Ilall* + 2Re (z,y) + 9]

— 7 (Il —2Re o) + Jyl?)
= [|2[|* — Re (z,) — Re (2,y) + Re (z,y) .
Also
Re (2 =,z —y) = Re [|2]* = (2.2) = (z,9) + (2.3}
= ||z]|> = Re (z, z) — Re (2,9) + Re (z, )
= ||2[|* = Re (2, z) — Re (z,y) + Re (z,y)
= ||z||2 — Re(z,z) — Re(z,y) + Re (x,y),
which proves the equality (2.7).

Lemma 4. Let f € Ly (Q,pu, H) and z, y € H with x #y. If

c+y|? 1
(2.8) Hf (s) — 2 Y H < 1 ly — ||* for p-a.e. s € Q,
or, equivalently,
(2.9) Re(x — f(s),f(s)—y) >0 for u-a.e. s€Q,
then
2 ,
210 o< [0 OFwe - | [0e e ae)| < -

The constant i 18 best possible.
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Proof. The equivalence of the statements (2.8) and (2.9) follows by Lemma 3.
Now, if we use the inequality (2.4) for v = ZZL, then we get

o< [0 P -] [ 0o e
) ]f@)ﬁyH du(S)SZIIy*mIIQ/Qw ) du (s

ly — ol
=—|y—=z
1Y )

2

<

which proves (2.10). O

Remark 3. The inequality (2.10) was proved firstly in [3] in a different way and
it was also shown that the constant i 1s best possible.

3. MAIN RESULTS
For T € B (H) we define the selfadjoint operator
™ 4+T
5
Observe that Re (T*) = Re (T") and for all x € H,

(Re(T) z,z) = Re (T, x) .

We have the following reverse of the Cauchy-Bunyakowsky-Schwarz integral in-
equality for the operator modulus:

Re(T) =

Theorem 3. Let B € Lo (Q,M,B( )) and X, Y € H with X £Y. If

X+YP? 1
(3.1) ‘B(s)— —2|_ §Z|Y X? for p-a.e. s €,
or, equivalently,
(3.2) Re[(B* (s) = Y*)(X — B(s))] > 0 for p-a.e. s €9,
then
P11

2
63) 0 [w@IBE | [ 0@ B )| <7y -XP.
The constant i 1s best possible.
Proof. Let s € Q. Observe that

X+v]? 1

(3.9 - XY < iy - xp

is equivalent to

for all z € H, or to

<<B(5)X;Y>*(B(s)X;Y>:E,x>§i<(Y X) (Y - X)),
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namely
X Y 1
(3.5) HB (s)o— 22X TN o Ly x|
2 4
for all z € H.

By making use of the first part of Lemma 4, we obtain that (3.5) is equivalent
to

(3.6) Re(Xx— B(s)z,B(s)x —Yz) >0
for all x € H.
Observe that
Re (Xz — B(s)z,B(s)z —Yz) =Re((B(s) = Y)" (X — B(s)) =, )
=Re((B(s)-Y) (X — B(s))z,x)
=(Re[(B(s)—Y) (X - B(s))] z,x)

for all z € H.
Therefore the condition (3.6) is equivalent to

Re [(B(s) = Y)" (X — B(s))] >0,

which proves the equivalence of the statements (3.1) and (3.2).
Now by utilising (3.3) for f (s) = B (s)x, x € H, then we get

2

o< [w@ 1B @ el aus) - | [ w6 B < {Ive-xol?,
0< /Qw s)a, B (s) ) diu (5)
([ we u(S)fm/Qw(S)B(S)du(S)w>
<Y = X)a, (v - X)),
namely
os/w )" B (s) ) dpi ()
(([w©B&dE) [w6B6 060
§<Y X) (Y = X)),
which is equivalent to (3.3). O

We can improve (3.3) as follows:
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Theorem 4. Let B € Ly (Q, u, B(H)) and X, Y € H with X # Y. If either (3.1)
or (3.2) holds, then

(3.7) os/ﬂwwnm )2 dp (s) —

<re|(from )(X /Qw o)

1
< Y -XxP.
4

The constant i 18 best possible.

Proof. We have

—Re(Y"X) — ; w(s)Re (Y*B (s))du(s)

and
Ky = / w(s)Re[(B(s)—Y)" (X — B(s))] du(s)
Q
:Aw@paygmyﬁﬂwm—m@W+mww@»@@)
= /Qw (s)Re(B* (s) X)du(s) —Re(Y*X)

- / w(s) B (s)2dp(s) + / w(s)Re (V*B (s)) du (5)
Q Q

Since
2

KlfKQ:/w<s>|B<s>\2du<s>f w(s) B (s)du(s)| .
Q Q

hence we derive the following identity of interest

68 [ w@IBE ) -

:ReKﬂ*ﬂﬁBW@@MQ—Yv(X— JM@BGMMSO}
fLw@mde$fWMXfB@wa)

2

w(s) B (s)dp ()
Q
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Now, if condition (3.2) holds, then

/Qw (s)Re[(B (s) = Y™) (X = B(s))] dp(s) > 0,

which proves the first inequality in (3.7).
Observe that we have the following operator inequality

(3.9) 4Re(C*D) < |C + DJ?

forall C, D € B(H).
Indeed, we have
|C 4+ D|* — 4Re (C*D)
. C*D + D*C
:w+D)w+Dy4——%——
= (C* 4+ D*)(C + D) —2(C*D + D*C)
= |Cf? + D*C+C*D + |D|* —2(C*D + D*C)
=|CP+|D]?-C*D—-D*C=|C—D| >0.

By utilising (3.9) we get

I%KLw@B@WM%J)XX—/w@B@WQO]

1 2
g—/w()(ﬁm ~Y+X - / dp (s)
41/Ja
1 2
— Yy - X
4 ‘ | ’
which proves the last part of (3.7). O

We have the following Griiss type operator inequality:

Theorem 5. Let o € L2 (Q,u,C), B € Ly (Q,u,B(H)) and X, Y € H with
X #Y. If either (3.1) or (3.2) holds, then

(3.10) i

/Qw(S)a(S)B()du() [wea ()du()/ﬂw(S)B(S)du(S)

<(/Qw<s)|a )P dy (s ‘/ 8>2>
<te|([wis) (S)du(S)—Y*) (X—/Qw(S)B(S)du(S)ﬂ
si(/gw()m ) dps (s ‘/ >2)YX|2-
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Proof. We use the following Sonin type identity that can be proved by performing
the calculations in the right side

Aw®a®B@MM@—Aw@M@MM@Aw@B@MM$

[we (a6 [wwaao)
x(B@—Awawww)W@.

By using (2.1) we have

(3.11) [we (@ [woaauo)
x(B@)—AfuwB@nmuOdu@f
skéwﬁa@—éwwaww@QW@]

| XLLMQB@—Amewwwzmw]

:3 [w@aw - [we o ) d (0] du(s)

d =Awum @ dnts) | [ wis)aorano|

Zm) [we|Be - [wo ) B (O du(v)] aulo)
::/Q (5) 1B (5) du (5) — j£1v(8)3(8)du(8)27

hence by (3.11), (3.12) and (3.13) we derive

[w@a@BEde - [wa i [ w0 BEdi
2
<<l¥ﬂ@ﬂa@ﬂdu®)—

)
X(Aw@B®WW@%

2
/w(s)B(s)d,u(s) )
Q

By making use of (3.7) we derive the desired result (3.10). O

2

w(s) a(s) dp(s)
Q

Corollary 2. With the assumptions of Theorem 5 and if there exist the constant
B, v € C such that

2
1
O‘(S)*m < 1|7*6|2 for p-a.e. s €9,

(3.14) .
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or, equivalently,

(3.15) Re {(m— 1) CE a(s))] >0 for p-a.e. s €Q,

then we have

[w@a B - [

Q

(3.16)

1 2
< — —
_4|7 B

xReK/Qw(s)B* (s)d,u(s)—Y*) (X—/Qw(S)B(S)dM(S)ﬂ

1 2 2
< — |y = Y - X|°.
< gh—or \

Remark 4. By taking the square root in (3.16), we get the Griiss type inequality

(3.17)

Lw@a@B@MM@—Aw@MSMM@/w@B@MM@

Q

1
< A —
_4|7 B

(Re [(/QW(S)B* (S)du(S)—Y*> <X_/Qw(5)B(S)d/j,(s)>:|)l/2

1
Zlv=34|lY = X]|.
74|7 Bl |

X

N

4. APPLICATIONS FOR FINITE FOURIER TRANSFORM

Let B : [a,b] — B(H) be a Bochner integrable mapping defined on the finite
interval [a,b] and F (g) its finite Fourier transform, i.e.,

b
F(B)(t) = / e 2™ B (s) ds.

Let E be the exponential mean of two complex numbers defined by

z w

e —e€

, ifz#w
(4.1) E(z,w) = S , zweC.

exp(w) ifz=w

Observe that

b
/ e 2mits Jg (b — a) B (—2rita, —2mitd) ,

b
e27ritsd8 — 1 [627ritb o e?ﬂita] ,
o 2mit
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and

2
- <27r1t|) Dezmtb|2 — 9Re [627ritb672m’ta] n |627r7ita|2:|

b
/ 627T’Lt8ds
a

- o]

= 5 [1 — Recos (2n (b — a)) + isin (27t (b — a)]

— ﬁ [1 — cos (2mt (b — a))]

_ Wlw [1—(1-2sin® (7t (b—a)))] = W

Let B € Ly ([a,b],B(H)) and X, Y € H with X # Y. If either

X+v|

LICEESSIIES

E‘Y X| for a.e. s € [a,b],

or, equivalently,
Re[(B*(s) —Y*) (X — B(s))] >0 for a.e. s € [a,b],
then by (3.10) for w(s) = 7= and a(s) = e 2™ s € [a,b], t € R we get
b 1 b b
/a e*™ 5 B (s) ds — . ezmtsds/a B (s)ds
2
- (bi [ |l / - )
( ! /bB* (s)ds =Y ) B(s)ds)
b—a J,
2
<lo-a (bia/ i ? |bia/a itsds ) v - xP.

Therefore we have the inequalities

2

b 2
(4.2) |.7-' (B) (t) — E (—2mita, —2m’tb)/ B(s)ds
sin? [7t (b — a)]
<(b—a) (1 ERTY-yra— L )

(bia/abB* (s)ds—Y*) (X— bia/abB(s)dsﬂ

sin? [rt (b—a 9
gi(b—a) <1—[ at a)2)]>IY—X ;

w22 (b —
for t € R.

13
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