INEQUALITIES FOR THE NORMALIZED DETERMINANT OF
POSITIVE OPERATORS IN HILBERT SPACES VIA SOME
INEQUALITIES IN TERMS OF KANTOROVICH RATIO

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and a
fixed unit vector « € H, define the normalized determinant by Ag(A) :=
exp (In Az, z). In this paper we prove among others that, if 0 <mlI < A < M1,
then
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for x € H, ||z|| = 1, where K (-) is Kantorovich’s ratio.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [1], [2], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector = € H,
namely ||z|| = 1, defined by A, (A) := exp (In Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
1]

For each unit vector x € H, see also [5], we have:
(i) continuity: the map A — A,(A) is norm continuous;
(ii) bounds: <A‘1x,m>_1 < AL(A) < (Az, z);
(ifi) continuous mean: (APz,x)"? | Ay(A) for p | 0 and (APz,2)'/" 1 A,(A)
for p T 0;
(iv) power equality: A, (AY) = A, (A)! for all t > 0;
(v) homogeneity: A, (tA) =tA,(A) and A, (tT) =t for all ¢t > 0;
(vi) monotonicity: 0 < A < B implies Az(A) < A, (B);
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(vil) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
(viii) Ky Fan type inequality: A, ((1 —a) A+ aB) > A, (A)' A, (B)* for 0 <
a <1

We define the logarithmic mean of two positive numbers a, b by

lnll;:ilna if b 7& a,
L(a,b) :=
aifb=a.

In [1] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M1, where m, M are positive
numbers,

MInm—mlnM

1
M—-—m

(1.1) 0< (Azx,z) — AL(A) < L(m,M) |InL(m, M) +
for all x € H, ||z|| = 1.

The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then
(1.2) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [7]

hIl _if hoe (0,1) U (1, 00)
eln( hh—-1
(1.3) S (h) = ( )
1ifh=1.

It is well known that lim,; S (h) =1, S(h) = S(§) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .
In [2], the authors obtained the following multiplicative reverse inequality as well

(1.4) 1g£ﬁj§gs(%)

for0O<mI<A<MIandzeH,|z|=1.
Since 0 < M~ < A=t <m™'I, then by (1.4) for A= we get

v St es (3m) -5 (G 7) - (X),

which is equivalent to

(1.5) 1<AAA)§S<M)

T (Al z) ! m

forx € H, ||z|| = 1.
We consider the Kantorovich’s constant defined by

(h+1)?
4h

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (+) for any h > 0.

(1.6) K (h) := h > 0.
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The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds

1—vyv r(@ 1—vyv R (G l1—vyiv
. < — < — <
(17) (a b )K (b)a b (1 V)G,+Vb K (b)a b
where a,b>0,u€[0,1],7"——min{1—1/,1/} andR——maX{l—l/,V}.

The first inequality in (1.7) was obtained by Zou et al. in [9] while the second
by Liao et al. [6].

2. MAIN RESULTS

Our first main result is as follows:

Theorem 1. If0 <ml < A < MI for positive numbers m, M, then

1 1 1
M [§—m<|A—§(m+M)I|w,z>]
(2.1) 1<K ( )
m
Az (A)
—_ M—(Az,x) (Az,z)—m

m~ M-m N M-m

3 {K <%>][;+m< A=L(m+M)I|z,2)] . (%)

forz e H, ||z| = 1.

Proof. Assume that t € [m, M] and consider v = 72 € [0,1]. Then

min{lfyy}flfyflflft_imfl
2 20 2 |[M-m 2
1 1 1
=z - .- M
2 M—m‘t g (m+ )"
1 1 1 t—m 1
max{l—l/,u}—Q—i—y—Z‘—Q ‘M—m_Q’
1 1
=- t—— M
M-t t—m
1-— M = M=t
(1=v)m+v M—mm+M—m

and

t—m

M—t
miTV MY = m™M=m M M=m

By using (1.7) we get

1__ 1 _1

Mot t—m M 2w |t 2(m+M)| M-t t—m
22) miE M < |k (M At i
m

M %+ﬁ t*%(m‘FM)‘ Mt —m
<t< |:K <>:| mM=m M M=—m
m

for t € [m, M].
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By taking the log in (2.2) we get
M —t t—
Inm + i UL Vi

2.3
(2:3) M—-—m -m
1 1 M
< |z = - = M| InK | —
M—t
+M_mlnm+M_ In M
1 M
<Int<|= — -
lnt[2+M m‘t m—&-M)Han(m)
+ tlnm—|— t=m In M
M—m —-m
M M—t t—m
<InK|— | In M
= <m>+M—mnm+M—mn
for t € [m, M].

If 0 < mI < A< MI, then by using the continuous functional calculus for
selfadjoint operators we get from (2.3) that

MI—A A—mlI
1 _— lM
an +

oo s an ] ()

2 M—-—m

MI—-A A ml
lM
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1 1 1 M
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M MI—-A A—ml
<InK(|(— |I+Inm—+InM
= (m) +an—m+n M—m’

+Inm

which is equivalent to

M — (Az, x) (Az,z) —m
7 gy

A—l(m%-M)I x

M\ [1 1
< )z
an(m>[2 M—m< 2

M — (Az, x) . M(Ax,:c) —m

)

R Y S ¥
< (ln Az, z)

ng(%) [;+M1m<A—;(m+M)] x :c>]
mmiMA}(jl;:;x) +lnM7<Azg\c4’$_>;m

forx € H, ||z|| = 1.
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This inequality can also be written as

M—(Az,z)  (Az,c)—m
(2.4) 1n(m M=m— MTM=m )

()]

M—(Az,x) (Az,z)—m
+ln(m el Ve = )

< (ln Az, z)
[3+3rk5 (|- (421 |a.c)]
<In [K (M)}

Af—(erM I|a: m”

m

M—(Ax,z) (Az,z)—m
+1In(m™ M-m M M-m

<InK <M> +1n (mMR}i‘ﬁ;“ M“xﬁ;m)
m

forx € H, ||z|| = 1.
If we take the exponential in (2.4), then we get

M—(Az,x) (Az,z)—m
M

m~ M-m M—m
M—(Ax,x) <Az,z)_m M [%71\/1£7n<|A7%(m+M)I|$’w>}
< ( M—m M—m ) K| —
< (%)
< exp(ln Az, z)
M—(Az,z) <Aw,w>7m M [%+M£m <|A_’("L+M)I|x "L>]
< ( M—m M—m ) n|K | —
< (m* M) K MY
B m
and the inequality (2.1) is proved. O

Corollary 1. With the assumption of Theorem 1, we have the alternative inequality
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forxz e H, ||z| = 1.
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Proof. If we write the inequality for A~! that satisfies the condition 0 < M ~'I <
A1 <m~I, then

m~1 I:%_nz_lil\l_l <|A*1—%(M’l-&-m*l)”w,wﬂ
()
AL (A7Y
S 77n,_1—<A_1m,w> 7<A_1m,ac>—lu_1

M m—l-M—1 m—1_p—1

[K (m_l )] [+ e (A7 - (0 m )

IN

(M> (3t (A7 5 (M ) 1]ee)]

(AL (A) !

7n*1—<Aflz,z> (A*lz,z>71¥1*1 -1
M m1-mMm—1 1 m-1l-m-1

. {K (Mﬂ [%‘Fm<|A71—%(M71+m71)1|$»’3>] K (M) 7

m m

which is equivalent to the desired result (2.5). O
Corollary 2. If 0 <mI < A, B < M1 for positive numbers m, M, then

M—1 1—m

mmMAl—m
2.6 —n—© AaBa 7M7
Y M
1
g/ A((1— ) A+ tB)dt
0
M\ mii=m M=
SK () —MG(A,B,TTL,M,(L’),
m In ()
where
(B=A)a,z)
()T
e f (B—A)z,2) #0
@(A,B,m,M, .’E) — M—m

1if (B=A)z,z)=0,
forz e H, ||z| = 1.
Proof. From (2.5) we get

M—([(1—t)A+tB]x,x) (((1—t)A+tBlz,z) —
[ M—m 2.2 M[ an]fr =

<AL((1—t)A+tB)

M M—([(1—t)A+tBlz,x 1-t)A+tBlz,z)—m
SK( m (Ospateples) | (004Dl

m
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for t € [0,1].
If we take the integral over ¢ € [0,1], then we get

(2.7)

1
M—([(1—t)A+tBlxz,xz) ((1—=t)A+tB]xz,z)—m
/ m M=m M M=m dt
0

< /0 Au((1— 1) A+ tB)dt

1
M M—([(1—t)A+tBlz,z) ({(1—t)A+tBlz,z)—m
<K|— m M—m M M—m dt
m 0

1
M—([(1—t)A+tB]z,z) (((1—t)A+tBlz,z)—m
/ m M dt
0

Observe that

—m M—m

(dA=t)A+tBlz,z)
M

) {a=t)A+tBlo.o)
- M —m
— mMm M T = dt
O m
v ({B=A)r,a)
— I M < )

el M\t m—m
W)L T
m 0 m

L UB=A)a.2)

1 (B-A)z,z)
M—1 1-—m M M—m
=mM—m N M—m - dt.

0 m

Since for a > 0, a # 1 and b € R we have

1 b
/ av®de =2 1,
0 blna

then for (B — A)z,z) #0

(B-A)w,z) (B—A)r.w)
LM tB]\/Ifmdt: (%) Memo
0o \m W In (1)
and by (2.7) we derive (2.6). 0

3. RELATED RESULTS

We also have:

Theorem 2. With the assumption of Theorem 1, we get

3 — T |(In Az,a) —
(3.1) 1< [K <M>]

m

In M —(In Az,z)
< In M—Inm

In M+Inm
2

(In Az,z)—Inm
m+ InM—Inm M

Az (A)

1 1 In M+1nm
M §+m‘<lnAx,m)7f‘ u
{K <)] <K ( )
" m

forxz e H, ||z| = 1.

IN

Proof. Assume that m'="M" = exp s, then s = (1 —v)Inm+vIn M € [Inm,In M|
which gives that
s—Inm

V= InM—1nm’
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Also
min {1 —v,v} = - — 1 ’S_lnM—Hnm’
2 InM-—Inm 2
and
1 InM +1nm
max{l—y,y}:2+lnM1nm’S_ . ’
From (1.7) we have
._In Al;»ln m |

1 1
M 27T Jvl—lnyn|‘5
exps < exps [K (ﬂ
m

InM —s n s—1Inm
- 1nM—1nmm InM —Inm

1 1 In M +1
M ST S 3 r‘m|
<exps|K|[—
m

M PRry e ‘SflnMéHnm
m

In M—s s—Ilnm
lanlnmm—’— lanlan

exp s

M %+1n1\/1£lnnl|si
<]
m
for s € [lnm,In M].

F0<m<A<MandzeH, |z| =1, then Inm < (In Az, z) <In M and for
s = (ln Az, z) we deduce

1_ 1 In Az x>71n1\4+1nm|

M 2 lnhfflnm|< ’ 2

1< |K(|—
m

In M—(ln Az,z) (In Az,z)—Inm
In M—Inm m+ InM—Inm M

exp (In Az, )

1 1
M §+1nM—1nm‘<lnA’cvx>
m

and the inequality (3.1) is proved. O

namely

<

In M+Inm
2

IN

IN

_InM+lnm |
2

IN

Corollary 3. With the assumption of Theorem 1, we have

1 1 In M+1Inm
M 2 WmM-Inm ‘<ln Ax,x)— S ‘
3.2 1< |K|—
< Az(A) <K (M )
— _1 —
(M P m ) "

forxz e H, ||z| = 1.
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Proof. If we write the inequality (3.1) for A~! that satisfies the condition 0 <
M~ < A=' < m™'I, then we obtain

1 1 -1 Inm = 14inpm—1
m I\2 mm-T-mMm—T ‘<1nA w’$>7 2
1<K
M

-1

lnm’1—<1nA71x,3c> <1nA71$790>—1nM71 1

nm-T—Inp-1

M1+

—1_ -1
< Inm In M

- AL (A7
mfl %J"lnm*lilnM*l ’<lnAilr’z>_lnm*1_gln — ‘ mfl
namely
1 1 In m+41In M
M f_lnM—lnm|<1nAx7x>_72 |
1<K|—
(In Az,z)—lnm 5 r—1 InM—(lnAz,z) _1
< InM—Inm M + InM—Inm m
- AL (AT
1 1 In m+4In M
M 3+ areT | (In Az,a) — mfR M
m m
for x € H, ||z|]| = 1.
This proves (3.2). O
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