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Abstract

Here we present first a complete fractional calculus between a pair of
Banach spaces. That is regular and sequential fractionality. Based on
these we give a collection of left and right related fractional inequalities
relied on a line segment of a Banach space. We include also the case
of connected line segments. We treat as well the case of sequential in-
equalities. Our results include Ostrowski type inequalities, Poincaré and
Sobolev type inequalities, Opial type inequalities and Hilbert-Pachpatte
type inequalities.
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1 Introduction
We are motivated greatly by the following basic result:

Theorem 1 (1938. Ostrowski [3]) Let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),

ie, || f'II52P == sup |f'(t)| < +oco. Then
te(a,b)

<

b _ atb)?
ﬁ/ Ft)dt— f(z) 1+(_2)] G=alfl" O

1 (b-a)

for any x € [a,b]. The constant i 18 the best possible.
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The problem of estimating the difference of a value of a function from its
average is a top one. The answer to it are the Ostrowski type inequalities,
see (1). Ostrowski type inequalities are very useful among others in Numerical
Analysis for approximating integrals.

In this article we present a full array of abstract left and right fractional
inequalities, of regular and sequential types.

Our studied functions here are between Banach spaces, and we develop first
the related abstract regular and sequential fractional calculi which are based on
a Banach space segment. Great sources to support our goal are the books [1],
[4].

2 Complete Fractionality between a pair of Ba-
nach spaces

2.1 Regular Fractionality
We make

Remark 2 Throughout this article let (X, [-||;) and (Y,|-||,) be Banach spaces.
Here X7 denotes the j-fold product space X x X x ... x X endowed with the
—_—
j .
maz-norm ||| y; = max ||zxl|,, where z := (z1,...,z;) € X7.
1<A<j _
Let the space of Lj := L; (XJ,Y) of all j-multilinear continuous maps h :
X7 =Y, j=1,..,m, which is a Banach space with norm

h(x
Il = bl = s @), = s g 12 (@),

]l 5 =1 oylly o gl

(2)

Let M be a non-empty convex and compact set of X and xg € M is fized.

Let O be an open subset of X : M C O.

Let f: O =Y be a continuous function, whose Fréchet derivatives ([4], pp.
87-127) f9) . O — L; =L (Xj,Y) exist and are continuous for 1 < j < m,
m € N.

Call (x — x0) = (x — 0, ..., x —m0) € XI, m € M.

We will work with f|pr.

Here we set fO) (z0) (z — 20)° = f (o).

We obtain

[ e -2

L < |7 ot u e = @) | e - ol

3)
Above (f\M)(]), 7 =0,1,...,m, are norm bounded by continuity, and thus they
are integrable.



Here
L(zg,z1) :={Z]T =021+ (1 —0) a0, 0<0< 1} (4)

is the line segment joining the points xo and x1 (notice that the last T = xg +
0 (1'1 — LU()))

Denote also L (xg,x1) = ToTy.

Here (- — z0)’ maps M into X7 and it is continuous, also f) (zq) maps
X7 into Y and it is continuous. Hence their composition f9) (z0) (- — zo)’ is
continuous from M into Y.

Let us restrict f on the line segment Tox1. Then for

T(u)=uzr1+ (1 —u)xzo=z0+u(x; —x0), 0<u<l,
the abstract function
f(u) = f (@) = f(zo+u (w1 — 20))

will map [0,1] into an abstract arc in 'Y, which starts at yo = f (xo) and ends

at y1 = f (21).
By [4], p. 124, we have that

F® () = f®) (2 + u (1 — 20)) (21 — 20)", (5)
fork=1,2,...,m; u€[0,1].
‘We need

Definition 3 All as in Remark 2. We define the vector left Caputo-Fréchet
fractional derivative of order a >0, m = [a] ([-] ceiling of the number), by

D% (f (o 4 u (= 0))) 1= I~ (£ (o + u (a1 = 20)) ) (a1 — 20)")

1 “ m—a— m m
= F(m—a)/o (u—t)" ! (f< ) (wo +t (x1 — :ro))> (1 — )™ dt, (6)
all0 <u<l,
defined via the vector left Riemann-Liouville fractional integral Jo ([1], p.

2).

Then, we observe that
Jo D% (f (mo +u(x1 — 20))) = Jg Jg" ™ (f(m) (o + u (z1 — ffo))) (z1 —20)™" =

(by [1], p. 6)
T (£ (o +u (21— 20)) (21— )™ = -



ﬁ /0 ot (1) (o + (21 = 20)) ) (21 = o)™

true for 0 < u < 1.
So, we have proved that
ﬁ /0 (u—1)*"" D% (f (zo + t (1 — m9))) dt =
(ml_1)v/0 (=) (£ (o + (21 = 20))) (21 = 20)™ dt, (8)

forall 0 <wu <1.
Consequently (by [1], p. 12) it holds the new left fractional-Fréchet Taylor
formula on ZoZ1:

Theorem 4 All as above. Then

(k) _ k
Z f ﬂUo 551 xO) uk—i-

[ (zo+u(z1 —z0))

1 “ a—1 na
T (a) /0 (u—18)""" D f (zo + t(z1 — w0)) dt, (9)

for all0 <u < 1.

So, we have the particular vector left hand side Caputo-Fréchet fractional
Taylor’s formula (v = 1).

Corollary 5 All as above. Then

D) (20) (21 — 20)’
Flony = 3o Dt (10

for all xo,z1 € M.
We make

Remark 6 We are again working on the segment Toxy, where xg,x1 € M,;
0 <u <1, withZT = T(u) := x9 +u(xy—x0), and f(u) = f(T(uv) =
f(zo +u(zy —m)), te. f:]0,1] =Y.

When v =0, f(0) = f(x9), and whenu =1, f (1) = f (x1).

We have (by [1], pp. 121-122) the abstract Riemann integral:

/:f(x)dx/olf(u) du. (11)



We also have that ([1], p. 122, and p. 124)

f(w) = f' (xo +u (z1 — 20)) (21 — T0)

F® () = f®) (2 + u (1 — 20)) (21 — 20)", (12)

Let e > 0, such that [a] = m.
We consider the vector valued right hand side Riemann-Liouville fractional
integral ([1], p. 34),

1

Ji_f (u) = m

[ o s (13

and the vector valued right hand side Caputo fractional derivative of order o > 0
([1], p- 42), by

="

DE_J () 1= (S ) @) = g

1
/ (J—w)™ 7 ) () d,
“ (14)
(we have that J& J°, f = J*TPf = JP,J2 f, when f € C ([0,1],Y) or a+j >
1, see [1], p. 39).
We will use the right hand side Taylor’s fractional formula.

Theorem 7 ([1], p. 44, by Theorem 2.16) Let f € C™ ([0,1],Y), u € [0,1],
a>0, m=[al]. Then

_m—l f(k) (1) N L 1 el
f(u)—kzzo o (u—1) +F(a)/u(J W) DY (J)dJ. (15)

Equation (15) implies the vector right hand side corresponding fractional
Taylor’s formula:

Theorem 8 All as in Remarks 2, 6. Then

= P (1) (21 — 20)"

flxo+u(z —axg)) = Z 1 (u—1)"+ (16)
k=0
1 ! a—1 @
g [ U Dy
all0 <u <1,



where the vector right Caputo-Fréchet fractional derivative of order o > 0 is
given by,

DY ()= D f (oot J (a1 —a0)) = o [ =0 g

I'(m—a)
(17)
- (_1)m/ (t = J)" £ (g 4t (w1 — o)) (21 — o)™
T(m—a) /, 0 1 0 1 0 .
When v = 0 we obtain
Corollary 9 All as in Remarks 2, 6. Then
) (29) (2 — 20)F
f (xo) — f ( 1)]5' 1 0) (_1)k +
k=0 ’
I N
m/o JU DY f (zo + J (21 — 20)) dJ, (18)

for all xg,z1 € M.

2.2 Sequential Fractionality
We need

Definition 10 In particular when 0 < a < 1 we have

Dy (f (w0 +u (x1 — 20))) =
1 v o
Fima | 0T @t o) -, (19
all 0 <u <1.

If a € N, we set DS, f := 1) the ordinary Y -valued derivative, and also set
Dgof = f.

Definition 11 In particular when 0 < a < 1 we have

DY (f (wo + u (21 — 20))) =
_ b
ril-a)
all 0 <u <1.
We set D} f = (—=1)" f0"), form €N, and DY_f = f.

1
/ (t—u)" " f (xo+t(x1—20)) (T1 — 20) dt, (20)



Denote the sequential Caputo-Bochner left and right fractional derivatives
(> 0)
D}y .= Dg, Dg,...Dg, (n-times), n € N (21)

and
Dy¢ .= Dy Dy ..Dy (n-times). (22)

For the detailed definitions of D¢, Dy see [1], pp. 128-129. In this article

*a?

we consider [a, b] = [0,1].
We mention the following left alternative fractional Taylor’s formula

Theorem 12 ([1], p. 129, Theorem 4.43) LetY a Banach space and0 < o < 1,
neN, feC(a,b],Y).

For k = 1,...,n, we assume that DEf € C'([a,b],Y) and Dty ¢
C ([a,b],Y). Then

=2 ””(Z;il Dt f) () + (23)
1 * o (n+1)a—1 (n+1)a
(xS / (@ =)™ (D0 ) (1) at,

V€ la,b.
We also mention the following right alternative fractional Taylor’s formula.

Theorem 13 ([1], p. 129, Theorem 4.44) LetY a Banach space and0 < a < 1,
neN, feC(a,b],Y). Fork=1,...,n, we assume that DF*f € C! ([a,b],Y)
and Dz()T_H_l)af € C(la,b],Y). Then

za+1

Z (Di £) (b) + (24)
b
(t

M/x ~) (D) @

Yz elab.

We give the corresponding left and right fractional alternative Taylor’s for-
mulae on the segment Toz.

Theorem 14 LetY a Banach space and0 < o<1, n €N, f(xo+ u(z1 — x0)) €
' ([0,1],Y).

Fork = 1,...,n, we assume that D& f (zo + u (v1 — 20)) € C* ([0,1],Y) and
DSV f (w0 + (1 — o)) € C([0,1],Y). Then

n e

f(mo+u(:c1—xo))zzr(u

T*'l) (Di% (f (o +u(z1 — 960)))) 0)+ (25)
i=0



; “ u— (n+1)a—1 (n+1)a " wlz — 2
r((n+1)a)/0 (u=t) (D*o (f (wo +u (@1 o)))) (t) dt,

YVuel0,1].
Proof. By Theorem 12. m

Theorem 15 LetY a Banach space and0 < oo <1,n €N, f(zo+u(z1 —x0)) €
c'([0,1],Y).

For k = 1,...,n, we assume that DY f (xo +u(z1 —x0)) € C*([0,1],Y)
and Dgiﬂ)af (xo+u(x1 —x0)) € C([0,1],Y). Then

n

- (1w
f(xo+u(zy —xp)) _;F(ia—f—l)

(D2 f (o + u (w1 — w0))) (1) +  (26)

1
m / (t — ) Dt (Df}l)af (o +u(x: — xo))) (t) dt,
YVuel0,1].

Proof. By Theorem 13. m

3 Main Results

We present

Theorem 16 All as in Remarks 2, 6. Assume f(k) (x0) = f(k) (z1) = 0,
k=1,..m—1.

Then
E(f,z0,71) : / f(z ( zo) + f(x1)>— (27)

[ < — )7 D% (f (w0 +t (z1 — xo)))dt> dut

</1 — )" DI <f<wo+J<x1—xo>>)dJ>du].

Proof. By (11) and Theorem 4 we have

(k) _ Nk 1
/ / (o + u (x1 — 0)) du = Z - f (370)]5:9'31 o) / wFdut
0

k=0

/(/ “_ta1Dfof($0+t(x1—x0))dt)d




(k) xl — 1 u o1
Z f k +1)! 0) Jrl-\(la) /0 (/0 (u—1) Do f (w0 +t (21 — wo))dt) du.

Also by Theorem 8 we have 28)
/ f(z dx—/fx(]+u (1 — x0)) du
g A (xl)]i‘fl — o) Al (u—1)* du+
Fla)/o1 (/: (J—U)a_lD?_f(J)dJ> du =
mz: F®) ( kfll)_ z0)" 1)k 4 F(la)/ol </ul (J_u)a—lD?f(J)dJ> o
B (29)

Assume f*) (z9) =0, f®) (21) =0,k =1,....,m — 1. Then

/ch F (@) do—f (z0) = % /01 (/Ou (= )% D F (o + (21 — :co))dt) du,
(30)

and
/: f(x)de — f(21) = ﬁ /o1 <L1 (=" DS () dJ) de B

Adding (30) and (31) and divide by 2 we derive

/f d_<$0)+f($1)): (32)
ﬂlm)[/ol(/ou(ut)alDfOf(scoth(xlxo))dt>du+

/01 (/1 (J —w)* ™ D f (w0 + J (21 — mo)) dJ) du} .

We also give:

Theorem 17 All as in Theorems 14, 15. Additionally assume that
Dig (f (wo +u (w1 — 20))) (0) = DI% (f (w0 +u (21 —20))) (1) =0, i =1,....;n

Then
E (f,x0,21) / f(x (mo)""f(xl)> — (33)



N Uol </ou (u =)™ D (F (o (1 = w0)) (1) dt) du+

/01 (/ul (t— u)<n+1)a*1 D§ﬁ+1)a (f (zo 4+t (z1 — x0))) () dt> du} .

Proof. By Theorem 14 we have

/Ij flo)du= /Olf(xo +u (21 — w0)) du =

n (fy wiodu)
Z r(zmﬂ) DG (f (o + u(z1 = 20))) (0) +

A

=

1 (n+1 a—1 (n+1)a . y
n+1 /0 /(; (f (xo +t(z1 —20))) (£) dt) d

n

gy D ol — ) 0+ (39

1 ! “ n a— n @
T((n+1)a) / ( / (w =)V DG (f (w0 + t (21 — 20)) (1) dt) du,
al0 <u < 1.

By Theorem 15, we have

/f Zrm+2)Dm(f(xf’ﬂ(m*wo)))(lw (35)

1=

; ! ' —u (n+1l)a—1 H(n+l)a " . »
F((n—|—1)a)/0 (/u (t =) Dy (f(wo +t(m o)))(t)dt>d :

We assume that DI (f (xg + u (x1 — 20))) (0) = Di® (f (wo + u (71 — x0))) (1) =

0,7=1,...,n. Then
/ f(e)dz— f (z0) =

= >/01 (/ouw‘t)(”“)“Diﬁ“)“ (f (20 + 1 (21 — 20))) <t>dt) du,

Fr )
(36)
/mlf(w)dx—f(ml) _

; 1 1 . (n+1)a—1 (n+1)a - T — »
ra J, ([ 0o o>>><t>dt)(c;7.)

and

10



Therefore it holds
1

A (n+Da) Uol </ou (=)D (F (o + (1 = 20))) (1) dt) du-+

/01 (/ul (t— u)<n+1)a71 Dgiﬂ)a (f (0 + t (1 — 20))) (1) dt) du} .

]
We present the following basic abstract fractional Ostrowski type inequali-
ties:

Theorem 18 All as in Theorem 16. Then
i)
1

18 w020l < 5p07)

D% (f (o + (1 = 2ol e oy (39)

D5 (f @o + T (@1 = 20yl e oy

i1) when a > 1, we get

1E (f, 20, 21)l, < m {||||foo (f (o +t (@1 —20))lloll; £, 0.0  (40)

DS (F (o + 7 @1 = 2ol oy

i11) when p,q>1: =4+ + =1, with a > é, we find that

141
P g

1
F(a)(p(a—l)—i—l)% (a—i—%)

1B (f, w0, 21)ll5 < 5 (41)

MDS (F (o + 1 = 2o sl 1oy + IDE (0 @+ @ = 20Dyl o]

Proof. We have that

1

> (27)
<
|| (fvxo,x1)||2 = 9T (a)

+
2

Js

/01 ( /0 (u—t)*"" D% (f (w0 + t (w1 — 0))) dt) "

|

/01 (/ul(J—u)“_lDf‘_f(xo+J(x1_xo))dj)du

11



(42)

@ [/ (/ (u =) D2 (0 + (21 = w0))l, dt) dut
().

1 1
/O (/ (] — )™ | DS f (0 + T (1 — o)), dJ> du]
i) We have that

1 Lo o
(¢) < 2T (a+1) [(/o “ du) D% (f (o + ¢ (21 = 20))llally 00,101y +

(/01 (= du) HHD?_ (f (zo + J (21 — JC0)))”2||J,oo,[0,1]] -

1 o
T aTD) (1D (o +t (@1 = 20))all o o1

DS (F (o + T @1 = 2oy | oy

proving (i).
ii) If @ > 1, then

1 ! a—1 @
([ wetan) 02 5 o+ o1 = 00Dl oy (40

n < [ du) 1D (f @0+ J (@1 = 2], . ({MD] _

1 «
Tt D {||||D*o (f (o +t (@1 = 20))ally. 1, 017

DR (7 (o + T (@1~ 20yl o]

proving (ii).
iii) Let p,q > 1 : % + % = 1, with o > %. Then (by applying Holder’s
inequality) we obtain:

1 1 ua71+% N
W) < oT (a) [/0 m ||||D*o (f (330 +t(331 - ﬂ?o)))Hz”t,Lq([o,l]) du
(45)

P—wtt
+/0 m HHle (f (xo+ J (21 — 330)))”2”J,Lq([0,1]) du] -

—_

[11D% (f o + ¢ (@1 = 20Dl 1, 0.

2T (a) (p(a = 1) + )7 (a+2)

DS (f o+ T @1~ 2ol o]

proving (iii). m
We continue with sequential fractional Ostrowski inequalities.

12



Theorem 19 All as in Theorem 17. Then

i)
1 n+1)a
B(fa0.2)ll, < =S t a1 o))
|E (f,z0,21)]l5 < T (ntDatd) { *0 (f (zo +t (21 — 20))) oMl i 00,101
(46)
e L s A P
211.7,00,[0,1]
i1) when a > ﬁ’ we get
I8 (Fanaonle < s yas 125 ot e = o)
“2'(n+ 1) a+1) 21lt,L1([0,1])
(47)
e R N N
JL1([0,1])
we derive

1
=1, with o > q(n+1)

i11) when p,q > 1: % 7
1

=

HE(fv xo,xl)HQ S
2 ((n+1)0) (p((n+ a— 1)+ 1) (n+1)a+1)
(48)

+
t,L4([0,1])

Pt o+ e o)

e N
211J,L4([0,1])
Proof. As similar to Theorem 18 is omitted, use of (33). m

We proceed with a Poincaré like left fractional inequality
Here all as in

Theorem 20 Let p,q > 1 : %—&—% =1, and v > %, m = [v].
Remark 2 and Definition 3. Assume further that f*) (z¢) =0, k = 0,1, ...,m—1.
Then
D% f (zo +1t (21 — on))H Il Ly((0.1)
11 (2o + (21 = 20)lolly 1. o) < S
T () (p(v—1)+1)7 (pr)7
(49)

Proof. Direct application of Theorem 1.38, p. 25, along with Theorem 1.5
p.-3 and Definition 1.13, pp. 10-11, all from [2]. We use also Theorem 4 from

here. m
It follows a Sobolev like left fractional inequality:

Theorem 21 All as in Theorem 20 and r > 0. Then
D% f (xo +t (21 — xo))||2||t7Lq([071])

T
T

IS (o +u (@1 —z0))lall,, 1, (0,17 < ,
L) -1)+17 (r(v-1) +1)
(50)

13



Proof. As in the proof of Theorem 1.39, p. 26 of [2]. m
Next comes an Opial type left fractional inequality:

Theorem 22 All as in Theorem 20. Then

/O I f (zo +w (x1 — x0)) 5 [ DY f (x0 + w (21 — T0)) || dw <

- ([ 1kt ot wia —alg )"
(51)

2
Zu71+;

2T (1) (p(v—1) +1) (p(v — 1) + 2))

vV z€e[0,1].

Proof. By Theorem 1.40, p. 27 of [2]. =
We continue with a Hilbert-Pachpatte type left fractional inequality:

Theorem 23 Let p,g > 1 : %—I—% =1, and v > %, vy > %, m; = [v,],
1=1,2. Let f;, 1 =1,2, as is [ in Remark 2 and Definition 3.
Assume further that f-(ki) (£9) =0, k;=0,1,....m; — 1; i =1,2. Then

! ||f1 o +t1 (21 = 20))[l5 [If2 (2o + ta (21 — o)) ||y dtrdis _ (52)
tp(vl 1)+1 tq(l/z 1)+1 -
1 + 2
<p(p(l/11)+1) q(q(V21)+1))
H||D 5 f1 (o +t1 (21 — 20)) ||y Htl, ([0,1]) HHD 5.f2 (zo +t2 (1 — o))l th Ly([0.1)
r (v1) T (v2)

Proof. By Theorem 1.41, p. 29 of [2] and Theorem 4 here. m
We proceed with a Poincaré like right fractional inequality:
Theorem 24 Let p,q > 1: %—l—% =1, and a > %, m = [a]. Here all as in
Theorem 8. Assume further that f*) (z1) =0, k= 0,1,....,m — 1. Then
[[| D f (o + ¢ (21 — xo))||2Ht,Lq([O,1])
1 1 :
I'(a) (p(a=1)+1)7 (pa)*

1 f (2o +u (21 — xO))H2||u7Lq([071]) =
(53)
Proof. By Theorem 2.24, p. 49, along with Theorem 2.5, p. 37, Definition
2.13, pp. 42-43, all from [2]. We use also Theorem 8 from here. ®
It follows a Sobolev like right fractional inequality:
Theorem 25 All as in Theorem 24 and r > 0. Then

H HDﬁf (zo +t (21 — 370))H2Ht,Lq([0,1})

F(a)(pa—1)+1)7 (r(a f%>+1)%
(54)

IS (@o +u (@1 — @0)llsll,, £, o1 <

14



Proof. As in the proof of Theorem 2.25, p. 50 of [2]. m
Next comes an Opial type right fractional inequality:

Theorem 26 All as in Theorem 24. Then

/|vu@+wma—wmmHDifmm+wmu—m»mdws

S

(l—z)a 1+ 1 Do . w (s — qdw %
25I‘(a) (p(a—1)+1) (p(a—1)+2)) (/ | DI f (@0 + w (a1 0))”2(55)) ;
vV z€[0,1].

Proof. By Theorem 2.26, p. 51 of [2]. =
We continue with a Hilbert-Pachpatte type right fractional inequality:

Theorem 27 Let p,g > 1 : %—5—% =1, and a1 > %, Qg > ]%, m; = [aq],
1=1,2. Let f;, 1=1,2, as is f in Theorem 8.
Assume further that fi(ki) (1) =0, k; =0,1,....m; —1; i =1,2. Then

! ||f1 o+t (21 = 20)) Iz [|.f2 (20 + T2 (w1 — o) llp dlrdts _
(1 tl)p(al 1)+1 (1— tz)q(ﬁfz 1)+1 -
p(p(al 1)+1) q(g(az—1)+1) )

(56)

[ |DS f1 (o + ta (1 — CU()))||2Ht1,Lq([O,1]) ||| D52 fa (o + b2 (21 — 900))H2Ht27L (0.1])
I () T (az2)

Proof. By Theorem 2.27, p. 53 of [2] and Theorem 8 here. m
We continue with a sequential left fractional Poincaré type inequality:

Theorem 28 Let~y > 0 with [y] =m;n,k € N;p,g>1: %—i—% =1;0<ax<1

be such that max{%_ll)ﬂ’ kw“} < a < 1. Here (Y,||l,) is a Banach

(n+1)

space, with f (zo + u(x1 — o)) € C’1 ([0,1],Y) and D¥§ f (xo + u (z1 — x0)) €
C'([0,1],Y),k=1,...,n and (DG f (zo + u(z1 — 0))) (0) =0,i=0,2,3,...,n
Then

HHD g f (zo +u (21 — z0) H < (57)

21w, Lq([0,1])
(n+1)a
[fiz2: ﬂm+ﬂm—mw2wmw

T((n+Da—ky)(p((n+1)a—ky—1)+1)7

Proof. By Theorem 10.19, p. 212 of [2] for g = id map. m
Next comes the sequential right fractional Poincaré type inequality:
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Theorem 29 Let~y > 0 with [y] =m;n,k € N;p,g>1: %—i—% =1;0<ax<l

be such that max{%,%} < a < 1. Here (Y,|||y) is a Banach

space, with f (zo +u(x1 —x0)) € CL([0,1],Y) and D f (vo +u (z1 — z0)) €

C'([0,1],Y), k=1,...,n and (D f (zo + u(z1 — 20))) (1) =0,i=0,2,3,...,n.
Then

[t s o+ uwm —ao|| ], < (58)
HHD&H)O‘f (o +u (21— xo))‘ 21w, Lq([0,1])

F(n+a—ky)(p(n+l)a—ky—1)+1)7

Proof. By Theorem 10.20, p. 213 of [2] for g = id map. =
It follows a sequential left fractional Opial type inequality:

Theorem 30 All as in Theorem 28. Then

y
/0 Hng (o +u(x — mo))H2 HD%H)D‘]‘ (o +u(xy — xo))HQdu <

gt Da—ky=1)+3

=

2iT (n+ 1) a—ky) [(p((n+Da—ky—1)+1)(p((n+1)a—ky—1)+2)]

(/Oy HDig-&-l)af (o +u(zr — xo))Hidu) , Yyelo,1]. (59)

Proof. By Theorem 10.21, p. 214 of [2] for g = id map. =
We continue with a sequential right fractional Opial type inequality:

Theorem 31 All as in Theorem 29. Then

/

25F((n—|—1)a—k'y) [(p(n+D)a—-ky—-1D)4+1(p(n+1)a—ky—1)+2)]

(I

Proof. By Theorem 10.22, pp. 216-217 of [2] for g = id map =
Next comes a sequential Hilbert-Pachpatte type left ftactional inequality:

| DI f (o + u (= o)) [ DI F (o + @1 — 20))|| du <

(1-— y)((7l+1)a—k7—1)+%

B =

Qo

D% G utor — o)) vyl o0
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Theorem 32 Leti=1,2; 0 < a; <1, asin (61), (62), fi (xo+ u(x1 —x0)) €

C'([0,1],Y). Assume that D¥ f; (zo +u(z1 — 20)) € C*([0,1],Y), ki =
1,...,n;, and (Di‘éaifi (o +u(x — xo))) (0)=0, )\ =0,2,3,...,n;, wheren; €
N. Let v, > 0 and [v;] =m;, ki €N, p,g > 1: %—i— % = 1. We further assume:

ki —1 k 1
1> ap > max <m1+( - )’h, ik ) (61)
ny+1 (n1+1)q
and ko —1 k 1
1>oz2>max(m2+( 2 )72, 2720 + ) (62)
ng +1 (ne+1)p
Then

171 kavy
HD f1 xo + Uy (.’131 —.170 ‘ ) HD*O 2f2 (.%‘0+U2 (.’171 —.’L‘o))HQdUldUQ
L p((ntl)ag —kjvi—1)+1 q((ng+1)ag—kgy2—1)+1 -
uy 4 Uy
p(p((n1+1)on—k1v,—1)+1) * q(q((n2+1)az—kzv,—1)+1)

(63)
1

L((n1+1) a1 — ki) T ((n2 + 1) ag — ka7ys)
H HDglﬂ)alfl (o +u (w1 — xo))”

u,Lq([0,1])

HHD(HQJrl azf .7}0+U(.T1—.Z‘0 H

u,Ly([0,1])

Proof. By Theorem 10.23, p. 217 of [2] for g1 = g2 = id map. ®
We finish this article with a sequential Hilbert-Pachpatte type right ftac-
tional inequality:

Theorem 33 Leti=1,2; 0 < a; <1, asin (64), (65), fi (zo+ u(zx1 —x0)) €
C'([0,1],Y). Assume that DFi f; (zo +u(z1 — 20)) € C([0,1],Y), ki =
1,...,n;, and (D{‘iaifi (o +u(xy — xo))) (1)=0, )\, =0,2,3,...,n;, wheren; €
N. Let v, >0 and [v;] =m;, ki e N, p,g > 1: %—i— % = 1. We further assume:

ki —1 k 1
1> ap > max <m1+( - )71, itk ) (64)
ni+1 (’I’Ll + 1) q
and k 1 k 1
1> ay > max ma + (k2 — )72, 272D (65)
ng +1 (ne+1)p
Then
HD T fy (@ + wa (21 — o) H 72f2 (o + us (z1 — 330))H2 duidus
/ / (1 ul)p((ﬂ1+1)01 kivi—1)+1 (1 uz)q((ﬂ2+1)f¥2 kgv2—1)+1 S
P(P((W1+1)01 kiv;—1)+1) q(g((n2+1)as—kav,—1)+1) )
(66)
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1
L ((n1+1)a1 —k1yy) T ((n2 + 1) az — kavs)

HHDYzlJrl)Oﬂfl (xO =+ u(xl _ xO))H

21w, Lq([0,1])

D(n2+l)o¢2 + _ H
HH 1= f2 (@0 +u (w1 = 20)) 211w, L, ([0,1])

Proof. By Theorem 10.24, p. 220 of [2] for g1 = g2 = id map. =
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