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Abstract

Here we perform the univariate quantitative approximation, ordinary
and fractional, of Banach space valued continuous functions on a compact
interval or all the real line by quasi-interpolation Banach space valued
neural network operators. These approximations are derived by estab-
lishing Jackson type inequalities involving the modulus of continuity of
the engaged function or its Banach space valued high order derivative
of fractional derivatives. Our operators are defined by using a density
function generated by the Richards curve, which is generalized logistic
function. The approximations are pointwise and of the uniform norm.
The related Banach space valued feed-forward neural networks are with
one hidden layer.
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1 Introduction

The first author in [1] and [2], see Chapters 2-5, was the first to establish
neural network approximation to continuous functions with rates by very specif-
ically defined neural network operators of Cardaliagnet-Euvrard and "Squash-
ing" types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
He treats there both the univariate and multivariate cases. The defining these
operators "bell-shaped "and "squashing "functions are assumed to be of com-
pact suport. Also in [2] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class of
smooth functions, see Chapters 4-5 there.

Again the first author inspired by [14], continued his studies on neural net-
works approximation by introducing and using the proper quasi-interpolation
operators of sigmoidal and hyperbolic tangent type which resulted into [3], [4],
[5], [6], [7], by treating both the univariate and multivariate cases. He did also
the corresponding fractional cases [8], [9], [13].

The authors here perform Richards curve activated neural network approxi-
mations to continuous functions over compact intervals of the real line or over the
whole R with valued to an arbitrary Banach space (X, ||-||). Finally they treat
completely the related X-valued fractional approximation. All convergences
here are with rates expressed via the modulus of continuity of the involved
function or its X-valued high order derivative, or X-valued fractional deriv-
atives and given by very tight Jackson type inequalities. Iterated fractional
approximation is also included.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by the Richards curve, which
is a sigmoid function. Richards curve among others has been used for modeling
COVID-19 infection trajectory [21].

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as

N, (z) :cha((aj~m>+bj), zeR® seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - ) is the inner product of a; and z, and
o is the activation function of the network. About neural networks in general
read [15], [17], [19].



2 Preliminaries

A Richards’s curve is

v () zER, u>0, (1)

T 1t
which is strictly increasing on R, and it is a sigmoid function, in particular this
is a generalized logistic function [22].
See that
lim p(z)=1 and lim ¢(z)=0. (2)

T—+00 T——00
We consider the following activation function

G@) =3 lp@+)—p@—1), zeR, 3)

which is G(z) > 0, all z € R.

The function ¢ has great applications in epidemiology and especially in
COVID-19 modeling infection trajectories [21].

We have that

p(0)=5 and () =1-¢(-a). (1)
We notice that 1
G(-2)=5(p(-e+1)—p(-z-1)
:%[l—w(x—l)—l—i—(p(m-l-l)]
) —p@-1)=G@) VeeRr (5)

2
So that G is an even function.
We have that

= (= (-1) — (1)) = 3 (1-25(~1))
1 2 1 /14+et -2 1 /et =1
)]
that is P
GO =3 ©)
Let = > 0, we have that
G @)= 3 (¢ (+ 1)~ (2 1)) =



! (((1 )™ - (o +e—~<w—1>)-1)’> _

. (((1) (1+ e“($+1))_2> e () — (1) (14 ) T e (u))

(Me—u(w-‘rl) (1 n e—u(w-i-l)) T e (1 n e—u(w—l)) 2> =

N =

4
2| (14 e rGtD)? (14 e n@-1)

e—h(a+1) e—H(z—1) ]
2

o ! . 1 _
2 [eﬂ(x+1) []_ + e—2u(z+1) 4 QQ*H(IJA)] et(z—1) [1 + e—2u(z—1) 4 2@*#(9’3*1)] ] o

I 1 1 _
2 |enr(a+l) £ e—p(a+1) 12 eule—1) y g—p(@—1) £ 9|

N 1 1
- F1 —p(z+1 - z—1 (-1
4 | ert= )+25 pn(z+1) +1 et (z )+26 pn(z—1) +1

N 1 1 _
4 [cos,u(erl)Jrl  cosp(z — 1)+1] B
cosp(z—1) —cosp(x+1)
{(cosu(x +1)+1)(cosp(z—1)+1)

So for z > 1, G'(z) < 0 and G(z) is strictly decreasing.

Letnow 0 < z < 1,then 1—2 > 0and 0 < 1—x < 14z, then cosh u(z—1) =
cosh (1 — z) < cosh pu(x + 1), so that again G’'(z) < 0, and G(x) is strictly
decreasing over 0 < x < 1.

Thus G(z) is strictly decreasing on (0, +00).

Clearly, G(x) is strictly increasing on (—o0,0), and G'(0) = 0.

We observe that

=

}<o,\m«z1. (7)

Jim G (2) = 5 (p(+00) =9 (+00)) = 0,
(8)

lim G (z) = 3 (¢ (~00) = ¢ (—00)) = 0.

Tr— —00
That is, the z-axis is the horizontal asymptote for G.
Conclusion, G is a bell symmetric function with maximum
et —1

G0)= ——. 9
) 2(e* 4+ 1) 9)

‘We need



Theorem 1 It holds

Z Glx—i)=1, Yz eR.

i=—00

Proof. We observe that

o

Y ple—i)—pl@-1-i)=

1=—00

00 -1

Y lp@—i)—pl@—1-i)+ Y (pla—i)—p@—-1-19).

=0 i=—00

Furthermore (A € ZT)

Z (x—i)—p(x—1-—14)) =

=0

1 - —1—i tel i
ALH;OZ (x —1) (z i)) (telescoping sum)

= lim (p(z) —p(@—-(A+1))) =p ().

)\—>o<>

Similarly, it holds

—1

Z(ga(xfi) plr—1-—1)) fhm Z (x—i)—p(x—1-1))

1=—00

= lim (p(z+A) —p(@) =1-¢(@).

Therefore we derive

o0

D pla-i-p@-1-i)=1, YzeR,
and .
‘Z (px+1-i)—p(x—1)=1 Vzek

Adding the last two equations we get

o0

Y (plet+l-i)—p@-1-i))=2 VzecR

i=—00

Since

(10)

(15)



we have that

G(x—i):%[cp(:c-l—l—i)—go(x—l—i)L (16)

givinglz Glz—i)=1.m

1=—00

Remark 2 Because G is even it holds

Z Gli—z)=1, Yz eR.

Hence
o0
> G(i+a)=1, VzeR,
and -
Y G@+i)=1, VzeR (17)
Theorem 3 It holds -
/ G(z)dr =1. (18)
—o0o

Proof. We observe that

/_O;G(x)dm: i /jﬂg(x)dm: i /OlG(x-l-j)d:c:

j=—00"- j=—00

1 o0 1
/ S Gz +j)de :/ ldz = 1.
0 0

j=—o0

So G (x) is a density function. m
We need

Theorem 4 Let 0 < a <1, and n € N with n' = > 2. It holds
1
Z G(nl‘—k)<m, w>0. (19)

k=—00
s nx — k| > ntme

Proof. We have that

1
G(m)zi[go(x—kl)—go(m—l)}, Vzelk
Let x > 1. Thatis 0 < x —1 < z+ 1. Applying the mean value theorem we get
1 ue‘“f
Glx)==-2-0 (&) =¢'(¢ = —"L———,
@)=52 ¢ ©=¢0= 1"



where 0 <z —-1<¢<z+ 1.
Notice that
G(x) < pe ™ < pe =1 v g > 1.

Thus, we have

Z G(nx—k)= Z G(lnz —k|) <
k:—oo k':_oo
Cnw — k| > ntme s nx — k| > ntme

L Z e~ HlInz—k|=1) <

k=—c
:nw — k| > ntme

u/ e P gy = u/ e Mdz = (20)
nl-o—1 nl-o—2
/ e Md(uz) = / e Ydy = {fe*yrx;_a 2} =
nl-a—2 nl-a—2 " B
—uz nt=v_2 —u(ntT*—2 1
{€”|OO }:eu( ):ma (21)

for n'=* > 2, n € N. We have found that

o0

1
k= —o0
{: |nz — k| >nl™@

forn'=*>2 neN. m
Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

Theorem 5 Let [a,b] C R and n € N so that [na] < |nb]. It holds

1 A(1 4 =20
<
[nbd) 1—e 20

> G(nz—k)

k=[na]

V€ la,b.

Proof. Let z € [a,b]. We see that

00 [nb]
1= ZG(nmfk:)> Z G(nx—k)=
k=—o00 k=[na]



[nb]
Z G (lnxz — E|) > G (Jnx — kol), (24)
k=[na]
V ko € [[na], [nb]] NZ.
We can choose kg € [[na], [nb|] N Z such that |nz — ko| < 1.
Therefore we get that

Glne—tah >0 =3 (+@-1) =3 (s - 3) = e
(29

and

[nb] o—2m

Z G(|nz —k|) > — (26)
k=[na] (1 te H)
That is ( 20
1 4(1 + e+
2
[nt] ST e (27)
> G(jnz—k|)
k=[na]
proving the claim. m
We make
Remark 6 We also notice that
[nd] [na]l-1 0o
Y Gmb—k)y= > Gmb—k)+ Y Gmb—k
k=[na] k=—o00 k=|nb|+1
> G (nb— |nb] — 1) (28)

(call e :=nb— [nb], 0<e<1)

—Ge-1)=CG(1l—¢)>G(1)>0.

Therefore
[nb]
lim Z G (nb— . (29)
=[na]
Similarly,
[nb] [nal—1 00
1-— Z G(na—k) = Z G(na—k)+ Z G (na — k)
k=[na] k=—o00 k=|nb]+1

> G (na— [nal +1)
(callp := [na]l —na, 0 <n<1)

=G(1-n)>G(1)>0. (30)



Therefore again
[nb]

lim [1- Y G(na—k)|>0. (31)
k=[na]
Here we find that
Lnd)
lim Z G(nx —k)#1, for at least some x € [a,b]. (32)
k=[na]

Note 7 Let [a,b] C R. For large enough n we always obtain [na] < [nb]. Also
agggb, iff [na]l <k < |nb|.
In general it holds (by >, G(x—1i)=1,Y z €R) that is
[nb]
Y Gna—k) <1 (33)

k=[na]
Let (X, ||-]|) be a Banach space.

Definition 8 Let f € C ([a,b],X) andn € N: [na] < |nb|. We introduce and
define the X -valued linear neural network operators

|nb)
> f(%)G(nxfk)

k=[na]
Lnb]

> G(nz—k)

k=[na]

L, (f,z):=

, € [a,b]. (34)

Clearly here L, (f,z) € C ([a,b], X).

For convenience we use the same L,, for real valued functions when needed.
We study here the pointwise and uniform convergence of L,, (f,z) to f (z) with
rates.

For convenience, also we call

Lnb)
Ly (fz):= > f(:)G(nm—k), (35)

k=[na]
(similarly, L can be defined for real valued functions) that is

Ly (f,x)
] :
> G(nz—k)

k=[na]

L, (f,z) =



So that
La(f) —§ @) = PP = (37)

> G(nz—k)

k=[na]

|nb]
L (f, @) = f (x) < 2 G(nﬂ«“—k))

k=[na]
[nb]
> G(nz—k)
k=[na]
Consequently, we derive that
_ [nb]
4(1 2n
1o (f.2) — £ @) < e (f0) — £ (a) Gna—1) || =
1—e2¢
k=[na]
_ [nd]
4(1 4+ e 2+ k
ﬁ > (f (n> - f($)> G (nz — k)| (38)
k=[na]

We will estimate the right hand side of the last quantity.
For that we need, for f € C ([a,b], X) the first modulus of continuity

wi(f,6):= sup  |f(x)—fWI, >0 (39)
z,y € [a,b]
[z —yl <o

Similarly, it is defined wq for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued), and for f € Cy, (R, X) (uniformly continuous).

The fact f € C ([a,b],X) or f € C,, (R, X), is equivalent to %E%wl (f,0) =0,
see [11].

We make

Definition 9 When f € C,p (R, X), or f € Cp (R, X), we define

Lo(f)= 3 1 (5) . (10)

k=—o00

n €N, x € R, the X-valued quasi-interpolation neural network operator.
‘We make

Remark 10 We have that

£ (2)| = 191z < 4o

10



7 (5)| e =0 <11n G -1 (41)

1) om0 < (3 0 -0),

Hf()H (nz—K) < | flloom (12)

and
A

>

k=—X
and finally

k=—o00
a convergent series in R.
o0
So, the series Hf (%) || G (nx — k) is absolutely convergent in X, hence
=—00
it is convergent in X and L, (f,x) € X. We denote by ||f|l. = sup |f ()],

z€la,b]

for f e C([a,b],X), similarly it is defined for f € Cp (R, X).

3 Main Results

We present a set of X-valued neural network approximations to a function given
with rates.

Theorem 11 Let f € C ([a,b],X), p > 0,0 < a < 1, n € N:nl7® > 2,
z € [a,b]. Then

J
4 —2p 2
I () = sl = S o (1 1)+ Al ) < )
and
i)

[Ln (f) = fllso < p- (44)
We get that lim L, (f) = f, pointwise and uniformly.
n—oo

Proof. We see that

Lnb]

> (r(5)-r@) e <

k=[na]

Lnb]

2.

k=[na]

11



That is

[nb] . . -
{k%ﬂ Hf(n> f ()| G (nx —k)+
Eog<d
[nb] E . -
{k[znzﬂ Hf<n> f (@) G( k) < (45)
E_gl>-L
{k%ﬂ w1<f> _x)G(nw—k;)+
&z < L
L)
2[1fll 3 G e 1) <
{If:fna] )
|k —nz| >nt—®
wl(f’nla) i G(nf—k:)+
{kzz—;ﬂé

2l > G (nx — k) <

(by Theorem 4)

(i) 2,
[nb]
> (1) r@)cme-n) <
k=[na]
or (1.5 ) + o (@

Using the last equality we derive (43). m
Next we give

Theorem 12 Let f € Cp (R, X),0<a <1, u>0,neN:nl"*>2 xcR.

Then

12



-+ 2
T o) = F @ <o (£1) + sy =

i)

For f € Cup (R, X) we get lim L, (f) = f, pointwise and uniformly.

Proof. We observe that

(oo}

o k=—00
k;m <f <7]z>_f(x)>G(nx—k) <
k—z:oon <fb> —f(@)||G(nx—k) =

kzoo f(:i)_f(x) G (nx —k)+
{|ﬁ_$|_7}a

3 k
kzoo f<n>_f($) G(nx—k) <
{Z—x{>nla

> w1<f"x>0<nwk>+

k=—00
-l <am
2| £l oo > G (nz —k) <

k= —o0
5l > &

1 = 2

k= —o0
v el <

1 2|1l
! (f ’ na> T

13

i f(i)a(nxk)f(x) > G(naz—k)

(51)



proving the claim. m
We need the X-valued Taylor’s formula in an appropiate form:

Theorem 13 ([10], [12]) Let N € N, and f € CN ([a,b], X), where [a,b] C R
and X 1is a Banach space. Let any x,y € [a,b]. Then

> oy A [0 (5 0 s @)
=0 Yy
(52)

The derivatives f(), i € N, are defined like the numerical ones, see [20], p
83. The integral f; in (52) is of Bochner type, see [18].

By [12], [16] we have that: if f € C ([a,b],X), then f € L ([a,b],X) and
f€Li(ab],X).

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 14 Let f € CV ([a,b],X), n,N € N, u > 0,0 < a < 1, z € [a, ]
and n'=* > 2. Then

i)

6_2“ (J a J
It - @) < 0 Ly D O 5 [n +)] ¥

1—e 21 — enr(nt=>=2)
Jj=

1y 1 2 -t
[wl <f(N)7 na> RN NT T T Nlenni2) ’

i) assume further f9) (z0) =0, j = 1,...,N, for some zo € [a,b], it holds

(53)

4(1+e )
1—e2n

1yt 2l -t
{wl (f(N)’na) noNN1 T T Nigun =2 [ (54

[ Ln (fw0) = f (o)l <

and
i)
- N[ £6) Y,
te ) s If Hmll G )2)]+

”Ln( ) f”oo — — e 2n . ]| nod 6“(n1_ _
j=1

1 1 2 Hf || (b—a)
[wl (f ™ na> S T B (55)

Again we obtain lim L,, (f) = f, pointwise and uniformly.

n—oo

14



Proof. Next we apply the X-valued Taylor’s formula with Bochner integral
remainder (52). We have (here £, 2 € [a, b])

1(5)- B2 ) [ =)

=0 ®

(56)
Then N '
k B f(j) () B E_ J
f(n>0(m—k)_j§j! G (nz — k) <n z> + (57)
i ko !
Gna—b) [* (10 - 1 @) (?Nf)l) dt.
Hence
[nb] Lnb]
> r(S)eme-n-f@ ¥ Goo-n=
k=[na] k=[na]
N @ (z Lnb) J
Zf ) S om (n—:c> +
=0 k=[na]
[nb)] £ (E _ t) 1
> Gl [T (10— 1 @) e
k=[na] z
Thus
Lnb)
Ly, (fx) f(x)( > G(m—k)) =
k=[na]
(J) )
Zf L (=) + A @), (59)
where
[nb] k k-1
A(@)= Y Glnz—k) / (5 (@) = 1 (@) (?Nj)l)'dt. (60)
k=[na] z ’

We assume that b —a > #, which is always the case for large enough n € N,
that is when n > [(b - a)_ﬂ .

Thus|%—:c’§n%or|k |>—.

Let

Y= / (£ 1) = 1™ @) ((N‘l)!dt, (61)

15



in the case of ‘% — £E| < n%, we find that

|W|§m<ﬂm,l> L

no ’I’L(XNN! (62)
for x < or x> k
We prove it next

i) Indeed, for the case of © < %, we have

% k N-1
||¢|||/x (f(N) (t) — N (x)) (?N—)m dt|| <
k —1
/"fwww—fWM@H( e s
% k N—-1 fi k N—-1
[ ) Gt (10.5) [ G-
(63)
k N
o (509 50 ) B = (1955 ) s
ii) for the case of z > £, we have
% k ¢t N-1
Mﬂ—yé wawfwww)%N)U,ﬁ
. (_k N-1
‘/k (f(N) (t) — ) (m)) ((Nn)l)! at|| <
w1 }( t< (64)
- ¢k N—1 - t_ENA
J e (=) M‘“Sm (s (N”nlaM T

w 1Y (z- %)N < oy A 1
w1 f  no NI S w1 f )
We have proved (62).

We treat again v, see (61), but differently:
Notice also for z < % that

Lﬁowww—ﬂmmﬂ‘@f

16



t) i< (65)

/HfN> -1 @) e <

2Hf<N>HOO/x (-n" dt:ngmHmw

(N—l)!
N
<2|s] B
Next assume % < z, then
k N-1
H/ ARG <Ni)1>! =
/ (£ 1) - 7 (=9,
RCRORY (a:)) o <
k)Nfl
/ Hf(N) f(N _1)' dtS (66)
,ﬁ N
IR A= - 2Hf [
f?Hf‘N)Hm*b?ﬁ)
Thus N
ol <2 E29 (67)
in the two cases.
Therefore
[nd] |nb]
A () = > G (nz — k) + > G (nz — k). (68)
{k = [na] {k = [na]
bos <k bos]> %
Hence
|nb] 1 1
b@ls 3 Gt (o0 (4% 5) e )+ (@
= [na
{!ﬁ—w}éia

17



> a2 P s

1 1 1 (b— a)N
) L W ==
1 (f ’na> N'naN + eu(nl’“—2)2 Hf Hoo N! B

That is
wi (FM, 5 2fM ) -
NlpaN + Nlen(nt=>=2) 7

[An ()] <

V€ lab].
We further see that
Lnb]

L ((._m)j) = > G(na—k) (fl—x)J

k=[na]

where L is defined similarly for real valued functions.

Therefore
[nb] j
i k
L ((,ﬂ,)g)’ <y G(mk)'x _
k=[na] "
[nb] L j [nb] L
G —k)|— - G AN S
{k = [na { = [na]
kool <k ek
1 j 1
W —|—(b—a) eﬂ(nl’“*Q)'
That is ) )
L Y | - .\
Ly ((—2))| < =5 + -0 —mmemy,
for j =1,...,N.
Putting things together we have proved
[nb] N ;
. 9 (z)
k=[na] j=1 J:

1 (b-a

+

or (19, 2 2V -0

ned - en(n!Te=2) ne | neNN| Nlep(nt—*=2)

that is establishing the theorem. m
All integrals from now on are of Bochner type [18].
We need

18
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(71)



Definition 15 (/12]) Let [a,b] C R, X be a Banach space, o > 0; m = [«a] € N,
([-] is the ceiling of the number), f : [a,b] — X. We assume that f(™) €
L; ([a,b], X). We call the Caputo-Bochner left fractional derivative of order c:

1

__a)/w(x_-om/a{ﬂmJQ)da v aefab]. (75)

(D% (@) =

If a« € N, we set D¢, f = ) the ordinary X -valued derivative (defined similar
to numerical one, see [20], p. 83), and also set D, f = f.

By [12], (Dg,f) (z) exists almost everywhere in z € [a,b] and DS, f €
Ly ([a,b], X).

If Hf(m) HL (ja].x) < O then by [12], D2, f € C ([a,b], X), hence | D2, f]| €
C ([a,0]).

‘We mention

Lemma 16 ([11]) Let « > 0, o ¢ N, m = [«a], f € C™ 1 ([a,b],X) and
f™ € Lo ([a,b], X). Then D2, f (a) = 0.

‘We mention

Definition 17 ([10]) Let [a,b] C R, X be a Banach space, a > 0, m := [«a].
We assume that £ € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:

(71)777,

b
(DE-f) (2) = & =) / (z—a2)™ 7 ) (2)dz, Va€lab]. (76)

We observe that (DJ" f) (z) = (—1)" f) (z), form € N, and (Dy_f) (z) =
f(z).

By [10], (Dg_f) () exists almost everywhere on [a, b] and (D§_f) € Ly ([a,b] , X).

([ FN, apx) < 00 and a & N, by [10], Di_f € C ([a,b], X), hence
1D5_ | € € ([a.b) -

We need

Lemma 18 ([11]) Let f € C™ ' ([a,b],X), f™) € Ly ([a,b],X), m = [a],
a>0,a¢ N. Then Dy f(b) =0.

We mention the left fractional Taylor formula

Theorem 19 ([12]) Let m € N and f € C™ ([a,b],X), where [a,b] C R and
X is a Banach space, and let « > 0:m = [a]. Then

=Y S0 s [ e oL@
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We also mention the right fractional Taylor formula

Theorem 20 ([10]) Let [a,b] C R, X be a Banach space, & > 0, m = [a],
fe€C™([a,b],X). Then

m=l i b
@)=Y 0w s [ et () (s (19

vV z € [a,b].

Convention 21 We assume that

Dg, f (x) =0, for x < xo, (79)
and
Dz, _f(x) =0, for x > xo, (80)

for all z,xy € [a,].
We mention

Proposition 22 ([11]) Let f € C™ ([a,b],X), n = [v], v > 0. Then D, f (x)
is continuous in x € [a, b].

Proposition 23 ([11]) Let f € C™ ([a,b] ,X), m = [a], @ > 0. Then D}_f ()
is continuous in x € [a, b].

‘We also mention

Proposition 24 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,b],X), m =
[a], a >0 and

D%, f 0) = o | w0 (1 a, (81)

for all x,xo € [a,b] : x > x.
Then D, f () is continuous in .

Proposition 25 ([11]) Let f € C™ ' ([a,b],X), f"™) € Ly ([a,b],X), m =
[a], a >0 and

Dy _f(z) = =——— / (C—a)" 7 M () de, (82)

for all x,xo € [a,b] : xg > .
Then Dy, f () is continuous in xo.
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Corollary 26 ([11]) Let f € C™ ([a,b],X), m = [a], a > 0, z,z9 € [a,b].

Then D¢, f(x), Dg, _f(x) are jointly continuous functions in (x,xq) from

[a, b]2 into X, X is a Banach space.
We need

Theorem 27 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Consider

G({E) = w1 (f ('7$)76a [.’Ii,b])7 (83)
60>0,z € la,b].

Then G is continuous on [a,b].

Theorem 28 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Then
H (.’IJ) = w1 (f (,LL’) ) 57 [a7x]) ) (84)

x € [a,b], is continuous in x € [a,b], § > 0.
We make

Remark 29 ([11]) Let f € C" ' ([a,b]), f™) € Ly ([a,0]), n = [v], v > 0,
v ¢ N. Then

LA P

v < _ n—v .
ID5f @))€ Tpor e )™, Vet (59)
Thus we observe
w1 (DY, f,0) = Su[pb]HDiaf(w)—DZaf(y)H < (86)
x,y€la,
|z—y|<é

. Hf(”)HLoo([a,b],X) (x—a)"" + Hf(")HLoo([a,bLX) (y—a)"™"
emelan) \ T(n—v+1) T(n—v+1)
lz—y|<o

27

- Tnh-v+1) (b—a)™".

Consequently

< 2 Hf(n)HLoo([a,b],X)

w1 (D:afa 5) = T (n — U+ 1) (b - a)n*l’ : (87)

Similarly, let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [a], a >0, a ¢ N,

then H ( )”
2 || flm )
wi (DF-1.0) < =5 Ll ,zi]),m

(b—a)™ . (88)
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So for f € C™ 1 ([a,b]), f™ € Ly ([a,0]), m = [a], a >0, a ¢ N, we find

2 e

Jcoseu[f,b]wl ( *zof7 )[gc b] — F(m— o 1) ( a) , ( )
and ” ( )H
2 f " a m—a
sup wl( _f, )[a ] < Loo ([a,b],X) (b—a) . (90)

Fm—a+1)

zo€la,b]

By [12] we get that Dg, f € C([zo,b],X), and by [10] we obtain that

O_f € C([a,zo], X) .

We present the following X-valued fractional approximation result by neural
networks.

Theorem 30 Let a,pu >0, N = [a], a ¢ N, f € CV ([a,],X), 0 < B < 1,
x € [a,b],n € N:n'=8 > 2 Then

i)

N-1

P (c-0) @ -1 @) <

j=1

sigewy 1 (@ (DEfE) gt er (DL 5),)
(1—e2) T(at 1) s +

W (”Da Ml ey @ = @) +1D% fll e o (bfc)a)}, (91)
i) if fO) (z)=0, forj=1,..,N — 1, we have

A1+e2) 1
(I—e2) I'(a+1)

{ (1 (P21 ) 0 + o1 (D5 ) )

Lo (f,2) = f(2)]| <

nob

i (P2 oy = 0+ 1D Sy 0 07) } . (92

iii)

14+ e 2+
|Ln (f,7) — £ ()] < (<+)>

N—-1
f(J) 1 ) 1
{ JERAC S Ll

Jj=1
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L (o (D) g+ (D135 )
T(at1) naP *

ity (P2 T oy = 0 + D8 oy 0= 07) . (03)

e
V€ la,b],
and
i)
A1+ e
[Lnf = flloo < M—e 2y
N-—1 ||f(] . 1
AN S
{ i (b—a) ek (n!=F-2) } *
j=1
( Sup wq (D?if, #)[a z] T sup wi (D*zf’ ”ﬁ)[w b])
1 z€[a,b] ’ z€a,b] +
T(at1) ne?

M(b—a>a<sup 195 g+ 500, 105 )}} (94)

€la,b]

Above, when N =1 the sum Z;V;ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of L, — I the unit operator, as n — oo.

Proof. Let x € [a,b]. We have that DY_f (z) = D%, f (z) = 0.
From Theorem 19, we get by the left Caputo fractional Taylor formula that

() F ey, .

j=0 J!

=/ ; (fj - J)al (D2, f (J) = D2, (x)) dJ,

forallxﬁ%ﬁb.
Also from Theorem 20, using the right Caputo fractional Taylor formula we

O-E500)

o / (- k) (D2 f ()~ D3_f (2)) d




forallagggx.
Hence we have

N-1

f (i) Gz —k) =Y f(j;!(m)G (nz — k) <z - z)j + (97)

j=0

Gz —k) [ (kN ot pe
T (a) /m J) (D% f (J) = D2, f () d,

n
for all z < % < b, iff [nz] < k < |nb], and

f (:j) G (nz — k) = NX__; f(j;!(‘””)a (na — k) <7’fb _ x)j + (98)

( k) 1 _J(J) = Dg_f (x)) dJ,
<k

< [na].

3

nm—
n

for all a < £ < z, iff [na]
Therefore it holds

X P ON ) Lnb] i j
Z f( ) Z Z G(mc—k)(—ac) +
k=|nz|+1 =0 k=|nz|+1 K
(99)
1 [nb] k k a—1
— G — ——J D2 f(J)—Dg, dJ,
e, 3 60 o/ (n ) 0mi0) - D @)
and
|nz] N— |nz] k j
5 f< )G Z DY Ge-n(E-a) + o)
k=[na] =0 ' k=[na] "

Ln]

Z G (nz —k /k<J—z>a1 (DS_f(J) = D2_f (x)) dJ.

k [na]

Adding the last two equalities obtain

= 3 (5o -n- (o)

k=[na]

N— [nb] j
z 126 S G (jj_x)l
> i

k=[na]
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1 [na] - oy o1 ) )
1“(0[){ Z G(nx—k)ﬂ <J_n) (Dw—f(J)—Dw_f(x))dJ+

k=[na]

3

[nb| k.

Z G (nz — )/

k=|nz|+1

(ﬁ - J)al (D%f () — D% f (@) dJ} -

So we have derived

Lnb) NZLe() (p ,
Lil(f,x)—f(x)( > G(nm—m) -S> P (o) en o

k=[na] j=1 '7'
(102)
where
1 [nz] T k a—1 N N
(o) = s {g;ﬂam—k)/ﬁ (7-%) @wrsm-pss@)as
[nb] - k a—1 }
+ G (nx — k) ——J (Do, f(J)—Dg f (x)dJ (103)
o[ ()
We set
1 [nz] T k a—1 N N
@)= 7 & Gl / (7-5) 00— D2 s@)a
(104)
and
ooy = % G (nx — k)/ﬁ (k — J>a_1 (D% f (J) = D2, f () dJ,
(OZ) k=[nz]|+1 z "
(105)
ie.
en (z) = e1n (x) + ean (7). (106)

We assume b — a > 0 < B < 1, which is always the case for large enough

nﬁ’
n € N, that is when n > [(b - a)_ﬂ. It is always true that either ‘% —z| <5
or |[E—g| > L.

For k = ( ] ., [nx], we consider

alk_H [ (-5 (o) Do sy = (o

/ <J7’j> _1D§‘_f(J)dJ _/ <Jz)a_l||pg_f(J),|dJ§

25




N x— k)" N (x—a)”
12y Tl <o =

That is N
T (109

for k = [nal, ..., |nz] .
Also we have in case of }% - :1:| < n% that

T k a—1
elkgﬂ <J—n) D2 f (J) - D2 f (2)]| dJ <
T k‘ a—1
L (J—n) wi (DS f. |~ ), dJ < (110)
T a—1
D)
la,z] % n
k 1

e F
1 — By 1
o(en ) B (g k) L

AT ") la,q) O

n
That is when |% — a:| < n%, then

W1 (D:—fv

w1 (Dg—f7 niﬁ) a.x
011 < e loa] | (111)
Consequently we obtain
1 el
lewn @I € 5 D G — k)b = (112)
(a) 4
k=[na]
T (a) Z G (nx — k)01 + Z G(nr—k)O p <
= [na] = [na
Eor<h B g > L
[na) o £ 1
1 w1 (l)ﬁf—f7 nﬁ)[a x]
(o) Z G (nx — k) B
k = [na]
: % - x’ < n%
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k=—00
s nx — k|

G(nz—k) | |Ds_7|
ar
1 { (DS fs77) jam
T(atl) s
G (nz— k) | | D2 sl
>nl=h
1D £l

[a,2]

s[a, »L]

s[a, w]

—a)”

I'a+1)

1 {wl (Dg_f, )

nob

So we have proved that

||eln ($)|| S F(

on(ni—7-2) |

Next when k = |nz

ng = ‘

k

1

[a,x]

7@)@
ep(nt—F—2) ’

€%} (Dg—fa n%)

a+1)

1

{

nah

D5 |y (o= "}

| +1,...,|nb] we consider

[ (E-0)" wnro-purenw

% k a—1
/ <nJ> D2, f ()| dJ <

o (5 —2)"
1D2 o oy~ < D2 e,

Therefore when k = |nx

That is

27

00,[z,b]

(b—

| +1,..., [nb] we get that

x)”

(b—

_|_

k k a—1
/. (n - J) DL, f (J) = D& f ()| dJ =

x)”

<

(113)

(114)

(115)

(116)

(117)



In case of ‘% —ac| < n% we have

k

L k a—1
o, < / ( _ J) w1 (D o1 = @) 4y 4T <

n

k

= k a—1
/ 2 dJ < (118)
[z.b] Sz \T

1 k) 1 1
wi | D fs —5 uSwl De.f,— —.
np (.b] o nb (2.0] an®P

So when ‘% - a?| < niﬁ we derived that

k
w1 (Dnga‘n_m

w1 (Dfl’f’ n%)[z b]
o . (119)

Oar <

Similarly we have that

Lnb)
llean (@) < ﬁ ( Z G (nx — k) '72k> =

k=|nz|+1

[nb] [nb]
1
) > G (nx — k) O + > G (nx — k)b p <
k=|nz|+1 k=|nz|+1
r_z|<5 R g > L
(120)
[nb] a 1
1 w1 (D*’I'f7 nﬁ)[z b]
(o) Z G (nx — k) o
k=|nz|+1
£l <
|nb] @
o b—=z
S Gne B | ID5 gy O <
k=|nz]+1
w =l >

[,0] +

1 {wl (Dfxf?niﬁ)

nob
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oo

> G (nx = k) | 1Dl o) (0 —2)" p < (121)

k= —00
: ﬁ
5] > ;
o 1
1 w1 (D*m’f’ﬁ)[LH + ! 1% flloo oy (0 — 2)*
I'(a+1) noB ) o |

So we have proved that

1 w1 (Dfmf’#)[x b]
< ’ 122
||627L (x)” = 1—\ (a + 1) { ']’Laﬁ + ( )
1 a
a(ni—F—2) | DS f” ( —z)" .
Therefore
len (@) < llern (@) + llezn (2)]] <
1 wy (Dg_f, #)[a,aj] +wi (D, f, n%)[:c,b] " (123)
I'(a+1) neB
1 . a
on(ni—P-2) (HD i e &= @ DLl 2y (0 — @) ) :
From the proof of Theorem 14 we get that
; 1 ; 1
* (.= ) i gy ————
Ly ((=2) @) < =5+ (b= 0) —g, (124)
forj=1,...N—1,Vz€lab.
Putting things together, we have established
) [nb] N— ||f(j)
Ly (foe) = f(2) | Y Gnx—k) Z (125)
k=[na] j=1
1 1
75+ 0= oy |+
1 wi (Dg_f, #)[a,aj] +wi (D, f, n%)[w,b] "
I'(a+1) neB
1 o a ]
7 (192 o = 0 4 1D Sl 0y 0= 01°) | =5 K (0
(126)
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As a result we derive

4(14e2m)
1—e 20

[ (f ) = f ()] <

We further have that

K, (z), Yz¢€lab].

T

SO [ 2 1
[Knllo < 7l [n/gj +(b—a) W] +

1 z€[a,b] z€la,b

Lo 80, om0,

(127)

(128)

I'(a+1) neh

z€[a,b

+

1 o N B
i) (b—a) {<x21[1£b] (|[Dg_r|) + S1[1p] (||D il ,[I,b])> }} = E,.

Hence it holds

4(1+e21)
1nf = Flloo < =55 En-
We observe the following:
We have
(D2 f) (y) = <_1)N/x (J =) T NI dT, Yy € [a,a]
= I'(N—a)/, ’ ’
and

[(De_f) W) < ﬁ (/:(J— y)NaldJ> Hfuv)HOO

1 (z—y)

e R st L
'N-a) (N—-a '(N—-—a+1)
< i(b’“ 1A
I'(N—a+1)
That is
: b 5]
< — 7
||D1—f||oo,[a,a:] - F(N a+ 1
and
sup 102 Fl o < 2 9]
z€la,b] aJ:—I‘(N Oé+1

Similarly we have

1

(DLf) (y) = m

/ Ty - N Y (tydr, Wy e [,
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(129)

(130)

(131)

(132)

(133)

(134)



Thus we get

IO W< = ([ =07 ) 1] < s

e s e
(07

I'(N—-—a) (N-
Hence
D% g < om0 (136)
o[=b] = I‘(N a+1) ’
and
sup 1Dl < e [0 (137)
velat) *T a:b]—F(N a+1
From (89) and (90) we get
1 2[| £ N-
sup wy | DY ,) < —" 1% _(h—q)" " “, 138
z€Ja,b] ! ( f nﬁ la,z] F(N —a+ 1) ( ) ( )
" )]
1 2 f N—a
sup w D:f‘mf,> <——==—(b—a . 139
z€la,b] ! ( 'nﬁ [2,b] F(N —a+ 1) ( ) ( )

That is E,, < oo.
We finally notice that

N=L4() (o _
Lu(ro) = X P, (- o) @) - 1 (@) -
L (f.2) !

Therefore we get

N=1 £(5) ) e—2u
Lo (f.2) - Zf j!( L (=) (x)—f(m)l|<4(1+)-



V€ la,b].
The proof of the theorem is now finished. m
Next we apply Theorem 30 for N = 1.

Theorem 31 Let 0 < o, < 1, u > 0, f € C*([a,b],X), x € [a,b], n € N :
n'=P > 2. Then

1)
1on (f,2) = f(2)] <
ETSONE { (1 (P51, 1 (Pf i) |

(I—e24) T(a+1) neB
1
5 (102 Ty = 07 + Doy 0= 07) . (142
and
i)

41 4e™) 1
(1—e21) T (a+1)

[Lnf = flloo <

z€[a,b] z€a,b]

( sup wi (Dg—fa "%)[aﬁ} + sup wi (D*mf7 7,8)[y b])

nob +

(b—a)
el W ) AR N L B (143)

When o = % we derive

Corollary 32 Let 0 < < 1, u > 0, f € C*([a,b],X), € [a,b], n € N :
n'=f > 2. Then
i)
| Ln (f,2) = f (2)]| <

8(1+ e 2#) (wl (Dif’ 715) [a,2] e (D*%If’ 715) [x,b])

)

RN .

+

(M=)

(wz(Hf f Mﬂ““*HD

. (b—x))}, (144)
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and

8(1 + e~ 2H) '
TRV

1
sup w D2 , + sup wy (DZ4f, %
<xe[fb] 1( ! ”ﬁ>[a7w] xe[al,)b} ' ( of ”B)[a:,b]>

n

[Lnf = flloo <

+

| ,[%b])} <00 (145)

Remark 33 Some convergence analysis follows based on Corollary 32.
Let0< B <1, u>0,fecC (ab],X), z€[ab,neN:n""F>2 We
elaborate on (145). Assume that

1 1
Wi <D§_f7 nﬁ>
[a,z]

1 1 RQ
wi | Dy ,> < —, (147)
( nf [2,b] nf

Yz € la,b], VneN, where Ry, Ry > 0.
Then it holds

[Nlje)

/o=

L=y R Y Y
e a,

z€[a,b] z]  gela,b]

We make

IN

Ry
o (146)

and

z€[a,b] [a.2]  zela,b]

1 1
l sup wq (Dj,fw%a) + sup wq (D*zxfa 7%3)[ b]]

ﬁ S
ne
(R1+R2) (R
—F 1+ Rz) R
2 = 38 N (148)
nz nz nz

where R := R; + Ry > 0.
The other summand of the Tight hand side of (145), for large enough n,

converges to zero at the speed so it is about where L > 0 is

L
S )

a constant.

Then, for large enough n € N, by (145), (148) and the above comment, we

obtain that
M
1o = flle < s (149)
n=z

where M > 0, converging to zero at the high speed of —iz
nz

33



In Theorem 11, for f € C ([a,b],X) and for large enough n € N, the speed
is 23. So by (149), || Ly f — fllo converges much faster to zero. The last comes
because we assumed differentiability of f. Notice that in Corollary 32 no initial
condition is assumed.
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