LOWER AND UPPER BOUNDS FOR TENSORIAL
PERSPECTIVE FOR CONVEX FUNCTIONS OF SELFADJOINT
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. Assume that f : [0,00) — R is contin-
uous and A, B > 0. We define the tensorial perspective for the function f and
the pair of operators (A, B) by
Pro(A,B):=1®B)f(AeB™).
In this paper we show among others that, if f is convex on (0,00), A, B > 0

with spectra Sp (A) C I, Sp(B) C J and such that 0 < v < ﬁ <TIfortel
and s € J, then

o< {f(v);rf(l“)_f(vzr)]
X {1@3—%’14@1—%1@3“
. f(v);f(r)mmf@r):i(ﬂ (A®1_¥1®B)
- Pr.e (4,B)
- [f(v);rf(F) _ (W;F)]

2 r
x {1®Bf—’A®17L1®BH.
I'—~ 2

1. INTRODUCTION

Let Iy,..., I be intervals from R and let f : I; x ... Xx I, — R be an essentially
bounded real function defined on the product of the intervals. Let A = (41, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hi, ..., Hy such that
the spectrum of A; is contained in I; for i = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

A= / NdE; (\)
I;
is the spectral resolution of A; for i = 1, ..., k; by following [2], we define

(11) f(A17...7Ak) Zzﬁ . f()\17...7>\1)dE1 ()\1)®®dEk ()\k)

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.
If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
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This construction [2] extends the definition of Kordnyi [7] for functions of two
variables and have the property that

(AL A) = f1(A) @ .. ® fir(Ak),

whenever f can be separated as a product f(¢1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) = (L) f(s) f(t) for all s,t € [0,00)
and if f is continuous on [0, 00), then [10, p. 173]
(1.2) F(A®B) > (L) f(A)® f(B) forall A, B> 0.

This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(13) f(A® B) :/ / f(st)dE (1) ® dF (s)
[0,00) J/[0,00)

for the continuous function f on [0,00) .
Recall the geometric operator mean for the positive operators A, B > 0

A#4B = AV (ATYEBATI2) A2
where t € [0, 1] and
A#B = AV2(AT2BAT2) 2 A2,
By the definitions of # and ® we have
A#B = B#A and (A#B) Q@ (B#A)=(A®B)#(B®R A).

In 2007, S. Wada [13] obtained the following Callebaut type inequalities for ten-
sorial product

(14)  (A#B) ® (A#B) < 5 [(A#aB) ® (A#1-aB) + (A#1-aB) ® (A#.B)]

INA
N | =

1
5 (A@B+B®A)

for A, B>0and o € [0,1].
Assume that f : [0,00) — R is continuous and A, B > 0. We define the tensorial
perspective for the function f and the pair of operators (A4, B)

Pro (A, B):= (1@ B) f(A® B™).

Motivated by the above results, in this paper we show among others that, if f is
convex on (0,00), A, B > 0 with spectra Sp(A) C I, Sp(B) C J and such that
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O<7§£§Ffort€]and56<],then

f)+f@) f (Hfﬂ

<
0{ 2 2

« {1®BQ'A®1M1®BH
-~ 2

<TI0 5 SO (41 TE1 6 )

- 2 I'—~
— Pt (A, B)
 [fa0 _ (22r)

X {1®B—F27’A®1—7;F1®BH.
2. SOME PRELIMINARY FACTS
Recall the following property of the tensorial product
(2.1) (AC)® (BD)=(A® B)(C® D)

that holds for any A, B,C,D € B(H).
If we take C = A and D = B, then we get

A’ B> = (A® B)%.
By induction and using (2.1) we derive that

(2.2) A" ® B" = (A® B)" for natural n > 0.
In particular
(2.3) A"®1=(A®1)" and 1® B" = (1® B)"
for all n > 0.

We also observe that, by (2.1), the operators A® 1 and 1 ® B are commutative
and

(2.4) (A1) (1®B)=(1®B)(A®1)=AR B.
Moreover, for two natural numbers m, n we have
(2.5) (Ae1)"(1eB)"=(1@B)" (A 1)" =A@ B™.

According with the properties of tensorial products and functional calculus for
continuous functions of selfadjoint operators, we have

Pro(4.B) =10 B) f((Ae1)(1eB) ")
—f ((A@ N1 B)’l) (1® B)
:f<(1®3)—1(A®1)) (12 B),

due to the commutativity of A® 1 and 1 ® B.
In the following, we consider the spectral resolutions of A and B given by

(2.6) A= tdE (t) and B = sdF (s).
[0,00) [0,00)
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We have the following representation result for continuous functions:

Lemma 1. Assume that f : [0,00) — R is continuous and A, B > 0, then

(2.7) Pros (A, B) = /[OOO)/[OOO) <S> E () ® dF (s).

Proof. By Stone-Weierstrass theorem, any continuous function can be approxi-
mated by a sequence of polynomials, therefore it suffices to prove the equality
for the power function ¢ (t) = t" with n any natural number.

We have that

/[0’00) /[0’00) sp (i) dE (t) ® dF (s)
B /[O,oo) /[o,oo) § <z)n dE () © dF (3)

:/ / t"s'"dE (t) ® dF (s)
[0,00) J/[0,00)
=A"®B'""=A"@BB"=(1®B)(A"®@B™")

=(1®B)(A® B )" =P, (4,B),

which shows that (2.7) holds for the power function.
This proves the lemma. [l

We assume in the following that A, B > 0.
If we consider the function II, (u) =u" — 1, u > 0, r > 0, then we have

P, (A,B):= (1@ B)II, (A® B™')
—(eB)|[(4eB™) -1
=(A®1) 1eB)' " -1 B.
If we take f = —In(-), then we get
P_in()e (A,B):=—(1®@B)In(A® B™")
= I ((1@3)*1 (A® 1)) (1® B)
—(19B)[In(1®B)—In(A®1)].
If we take f = (-)In(-), then we get
Poym()e (4,B) =1 B) (A®B ')In(A® B™")
—(A®1)[In(A®1)—In(1® B)].
If we take f = |- — af, @ € R, then

Pl_al,e (A, B) = / / s
[0,00) J/[0,00)

:/ / [t —as|dE (t) @ dF (s)
[0,00) J[0,00)
=|A®1—-al® B|,

- -«

dE (t) @ dF (s)
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where for the last equality we used the result obtained in [5],
28) w(h(A)el+lek(B) ://¢(h(t)+k(s))dE(t)®dF(s),
1Jg

here A and B are selfadjoint operators with Sp (A) € I and Sp(B) C J, h is
continuous on I, k is continuous on J and 1 is continuous on an interval U that
contains the sum of the intervals h(I) + k(J), while A and B have the spectral
resolutions

A:/tdE(t) andB:/de(s).
I J
For f = | — 1| we get
P10 (A, B)=[A®l1-1 B|.
Consider the g-logarithm defined by

wlifg £,

Ingu =
Inwu if g =1.
For ¢ # 1 we define
(2.9) Phn, o (A, B) := (1@ B)In, ((A® 1) (1 @B)*l)
_(A®1)"(1e®B)-19B
= = ,

Let f be a continuous function defined on the interval I of real numbers, B a self-
adjoint operator on the Hilbert space H and A a positive invertible operator on H.
Assume that the spectrum Sp (A’l/QBA’lm) C I. Then by using the continuous
functional calculus, we can define the perspective Py (B, A) by setting

Py (B, A) = A2 (A*l/QBA*/?) A2,
If A and B are commutative, then
Py (B, A) = Af (BA™Y)

provided Sp (BA_I) cl.
It is well known that (see for instance [8]), if f is an operator convex function
defined in the positive half-line, then the mapping

(B, A) = Py (B, 4)

defined in pairs of positive definite operators, is operator convex.
The following inequality is also of interest, see [12]:

Theorem 1. Assume that f is nonnegative and operator monotone on [0,00). If
A>C>0and B> D >0, then

(2.10) Pr (A, B) > P (C, D).

In the recent paper [6] we obtained the following result for the tensorial perspec-
tive:
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Theorem 2. If f is an operator convex function defined in the positive half-line,
then Py, 1s operator convex in pairs of positive definite operators as well. If
A>C>0and B> D >0, then also

(2.11) Pr,e (A, B) > Ps,e (C,D).

3. MAIN RESULTS

Our first main result is as follows:

Theorem 3. Assume that f is convex on (0,00), A, B > 0 with spectra Sp (A) C I,
Sp(B) C J and such that 0 <~y <1 <T fortel ands € J, then

(31  0< {M)‘;m _ (Mﬂ

2
2 r
«lheB-—2 |ag1-2" 198
-~ 2

f(y)+f(@) f(T)—=f() y+T
§21®B+M(A®1 21@3)

— Pr.o (A, B)
< {f@);f(r) _f<W‘|2'Fﬂ

2 r
x [1@3—’14@1—%1@3”
I'—~ 2

Proof. Recall the following result obtained by Dragomir in 2006 [4] that provides a
refinement and a reverse for the weighted Jensen’s discrete inequality:

(3.2) 0<n _min  {p} %Zf(xj)—f EZ%‘
1
Spfnng‘f x] ZprJ

1 n
<n max X, — T; s
T je{l2..n {pJ Zf 3) n; J

where f : C'— R is a convex function defined on convex subset C' of the linear space
X, {xj}je{l,Q,...,n} are vectors in C' and {pj}je{1,2,...,n} are nonnegative numbers
with P, = Z?:l p; > 0.

For n = 2, we deduce from (3.2) that

(3.3) 0 < 2min{r,1 - v} {f<x>+f<y> L <+y)}

2 2
<vf@)+(1-v)f(y) - flre+1-v)yl

) f
a1 o) {f(x)-;f(y) _ <$;‘y>}

for any z, y € R and v € [0, 1].
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Let u € [y,I'] and take  =T', y = y and v = =2. Then
u—y '—wu

r
I'—»~ +F—'y

ve+ (1—-v)y= y=u

and by (3.3) we get
(3.4) OSQmin{u_’y F—u}[f(v)-%f(l“)f(wﬂ

I'—9'T—y 2 2
u—7 I'—u
T _
<omax{t=2 L-u f(7)+f(F)_f 74T
F—vy -y 2 2
for any u € [v,T]
Since
min 4 = —7 '-w] _1 1 o +T
I-y'I'—~f 2 T-v 2
and
max 4 =7 I—u l_|_ 1 o +T
=7 T—7f 2" T—4 2

then by (3.4) we get
(3.5) o§<1 2 u7+F>'f(v)+f(P)f<v+r>‘

< (Hfiv u_w;r) [f(y) + () _f<’y+1“)'

for any u € [v,17].
Let u=*t € [y,T] C (0,00). Then by (3.5) we get

(3.6) 0§<1_ 2 t_7+F>[f(v)—2%f(F)_f<w;F>}

—~|s 2

< F_Vf(l“)+11::§ (7)_f(t>

S

< (HF: t_14T ) [f(v);f(F) _f<7;r>}

fort €l and s € J.
If we multiply (3.6) by s > 0, then we get

37 o< (s‘riv t_v;g) 'f(v);rf(F) _f<7;r>-

t—s I's—t ) ¢
SF_Wf(F)wLF_’yf(fy)sf(s)

2 v+ N\ [0+ f(T) v+ T\
§<S+F—7t_ 2 8). 2 _f< 2 )

fort eI and s € J.
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We consider the spectral resolutions of A and B given by

A:/ItdE(t) andB:/Jde(s).

If we take the double integral [; [, over dE (t) ® dF (s) in (3.7), then we get

(3.8) 0< {f( v) + f(I) f('y+1“)]

//(s_‘ 7+F ) () ® dF (s)
//[ _Wtf( )sf( ﬂ E(t) ® dF (s)
S{ +f() f<%2tr)]

2 'y—I—F)
X s+ ——|t—1——s| |dE(t) QdF (s).
//J( T (1) @ dF (s)
Observe that

/I/J<SFE th;Fs
:/I/JsdE(t)
7+

—19B- > |as1-2Tligpl
®B-F—|4® S 1®

//{ ivjf(FHI;ij( )sf(z)}dE(t)@odF(s)
// t —s)dE (t) ® dF (s)
// t) @ dF (s)

) dE (t) @ dF (s)

t—ﬂ E(t) ® dF (s)

oy
:F (A®1 v1® B) + f(,\/’)y(l—q@B A®1)
_Pf7®(A B)

and
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Also, observe that

A®l—-71®B rNMeB-A®1
Jf(r)ﬁﬂ‘(v)r—_7
NGRS P

2

NeB-Ax1l 1

A®l—-~v1®B 1
+f(F)(M—21®B>
IO,

2

A1-219B A1-219B
(R (er- o)
IO SOZT6) (451 2 ).
2 T~ 2

By making use of (3.8) we derive the desired result (3.1). O

Theorem 4. Assume that f is convex on (0,00), A, B > 0 with spectra Sp (A) C I,
Sp (B) C J and such that 0 <~ <L <T fort eI and s € J, then

(3.9) OSWI®B+M<A®1M1®B)
2 I'—~ 2
_Pf7®(A1B)
SUPy (4,1 s (uw;y,T)
F—
1 2 4T 2 -1
<) x[fr-919B-(4e1-310B) (1eB7Y)
i (F - ’Y) P\Ilf(-;'y,l"),® (Aa B)
FLO)—F ()
F—y
1 2 y+T 2 -1
<) x|iC-y* 188 (491~ % B) (1eB7)
1 (0 =) sup,ecyry Vs (u;7,T) (1@ B)
1
< ;OO - 0eB),

where

¥y ) < L) ) =)

Proof. By denoting

(u—n)fM+T —u)f(v)
I'—y

Af (u§ s F) =
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we have

(u=7) f(O)+ (T —u) f(y) = (T =) f(u)

(310)  As(uy.T) =

I'—y
_(w=) O+ T -w)f() =T —utu—7y)f(w
I'—~y
_(w=) M) = f @] =T —u)[f(uw) = f()]
I'—~y
(I'—w)(u—19) ,
- F_’Y \I] (u”y’l—‘)a

for u € (v,T).
Since f is a convex function, then we have

sup \I'f(u,’y,F): sup _f(F)_f(U)_f(U)—f(W)]
u€(v,I) ue(v,I) L '-u u—y

< sup 'JTIU-f<u>]_% s {_f(u)—-f(v)}
ue(y,I) L I'—u u€e(v,I) u—y

—p [LOS0) e (100 0)]
ue(v,T) L I'—u u€(vy,T) uU—y

=fL(O0) = f ().

Therefore
W‘I’f (u;7, 1)

<

I'—u)(u—
{ ( F)_(7 ) SUP,, e (y.r) Yy (u;7,T) { %j:—w [ = £ ()]

w] T (T =) (437, 1)

Wy (u;, ') supye(y,my [ g
A A

for any u € (v,T).
By making use of (3.10) we get

(u—n)fM+T —u)f(y)

0< T — [ (u)
) { =) sup,,e () Uy (437, T) ) { L=m) [7(T) = £ ()]
L) v T L 2@ ) supgeqn Uy (i)
<@ [~ 7 ()
and since, as in the proof of Theorem 2,
LR EEUHO NS
S+ f@ M =f) 7+T
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and

I (U O (RER S §

then we have the following inequality of interest in itself

(3.11) 0<f(7);f<r)+f(rr)_£(7) (u—w;r)—f(u)

sup,, W ¢ (uyy,I) 2
Puca ) [ g7 — (u— 247)’]

»Mr—\

IA

1 (0 —7) ¥y (u;7,1)
f

(D)~ £, (9) 2
P 40—y = (u-3t)]

1 (T =) supye(yry ¥y (us7,T)
< O[O - 7 (0]

IN

for any u € (v,T).
Lett €1 and s € J. Take u = £ € (v,I) in (3.11) and multiply by s > 0 to get

S

s L 28y

sup, W g (usy,T) 2 2
20D [0 g - (2= 24s) 7|

IN

1 (=) s¥s (49,1)
!

L (D) :
Q-1 [i (= a)s— (- 2455) s 1]

IN

(T =) subueyry ¥ (w7, 1) s
i =) [ (@) = f ()] s

We consider the spectral resolutions of A and B given by

IN

A:/tdE(t) andB:/de(s).

1 J

If we take the double integral [, [, over dE (t) ® dF (s) in (3.12), then we get

(3.13) 0< M / / sdE (t) @ dF (s)

PSR
Rt
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SUP,, e (4,1) U p (usy,I)
F—y

x[i(r—wfflfﬂE( Y@ dr ()~ J; J, ( —”*Js)Qs-lEumdF(s)}

<
1@ =) [ [;59 (57.7) E(t) @ dF (s)
fL(FIZ—f;(’Y)
<{ X {411 (F*V)ZIIIJSE( ®dF (s f[f]( A/JQFFS)251E(t)®dF(5)}

i (F - 7) Supue('y,l“) f[ fJ sE (t) ®dF (S)

1= m-£0) [ [Eoodre.

Since, by the commutativity of A ® 1 and 1 ® B,

//(tM> sTLE (t) @ dF (s)
//[R—%MJF(V;F)QS?
:/I/J t2sl—2tM+<M)2

2 2
2
A2®B12<7JQFF> (A®1)+<7+2F> (1® B)

IN

sTLE (t) @ dF (s)

s| E(t) @ dF (s)

— (A 1)?(1eB) " _2(7+2F> (A91)(1®B) (1 B)"
+ <7+2F>2 (1eB)?*(1eB)""
v+ T 2 —1
= <A®1—21®B> (1eB)",
hence by (3.13) we get (3.9).

4. SOME EXAMPLES

Let A, B > 0 with spectra Sp(A) C I, Sp(B) C J and such that 0 <
L <Tfortelands e J. Consider the convex function f. (u) = u",
r € (—00,0) U[1,00), then by (3.1) we get

(41 0< [W;FT B (%2%)}
e

2
1®B—- ——A®1——1®B
x[@ F’Y’ & 9 ®

C’IA
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T 1“7‘ ]_'\r AT F
SW'; 18 B+ W<A®1—7;1®B)

- me@ (A7B)

< VAT v+ T
=12 2

2 r
X{1®B+'A®1—7+1®BH,
-~ 2

where
Pr.o(AB):=(10B)f, (AeB)=(1eB)(A®B™")
—A®1)" 1eB)'".

For r = 2 we get

. < - — _ - _
(4.2) 0_46‘7)P®B F_7M®1 21®BH
2 ]_"2 r
37'; 1®B+%F+w<A®1—7;1®B)

7,Pf2a®(AvB)
1 2 2 y+T
< (T — _
74(1" ) [1®B+F—7‘A®1 5 1®BH,

where
7Jf2,® (A, B):=(A® 1)2 (1@ B)_l = (A2 ® 1) (1 ® Bil) .
For r = —1, we derive

(T —9)° [ 2 v+T H
4.3 0< ———|1®B———|A®R1———1®B
“3) 20y (I +7) -~ 2
y+T 1 74T
LT 19B+— (A®1-1"19B
< o le HW<® 51®
_Pf—17® (AvB)
(F*’Y)Q { 2 ' ~v+T H
<= |1@B+—-——|[A®1-——1®B||,
2y (T + ) | R 2

where
,Pffl@ (AvB) = (A® 1)_1 (1® B)2 = (A_l & 1) (1 ® BQ) :
From (3.9) we also get

r Tr 7 — A" T
(4.4) ogw'; 1® B+ — 7 (A®1—7;1®B>

X
I

2
@7f1®B<A®17;FmMﬂ (1o B™1)

IN

e (T ) e B),

13
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for r € (—o00,0) U[1, 00).
For r = 2, we derive

2412 r
(4.5) OSW;r 1®B+(F+7)(A®1_%;1®B>

- Pf2’® (AaB)

1 2 v+T : —1
<2|7M=y1@B-(A0l-——10B8 (1eB™)

<5 T-7’(1®B),

N | =

while for r = —1,

v+T 1 v+T
4.6 0<—1®B+ —(A®1—-——1®B| — A B

y+T
- 721"2

X

2
li(F—’yfl@B— <A®1—7;F1®B> (1eB™)

1 /T4~y
<1 () c-vtasn.

Consider the convex function f = —1In(-), then we get from (3.1) that

(4.7) 0<In (;\;}?)

2 r
«lheB-—2 |ag1-21T 198
-~ 2

<(l®B)ln(A®B™")

1

r\ ™5 r

—lnM’yF(l@B)—ln() 7(A®1—7—;1®B>
y
v+T

<m (1
n(%/vl“)
x[1®B2‘A®1M1®BH,

I'—~ 2

while from (3.9)

(48)  0<(1®B)ln(AeB')

“In\AT(1®B)—1In (F) - <A®1—7+F1®B)
Y

2

11 ) v+ T 2 .
< — |- (I'- 1 B—(A®1———1®B 1® B

_ML( Nile ( @l-——1e ) (1o B7)
1

< 0= 1@ B).
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If0<m1§A§M1and0<m2SBSMgthenwecantake’y:AmT;<M:F

mo

in the above inequalities and obtain the corresponding bounds. We omit the details.

(1]

[11]
[12]

[13]

MEg
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