AN OSTROWSKI TYPE TENSORIAL NORM INEQUALITY FOR
CONTINUOUS FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space. Assume that f is continuously differ-
entiable on I with [|f'[|; o, := supey [f' (t)| < oo and A, B are selfadjoint
operators with Sp (4), Sp (B) C I, then

f((lf)\)A®1+)\1®B)f/1f((1fu)A®1+u1®B)du
0

1 1\2
<l |5+ (- 3)

for A € [0,1]. In particular, we have the midpoint inequality

H (A®1+1®B)_/ f(1-uw)A®1+ul® B)du

Hf 100 11 ®B—A@1.

1®B—A®1|

1. INTRODUCTION

In 1938, A. Ostrowski [13], proved the following inequality concerning the dis-
tance between the integral mean 51— ff f (t) dt and the value f (x), x € [a,b].

Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
such that f" : (a,b) — R is bounded on (a,b), i.e., || f'| = sup |f'(t)] < oc.
te(a,b)

Then

b
(11) V@%wla/fdwté

for all x € [a,b] and the constant 1 is the best possible.

a+b

1 T—- 5 /
Y ba) [l (b—a),

a+b

If we take z = , we get the midpoint inequality

/()i o

with i as best possible constant.
In order to extend this result for tensorial products of selfadjoint operators and
norms, we need the following preparations.

1 !
<1 1F e (- a),
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Let Iy, ..., I be intervals from R and let f : I; X ... X I; — R be an essentially
bounded real function defined on the product of the intervals. Let A = (A4, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for i = 1,..., k. We say that such a k-tuple is
in the domain of f. If

A = / MdE; ()
I;

is the spectral resolution of A; for i = 1, ..., k; by following [2], we define
I Iy

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [7] for functions of two
variables and have the property that

f (Al, ,Ak) = fl(Al) ®..Q fk(Ak),

whenever f can be separated as a product f(t1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) > (<) f(s)f(t) for all s,¢ € [0,00)
and if f is continuous on [0, 00), then [10, p. 173]
(1.3) f(A®B)>(L)f(A)® f(B) forall A, B>0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then
(1.4) f(A® B) :/ / £ (st)dE () @ dF (s)
[0,00) /[0,00)

for the continuous function f on [0, 00).
Recall the geometric operator mean for the positive operators A, B > 0

A#,B = AV2(AV2BA-V/2)t AY/2,
where t € [0, 1] and
A4B = A1/2(A_1/2BA_1/2)1/2A1/2.
By the definitions of # and ® we have
A#B = B#A and (A#B) ® (B#A)=(A®B)#(B® A).
In 2007, S. Wada [14] obtained the following Callebaut type inequalities for ten-

sorial product

(1.5)  (A#B) @ (A#B) < 3 [(A#aB) © (A#1-aB) + (A#1-aB) @ (A#aB)]

IN
N[ =

1
B (A® B+B®A)
for A, B >0 and « € [0,1]. For other similar results, see [1], [3] and [8]-[11].
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Motivated by the above results, if f is continuously differentiable on I with

I f Nl oo = supser |f (t)] < oo and A, B are selfadjoint operators with Sp (4),
Sp (B) C I, then

Hf«l_xy4®1+A1®B)_/df«1—uy4®1+u1®3ym
0

1 1\°
4+<A2>
for A € [0,1].

In particular, we have the midpoint inequality

’f <M> /Olf((lu)A®1+u1®B)du

< 1f 1700 e B-Axl

2

1
<S1fll®B-A1].

2. MAIN RESULTS
Recall the following property of the tensorial product
(2.1) (AC)® (BD)=(A® B)(C® D)

that holds for any A, B,C,D € B(H).
If we take C' = A and D = B, then we get

A?@ B?> = (A® B)®.
By induction and using (2.1) we derive that

(2.2) A" ® B" = (A® B)" for natural n > 0.
In particular
(2.3) A"®1=(A®1)" and 1® B" = (1® B)"
for all n > 0.

We also observe that, by (2.1), the operators A® 1 and 1 ® B are commutative
and

(2.4) (A1) (1®eB)=(1®B)(A®1)=A® B.
Moreover, for two natural numbers m, n we have
(2.5) A1)"(1eB)"=(1eB)"(Ax1)" =A™ @ B".

We have the following representation results for continuous functions:

Lemma 1. Assume A and B are selfadjoint operators with Sp (A) C I and Sp (B) C
J. Let f,h be continuous on I, g,k continuous on J and ¢ continuous on an interval
K that contains the sum of the intervals h (I)+ k (J), then

(2.6) (f(AA®1+1®¢g(B))ph(A)®1+1®Ek(B))
= [ [ G@+a@nem k),

where A and B have the spectral resolutions

2.7 A= dE and B = | sdF (s).

(2.7) [ @) [ sar s
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Proof. By Stone-Weierstrass, any continuous function can be approximated by a
sequence of polynomials, therefore it suffices to prove the equality for the power

function ¢ (t) = t™ with n any natural number.
For natural number n > 1 we have

(2.8) K::/I/J(f(t +9(s)) (h(t)+k(s)" dE; @ dFs
:/I/J(f (t) zn: C;n m )]n—m dE, ® dF,

=3 o / / (f (1) + 9 () [ ()" [k (5)]" ™ dE, @ dF,
—ZC’”U/]” 1" [k ()" ™ dE, ® dF,

/ / "™ 4, ®dF}
Observe that

//f ™ "™ dE, ® dF,

A A" @ k(B = (7 (A) o 1) ([h ()" @ [k (B))" ")

= (f( e (@] o) (1e k@) )
=(fA@e)hA e 1ekB)" "

and

| @) g ) () 4B @ dF,
=" (o (B kBI"™) = 12 g(B) (A" @ kEB)")

9(B) (b ()" 1) (10 [k (B)" ™)
9(B) (h(A) @)™ (1 k(B)" ™,

with h (A) ® 1 and 1 ® k (B) commutative.
Therefore

K=(f(A)®1l+12g(B ic "Aek(B)"™
=(fA)®1+1®9(B ))?h(A)@H—l@k(B))",

for which the commutativity of A (A) ® 1 and 1 ® k (B) has been employed. O
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Theorem 2. Assume that f is continuously differentiable on I, A and B are
selfadjoint operators with Sp (A), Sp (B) C I, then
29) f((1=AA®1+A @ B) —/1f((1—u)A®1+u1®B)du

=N (1eB-A®1) 0

X /Oluf’((l —uN)A®1+ull ® B)du

—(1-))’(1®9B—-A®1)

1
x/ wf (w(l=NA@1+(1—(1-\Nu)le B)du,
0
for all X € [0,1]. In particular, for A = %, we have the midpoint identity

(2.10) f(A®1+1®B

2 )—/Olf((l—u)A®1+u1®B)du

1 1
:—(1®B—A®1)/ u[f’((l—E>A®1+gl®B)
4 0 2 2
~f (54914 (1-2)19B)|du.
2 2
Proof. We start to the Montgomery identity for real valued absolutely continuous

functions on [a, b] that can be easily proved integrating by parts in the right side
of the equality,

b

b x
(2.11) (b—a)f(a:)—/ f(t)dt:/ (t—a)f’(t)dt+/ (t—b) f (£)dt

x

for a <z <b.
If we use the change of variable ¢t = (1 — u) a + uz, then we have dt = (z — a) du
and

/x(t—a)f’(t)dt:(x—a)Q/O wf' (1= ) a + uz) du.

If we use the change of variable t = (1 — u) x + ub, then we have dt = (b— z)du
and

/ (t—b)f’(t)dt:—(b—x)2/0 (1—w) F (1 - u) 2 + ub) du.

By (2.11) we get

(2.12) (b—a)f(x)—(b—a)/o F((1 = u)a+ ub) du
= (z—a)? 1u’ —u)a+uzx)du
~@=a [ (= watu)d

f(bfx)Q/O (1 =) f (1 —w)z + ub) du.
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If we take x = (1 — A)a+ b, A € [0,1] in (2.12), then we get
(2.13) (b—a)f((l—)\)a+>\b)—(b—a)/0 F((1—u)a+ub)du
:(b—a)Q)\Q/ wf (1 —w)a+u[(1—X)a+ b)) du
0
—(b—a)Q(l—)\)z/ (1—w) F (1 — ) [(1— A)a+ Ab] + ub) du
2.2 ! /O
=(b-a)A /0 wf' ((1 —ud) a+ ub) du
—(b—a)z(l—/\)Q/O (T—u)f (1—u)(T=Xa+ A+ (1= u)b)du.
Therefore, for all a,b € I and X € [0,1],
1
(2.14) f((l—)\)aJr)\b)—/ (1 —u)a+ub)du
0
:(b—a))\Q/ uf’ (1 —u) a+ ub) du
0
—(b—a)(l—)\)Q/O (L= ) f (L= ) (1= A)a+ (A+ (1 A)u)b) du
1
:/\Q(bfa)/o uf’ (1 —u)a+ ub) du

—(1—>\)2(b—a)/0 wf (L= N a+ (1= (1—\)u)b)du,

where for the last equality we change the variable 1 —u with u in the second previous
integral.
Assume that A and B have the spectral resolutions

A:/ItdE(t) andB:/Ide(s).

If we take the integral [, [, over dE; ® dF, in (2.14), then we get

(2.15) /I/If((l—)\)t—&—)\s)dEt@dFs

/I/I</Olf((1u)t+us)du)dEt®dFs

)\2/1/1<(5t)/01uf’((1u)\)tJru)\s)du) dE, ® dF
A)?

(-
x/I/I<(s—t)A1uf’(u(l—A)t—i—(l—(l—A)u)s)du)dEt®dFs,

for all A € [0,1].
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By utilizing the Fubini’s theorem and Lemma 1 for appropriate choices of the
functions involved, we have successively

//f((l—A)t—i—)\s)dEt@dFS:f((l—)\)A®1+)\1®B),
I1JI

/I/I(/Olf((l—u)t+u5)du> dE, ® dF,
L oo

—/1f((1—u)A®1+u1®B)du,
0

//<S_t/ ((1—u>\)t+u>\s)du>dEt®dFS
Ty

:(1®B—A®1)/ wf (1= uN) A® 1 +udl @ B)du
0

/I/I<(S—t / uf’ (u(l— )H‘(l—(1—)\)u)8)du>dEt®dFs
:/01“</I/I(S—t)f’((1—A)t+(1—(l—A)u)s)dEte@dFS)du

:(1®B—A®1)/1u(f'((1—)\)A®1+(1—(1—A)u)1®B))du.
0

and

By employing (2.15), we then get the desired result (2.9). O

Theorem 3. Assume that f is continuously differentiable on I with ||f'[|; . :

sup,e; |f' (t)] < o0 and A, B are selfadjoint operators with Sp (A), Sp(B) C
then

~

(2.16) Hf((l—A)A®1+/\1®B)—/Olf((l—u)A®1+u1®B)du

1 1\?
- A — =
i+ (-3)
for X € ]0,1].
In particular, we have the midpoint inequality

(2.17) H <A®1+1®B> /f (1-u)A®1+ul®B)du
1
=7

< 1f 1700 @B -Axl

1 N0 1 ®B—A@1].
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Proof. If we take the operator norm and use the triangle inequality, we get

(2.18) Hf((l—)\)A®1+/\1®B)—/Olf((l—u)A®1+u1®B)du

<N|1eB-Axl|

1
X / uf (1—uN) A®1+url ® B)du
0

+(1=N’|1@B-Ax1|

X

b

/1uf’(u(1—)\)A®1+(1—(1—A)u)1®B)du
0

for all A € [0,1].
By the properties of the integral and norm, we have

(2.19) /luf'((l—u)\)A®1—|—u)\1®B)du
0
g/lu|f’((1—u)\)A®1+u/\1®B)||du
0
and
1
(2.20) ‘/ uf (w(l=N)A® 1+ (1= (1= N u)1e B)du
0

1
g/ wllf (=N A1+ (1= (1-Nu)le B)|du
0
Observe that, by Lemma 1
|f’((1—u)\)A®1+u)\l®B)|://|f’((1—u)\)t+u)\s)|dEt®dFs
I1JI

for u, A € [0,1].
Since
(@ =uX)t+urs)| < [1F'1l; o

for u,A € [0,1] and ¢, s € I.
If we take the integral [, [, over dE; ® dF}, then we get

221) | (1-uN)A®1+url @ B)|

://|f’((17u)\)t+u/\s)|dEt®qug ||f’||1m//dEt®dFs
1J1 1JI
=1£1l7.00
for w, A € [0,1]. This implies that
(A —uN)A@1+uM @ B)|| < [|f'll;

for u, A € [0, 1] which gives

1 1

1
[ el -y aerswie < [ o= 5100
0 0

Similarly, we have

1
|l @a-Nas1+0-0-2 w19 B)|d< 51
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By (2.18)-(2.20) we derive

Hf((lA)A@lJrM@B)/lf((lu)A®1+u1®B)du
0

1
<5 IF 1 ® B= A1) [¥+ (1= 3]

(A—)T 171 e

which proves (2.16). O

IlNeB-A®1| |-

3. RELATED RESULTS
We start by the following result:

Theorem 4. Assume that f is continuously differentiable on I with |f'| is convex
on I, A and B are selfadjoint operators with Sp (A), Sp (B) C I, then

(3.1) Hf((l—)\)A®1+M®B)—/Olf((l—u)A®1+u1®B)du

<1e@B-A1[pA =) DI+pW) I B,
for A € [0,1], where

17, 1
p(N) =2 [AS—(1—A)3} TN, Aelo1].
3 2
In particular, for A = %, we get the midpoint inequality:

Hf<A®1+1®B

(3.2) .

)—/Olf((l—u)A®1+u1®B)du

1
< glteB—AS 1[I/ (A + I/ (B
Proof. Since |f’| is convex on I, then we get
(L= ud)t+uds)| < (1 —ud) [f" ()] +ur|f' (s)]

for all for u, A € [0,1] and ¢,s € I.
If we take the integral [, [, over dE; ® dFs, then we get

(3.3) I (1—uN)A®1+ull® B)|

://\f’((l—u)\)t+u>\s)\dEt®dFs

// (1= u) [ ()] + A |f ()] dE, ® dF,

(1—u)) |[f (A @1+url@]|f (B)|

for all for u, A € [0,1].
If we take the norm in (3.3), then we get

(3.4) I (1—uN)A®1+ull® B)|
<A =u) [ (A @1+ url @ |f (B
<@ =uN)[[If (D@1 +ur1e|f (B
= @ =u) [f (D] +uXf (B -
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Therefore,
KﬁMU%O—uMA®1+wU®Bmdu
< I () /Olua —uX) du+ |’ <B>||A/01 udu
= (3-3) 1 @i+ @I
Similarly,

/Olunf'(u(l—A)A@H(l—<1—A>u>1®B>||du

1
< / wlu (=) (DI + 0= 1 =X u) | f (B)]
0

==l @i+ (3-S5 @,

From (2.180 we get

Hf«l—xy4®1+A1®B)—/df«1—uy4®1+u1®3ym
0

<@lws-aeil|(5-3) 17 @I+ Ir @03
+(1-N1eB-A®1|
<[za-nirens (3-S5 1 ]

—leB-A®1|
e l(3-3) 17 @i+ @]

ra=N2 [z a-nir @i+ (3-S50 e @)}
—leB-Asl|

A[ga-wree(3-3)] i

rlpera-n (3-52) e,

which gives the desired result (3.1).

We recall that the function g : I — R is quasi-convez, if

g«lfMt+A$Snmxw@%g@ﬂ::%@@)+g@%+MU)*9@m

for all t,s € I and A € [0,1].
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Theorem 5. Assume that f is continuously differentiable on I with |f'| is quasi-
convezx on I, A and B are selfadjoint operators with Sp (A), Sp (B) C I, then

1
(3.5) ’f((l—)\)A®1+)\1®B)—/ F(l-wA®1+ul®B)du
0
1[1 1\?
<3 4+(A—2> nNeB-Aol|

(I (Afel+1af (BII+IIf (Alel-1e|f (B))

for X e€]0,1].
In particular, we have the midpoint inequality:

1
0

(3.6) .

<ilheB-Ael|
< (I (A 1+ 18| B + I (o1 -1 (B)).

Proof. Since |f’| is quasi-convex on I, then we get

[f (L= ud)t+uds)| < % (S O+ O+ 1O = 1 ()]

for all for u, A € [0,1] and t,s € I.
If we take the integral [, [, over dE; ® dF}, then we get

(3.7) If (1= ud)A® 1+ uAl @ B)]

://|f/((1—U)\)t—i-u)\s)|dEt@dFS
1 / , , /
Sizz“f“”+V<ﬂ+ﬂfwwﬁf@mma®dg

1
=5 Alel+1elf (B +]If (A el-1a|f(B)])
for all for u, A € [0,1].
If we take the norm, then we get

1/ (1 —uX) A®1+url ® B)||

< % I (Ale1+1te |/ B+ (Ale -1 (B
< % (1 @le1+1a[f B+ (Dle1=-1a|f (B))

for all for u, A € [0,1].
Therefore

1
/ ullf (1—uA) A®1+uAl ® B)| du
0

< (HIf’(A)I<>3>1+1<>3>|J“'(B)|||+|||f’(A)|®1—1®|f’(B)III)/O udu

== N =

(U ADlet+1ef (Bl +IIf (Dlel-1e|f (B))
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and, in a similar way
1
/ wl|[fflu(l1=NA®@1+(1—(1-Nu)l® B)|du
0

<z @let+1af (B + I (Aol -1 [f (B))-

=~ =

By utilizing (2.18) we then get

Hf((l—)\)A®1+)\1®B)—/lf((l—u)A®1+u1®B)du
0

<N1eB-Ax1|

< (If (Wl @1+ 1 B +IIf (Dle1-19]f (B))

4
+(1-N’1eB-A®1|
X %(Illf’ Ale1+1a|f (B + I (Ael-1a|f (B

= (Rra-)es-ae|
x([IF D@1+ 1x [ (BI+IIf (Aol -1 (B

2
11 1
- A — =
2 4+< 2>

< (I (Al 1+1a[f (BII+If (Alel -1 (B,

Il®B—-A®1|

which proves the desired inequality (3.5). O

4. EXAMPLES

It is known that if U and V' are commuting, i.e. UV = VU, then the exponential
function satisfies the property

exp(U)exp (V) =exp(V)exp(U) =exp (U +V).
Also, if U is invertible and a,b € R with a < b then

b
/ exp (tU) dt = U™ [exp (bU) — exp (all)].

Moreover, if U and V' are commuting and V' — U is invertible, then
1 1
/ exp((1—s)U+sV)ds = / exp (s(V —=U))exp (U)ds
0 0

1
= (/ exp(s(VU))ds) exp (U)
0
V—U) " exp(V —=U) —I]exp (U)
V —U)" " exp (V) —exp (U)].

=
(
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Since the operators U = A®1 and V = 1® B are commutative and if 1 B—A®1
is invertible, then

1
/ exp(1—u)A®1+ul® B)du
0

—(1®B-A®1) 'exp(1® B) —exp (A®1)].

If A, B are selfadjoint operators with Sp (A), Sp(B) C [m,M]and 1@ B—A®1
is invertible, then by (2.16)

(4.1) lexp (1= A A®1+ A\ ®B)

_a®B_A®1rwwpa®By_wmA®um
(1)

(A®1+1®B)
exp| — 5 —

_a®B_A®1rwwpa®By_wmA®um

<exp (M) IlleB-A®1|,

for A € [0,1].
In particular,

(4.2)

< iexp(M) lNeB-Ax1]|.
Since for f (t) = expt, t € R, |f’| is convex, then by Theorem 4 we get
(4.3) lexp((1-A)A®1+ A1 ® B)
_Q®B_A®1rwwpu®3yﬂmmA®nm

1 1\
il (* - 2>
X (Jlexp (A) @ 1+ 1@ exp (B)|| + |lexp (A) ® 1 — 1 @ exp (B)]|)
for A € [0,1].
In particular,
<A®1—|—1®B>
Xp (g

—ﬂ@B—A@lfﬂwpﬂ@ByﬂmMA®Dm

1
<3 IleB- A1

(4.4)

1
S§M®B—A®w
X (lexp(A) @ 1 + 1 ®@exp (B)| + |lexp(4) ® 1 — 1 @ exp (B)]])
provided that 1 ® B — A ® 1 is invertible.
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