
TENSORIAL UPPER AND LOWER BOUNDS FOR TAYLOR�S
EXPANSION OF FUNCTIONS OF SELFADJOINT OPERATORS

IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. Let H be a Hilbert space. In this paper we show among others
that, if f is of class C2m on the open interval I and such that 2m � f (2m) �
�2m for some constants 2m;�2m; A and B are selfadjoint operators with
Sp (A) ; Sp (B) � I; then we have the inequalities
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 1� 1
B)2m 2m

� f (A)
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2m�1X
k=0
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k!
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�
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�
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(2m)!
(A
 1� 1
B)2m �2m:

Some examples for logarithm and exponential functions are also provided.

1. Introduction

The following theorem is well known in the literature as Taylor�s formula or Tay-
lor�s theorem with the integral remainder.

Theorem 1. Let I � R be a closed interval, c 2 I and let n be a positive integer.
If f : I �! C is such that the n-derivative f (n) is absolutely continuous on I, then
for each y 2 I
(1.1) f (y) = Tn (f ; c; y) +Rn (f ; c; y) ;

where Tn (f ; c; y) is Taylor�s polynomial, i.e.,

(1.2) Tn (f ; c; y) :=
nX
k=0

(y � c)k

k!
f (k) (c) :

Note that f (0) := f and 0! := 1 and the remainder is given by

(1.3) Rn (f ; c; y) :=
1

n!

Z y

c

(y � t)n f (n+1) (t) dt:

A simple proof of this theorem can be achieved by mathematical induction using
the integration by parts formula in the Lebesgue integral.
In order to extend this result for tensorial products of selfadjoint operators and

norms, we need the following preparations.
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Let I1; :::; Ik be intervals from R and let f : I1 � ::: � Ik ! R be an essentially
bounded real function de�ned on the product of the intervals. Let A = (A1; :::; An)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces H1; :::;Hk such that
the spectrum of Ai is contained in Ii for i = 1; :::; k: We say that such a k-tuple is
in the domain of f . If

Ai =

Z
Ii

�idEi (�i)

is the spectral resolution of Ai for i = 1; :::; k; by following [2], we de�ne

(1.4) f (A1; :::; Ak) :=

Z
I1

:::

Z
Ik

f (�1; :::; �1) dE1 (�1)
 :::
 dEk (�k)

as a bounded selfadjoint operator on the tensorial product H1 
 :::
Hk:
If the Hilbert spaces are of �nite dimension, then the above integrals become

�nite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the de�nition of Korányi [5] for functions of two
variables and have the property that

f (A1; :::; Ak) = f1(A1)
 :::
 fk(Ak);
whenever f can be separated as a product f(t1; :::; tk) = f1(t1):::fk(tk) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0;1), namely

f (st) � (�) f (s) f (t) for all s; t 2 [0;1)
and if f is continuous on [0;1) ; then [8, p. 173]
(1.5) f (A
B) � (�) f (A)
 f (B) for all A; B � 0:
This follows by observing that, if

A =

Z
[0;1)

tdE (t) and B =
Z
[0;1)

sdF (s)

are the spectral resolutions of A and B; then

(1.6) f (A
B) =
Z
[0;1)

Z
[0;1)

f (st) dE (t)
 dF (s)

for the continuous function f on [0;1) :
Recall the geometric operator mean for the positive operators A; B > 0

A#tB := A1=2(A�1=2BA�1=2)tA1=2;

where t 2 [0; 1] and
A#B := A1=2(A�1=2BA�1=2)1=2A1=2:

By the de�nitions of # and 
 we have
A#B = B#A and (A#B)
 (B#A) = (A
B)# (B 
A) :

In 2007, S. Wada [11] obtained the following Callebaut type inequalities for ten-
sorial product

(A#B)
 (A#B) � 1

2
[(A#�B)
 (A#1��B) + (A#1��B)
 (A#�B)](1.7)

� 1

2
(A
B +B 
A)

for A; B > 0 and � 2 [0; 1] : For other similar results, see [1], [3] and [6]-[9].
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Motivated by the above results, in this paper we show among others that, if f
is of class C2m on the open interval I and such that 2m � f (2m) � �2m for some
constants 2m;�2m; A and B are selfadjoint operators with Sp (A) ; Sp (B) � I;
then we have the inequalities

1

(2m)!
(A
 1� 1
B)2m 2m

� f (A)
 1�
2m�1X
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
� 1

(2m)!
(A
 1� 1
B)2m �2m:

Some examples for logarithm and exponential functions are also provided.

2. Main Results

Recall the following property of the tensorial product

(2.1) (AC)
 (BD) = (A
B) (C 
D)

that holds for any A;B;C;D 2 B (H) :
If we take C = A and D = B; then we get

A2 
B2 = (A
B)2 :

By induction and using (2.1) we derive that

(2.2) An 
Bn = (A
B)n for natural n � 0:

In particular

(2.3) An 
 1 = (A
 1)n and 1
Bn = (1
B)n

for all n � 0:
We also observe that, by (2.1), the operators A
 1 and 1
B are commutative

and

(2.4) (A
 1) (1
B) = (1
B) (A
 1) = A
B:

Moreover, for two natural numbers m; n we have

(2.5) (A
 1)m (1
B)n = (1
B)n (A
 1)m = Am 
Bn:

We have the following representation results for continuous functions:

Lemma 1. Assume A and B are selfadjoint operators with Sp (A) � I and Sp (B) �
J: Let f; h be continuous on I; g; k continuous on J and ' and  continuous on
an interval K that contains the product of the intervals f (I) g (J) ; k (I) k (J) ;then
(2.6)

' (f (A)
 g (B)) (h (A)
 k (B)) =
Z
I

Z
J

' (f (t) g (s)) (h (t) k (s)) dEt 
 dFs

where A and B have the spectral resolutions

(2.7) A =

Z
I

tdE (t) and B =
Z
J

sdF (s) :
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Proof. By Stone-Weierstrass, any continuous function can be approximated by a
sequence of polynomials, therefore it su¢ ces to prove the equality for the power
function ' (t) = tm and  (t) = tn with n and m any natural numbers.
We have Z

I

Z
J

(f (t) g (s))
m
(h (t) k (s))

n
dEt 
 dFs

=

Z
I

Z
J

[f (t)]
m
[g (s)]

m
[h (t)]

n
[k (s)]

n
dEt 
 dFs

=

Z
I

Z
J

[f (t)]
m
[h (t)]

n
[g (s)]

m
[k (s)]

n
dEt 
 dFs

= ([f (A)]
m
[h (A)]

n
)
 ([g (B)]m [k (B)]n)

= ([f (A)]
m 
 [g (B)]m) ([h (A)]n 
 [k (B)]n)

= (f (A)
 g (B))m (h (A)
 k (B))n

and the equality (2.6) is that proved. �

The additive version is as follows:

Lemma 2. Assume A and B are selfadjoint operators with Sp (A) � I, Sp (B) �
J and having the spectral resolutions (2.7). Let f; h be continuous on I; g; k
continuous on J and ' and  continuous on an interval K that contains the sum
of the intervals f (I) + g (J) ; k (I) + k (J) ;then

' (f (A)
 1 + 1
 g (B)) (h (A)
 1 + 1
 k (B))(2.8)

=

Z
I

Z
J

' (f (t) + g (s)) (h (t) + k (s)) dEt 
 dFs:

Proof. Let a; b, c and d positive continuous functions such that f (t) = ln a (t) ;
h (t) = ln c (t) for t 2 I and g (s) = ln b (s) ; k (s) = ln d (s) for s 2 J: ThenZ

I

Z
J

' (f (t) + g (s)) (h (t) + k (s)) dEt 
 dFs(2.9)

=

Z
I

Z
J

' (ln a (t) + ln b (s)) (ln c (t) + ln d (s)) dEt 
 dFs

=

Z
I

Z
J

(' � ln) (a (t) b (s)) ( � ln) (c (t) d (s)) dEt 
 dFs:

If we use Lemma 1 for the functions ' � ln and ( � ln) ; we getZ
I

Z
J

(' � 2:8 ln) (a (t) b (s)) ( � ln) (c (t) d (s)) dEt 
 dFs(2.10)

= (' � ln) (a (A)
 b (B)) ( � ln) (c (A)
 d (B))
= ' [ln (a (A)
 b (B))] [ln (c (A)
 d (B))] :

Now, observe that, by the commutativity of the operators a (A)
 1 and 1
 b (B) ;
ln (a (A)
 b (B)) = ln [(a (A)
 1) (1
 b (B))]

= ln (a (A)
 1) + ln (1
 b (B))
= [ln a (A)]
 1 + 1
 ln b (B) (by (2.6))
= f (A)
 1 + 1
 g (B)
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and, similarly

ln (c (A)
 d (B)) = h (A)
 1 + 1
 k (B) :
By utilising (2.9) and (2.10) we then get the desired representation (2.8) �

We have the following Taylor representation:

Lemma 3. Assume that f is of class Cn+1 on the open interval I; A and B are
selfadjoint operators with Sp (A) ; Sp (B) � I, then we have the representation

f (A)
 1 =
nX
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
(2.11)

+
1

n!
(A
 1� 1
B)n+1

�
Z 1

0

(1� u)n f (n+1) ((1� u) 1
B + uA
 1) du:

Proof. Using Taylor�s representation with the integral remainder (1.1) we can write
the following two identities

(2.12) f (x) =
nX
k=0

1

k!
f (k) (a) (x� a)k + 1

n!

Z x

a

f (n+1) (y) (x� y)n dy

for x; a 2 I:
For any integrable function h on an interval and any distinct numbers c; d in

that interval, we have, by the change of variable y = (1� u) c+ ud; u 2 [0; 1] thatZ d

c

h (y) dy = (d� c)
Z 1

0

h ((1� u) c+ ud) du:

Therefore, Z x

a

f (n+1) (y) (x� y)n dy

= (x� a)
Z 1

0

f (n+1) ((1� u) a+ ux) (x� (1� u) a� ux)n du

= (x� a)n+1
Z 1

0

f (n+1) ((1� u) a+ ux) (1� u)n du

and the identity (2.12) becomes

f (t) =
nX
k=0

1

k!
f (k) (s) (t� s)k(2.13)

+
1

n!
(t� s)n+1

Z 1

0

f (n+1) ((1� u) s+ ut) (1� u)n du;

for all t; s 2 I:
If A and B have the spectral resolutions

A =

Z
I

tdE (t) and B =
Z
I

sdF (s) ;
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then by taking the integral
R
I

R
I
over dEt 
 dFs; we getZ

I

Z
I

f (t) dEt 
 dFs(2.14)

=

Z
I

Z
I

 
nX
k=0

1

k!
f (k) (s) (t� s)k

!
dEt 
 dFs

+
1

n!

Z
I

Z
I

(t� s)n+1
�Z 1

0

f (n+1) ((1� u) s+ ut) (1� u)n du
�
dEt 
 dFs:

We have Z
I

Z
I

f (t) dEt 
 dFs = f (A)
 1

and, by (2.8) Z
I

Z
I

 
nX
k=0

1

k!
f (k) (s) (t� s)k

!
dEt 
 dFs

=

nX
k=0

1

k!

Z
I

Z
I

�
(t� s)k f (k) (s)

�
dEt 
 dFs

=
nX
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
:

By Fubini�s theorem and (2.8) we also getZ
I

Z
I

(t� s)n+1
�Z 1

0

f (n+1) ((1� u) s+ ut) (1� u)n du
�
dEt 
 dFs

=

Z 1

0

(1� u)n
�Z

I

Z
I

(t� s)n+1
�
f (n+1) ((1� u) s+ ut)

�
dEt 
 dFs

�
du

= (A
 1� 1
B)n+1
Z 1

0

(1� u)n
�
f (n+1) ((1� u) 1
B + uA
 1)

�
du

and by (2.14) we obtain the desired result (2.11). �

Our �rst main result is as follows:

Theorem 2. Assume that f is of class C2m on the open interval I and such that
2m � f (2m) � �2m for some constants 2m;�2m; A and B are selfadjoint operators
with Sp (A) ; Sp (B) � I then we have the inequalities

1

(2m)!
(A
 1� 1
B)2m 2m(2.15)

� f (A)
 1�
2m�1X
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
� 1

(2m)!
(A
 1� 1
B)2m �2m
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Proof. For n = 2m� 1 with m � 1 in (2.11), we have
f (A)
 1(2.16)

=
2m�1X
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
+

1

(2m� 1)! (A
 1� 1
B)
2m

�
Z 1

0

(1� u)2m�1 f (2m) ((1� u) 1
B + uA
 1) du:

From the assumption of boundedness, we have that

(2.17) 2m � f (2m) ((1� u) s+ ut) � �2m
for all t; s 2 I and u 2 [0; 1] :
Now, if we multiply the inequality (2.17) by (t� s)2m � 0 with t; s 2 I; then we

get

(2.18) 2m (t� s)
2m � (t� s)2m f (2m) ((1� u) s+ ut) � �2m (t� s)2m :

By taking the integral
R
I

R
I
over dEt 
 dFs in (2.18) we obtain

2m

Z
I

Z
I

(t� s)2m dEt 
 dFs(2.19)

�
Z
I

Z
I

(t� s)2m f (2m) ((1� u) s+ ut) dEt 
 dFs

� �2m
Z
I

Z
I

(t� s)2m dEt 
 dFs:

By using Lemma 2 we derive

2m (A
 1� 1
B)
2m

� (A
 1� 1
B)2m f (2m) ((1� u) 1
B + uA
 1)
� �2m (A
 1� 1
B)2m :

Further, if we multiply this inequality by (1� u)2m�1 � 0; u 2 [0; 1] and integrate,
then we get

2m

Z 1

0

(1� u)2m�1 du (A
 1� 1
B)2m

�
Z 1

0

(1� u)2m�1 (A
 1� 1
B)2m f (2m) ((1� u) 1
B + uA
 1) du

� �2m
Z 1

0

(1� u)2m�1 du (A
 1� 1
B)2m ;

which gives that
2m
2m

(A
 1� 1
B)2m

� (A
 1� 1
B)2m
Z 1

0

(1� u)2m�1 f (2m) ((1� u) 1
B + uA
 1) du

� �2m
2m

(A
 1� 1
B)2m ;
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namely
2m
(2m)!

(A
 1� 1
B)2m

� 1

(2m� 1)! (A
 1� 1
B)
2m

�
Z 1

0

(1� u)2m�1 f (2m) ((1� u) 1
B + uA
 1) du

� �2m
(2m)!

(A
 1� 1
B)2m :

By utilising the identity (2.16) we derive the desired double inequality (2.15). �
As a particular case, we have:

Corollary 1. Assume that f is of class C2 on the open interval I and such that
2 � f 00 � �2m for some constants 2;�2; A and B are selfadjoint operators with
Sp (A) ; Sp (B) � I; then we have the inequalities

1

2
(A
 1� 1
B)2 2(2.20)

� f (A)
 1� 1
 f (B)� (A
 1� 1
B) (1
 f 0 (B))

� 1

2
(A
 1� 1
B)2 �2:

We also have:

Theorem 3. Assume that f is of class C2m on the open interval I and such that
f (2m) is convex (concave) on I; A and B are selfadjoint operators with Sp (A) ;
Sp (B) � I then we have the inequality

f (A)
 1�
2m�1X
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
(2.21)

� (�) 1

(2m)!
(A
 1� 1
B)2m

"
2m
�
1
 f (2m) (B)

�
+ f (2m) (A)
 1

2m+ 1

#
;

Proof. Since f (2m) is convex on I; then

(2.22) f (2m) ((1� u) s+ ut) � (1� u) f (2m) (s) + uf (2m) (t)
for all t; s 2 I and u 2 [0; 1] :
Now, if we multiply the inequality (2.22) by (t� s)2m � 0 with t; s 2 I; then we

get

(t� s)2m f (2m) ((1� u) s+ ut)(2.23)

� (1� u) (t� s)2m f (2m) (s) + u (t� s)2m f (2m) (t)
for all t; s 2 I and u 2 [0; 1] :
By taking the integral

R
I

R
I
over dEt 
 dFs in (2.23) we obtainZ

I

Z
I

(t� s)2m f (2m) ((1� u) s+ ut) dEt 
 dFs(2.24)

�
Z
I

Z
I

h
(1� u) (t� s)2m f (2m) (s) + u (t� s)2m f (2m) (t)

i
dEt 
 dFs
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for all u 2 [0; 1] :
By using Lemma 2 we derive thatZ

I

Z
I

(t� s)2m f (2m) ((1� u) s+ ut) dEt 
 dFs

= (A
 1� 1
B)2m f (2m) ((1� u) 1
B + uA
 1)

and Z
I

Z
I

h
(1� u) (t� s)2m f (2m) (s) + u (t� s)2m f (2m) (t)

i
dEt 
 dFs

= (1� u)
Z
I

Z
I

(t� s)2m f (2m) (s) dEt 
 dFs

+ u

Z
I

Z
I

(t� s)2m f (2m) (t) dEt 
 dFs

= (1� u) (A
 1� 1
B)2m
�
1
 f (2m) (B)

�
+ u (A
 1� 1
B)2m

�
f (2m) (A)
 1

�
and by (2.24) we obtain

(A
 1� 1
B)2m f (2m) ((1� u) 1
B + uA
 1)

� (1� u) (A
 1� 1
B)2m
�
1
 f (2m) (B)

�
+ u (A
 1� 1
B)2m

�
f (2m) (A)
 1

�
for all u 2 [0; 1] :
If we multiply by (1� u)2m�1 and integrate, then we get

(A
 1� 1
B)2m
Z 1

0

(1� u)2m�1 f (2m) ((1� u) 1
B + uA
 1) du

�
Z 1

0

(1� u)2m du (A
 1� 1
B)2m
�
1
 f (2m) (B)

�
+

Z 1

0

u (1� u)2m�1 du (A
 1� 1
B)2m
�
f (2m) (A)
 1

�
=

1

2m+ 1
(A
 1� 1
B)2m

�
1
 f (2m) (B)

�
+

1

2m (2m+ 1)
(A
 1� 1
B)2m

�
f (2m) (A)
 1

�
=

1

2m+ 1
(A
 1� 1
B)2m

�
1
 f (2m) (B) + 1

2m
f (2m) (A)
 1

�
=

1

2m
(A
 1� 1
B)2m

�
2m1
 f (2m) (B) + f (2m) (A)
 1

2m+ 1

�
:
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If we multiply by 1
(2m�1)! we derive

1

(2m� 1)! (A
 1� 1
B)
2m

�
Z 1

0

(1� u)2m�1 f (2m) ((1� u) 1
B + uA
 1) du

� 1

(2m)!
(A
 1� 1
B)2m

�
2m1
 f (2m) (B) + f (2m) (A)
 1

2m+ 1

�
and by (2.16) we derive (2.21). �

Corollary 2. Assume that f is of class C2 on the open interval I and such that f 00

is convex (concave) on I; A and B are selfadjoint operators with Sp (A) ; Sp (B) � I;
then we have the inequality

f (A)
 1� 1
 f (B)� (A
 1� 1
B) (1
 f 0 (B))(2.25)

� (�) 1
2
(A
 1� 1
B)2

�
2 (1
 f 00 (B)) + f 00 (A)
 1

3

�
:

We recall that the function g : I ! R is quasi-convex, if

g ((1� �) t+ �s) � max fg (t) ; g (s)g = 1

2
(g (t) + g (s) + jg (t)� g (s)j)

for all t; s 2 I and � 2 [0; 1] :

Theorem 4. Assume that f is of class C2m on the open interval I and such
that f (2m) is quasi-convex on I; A and B are selfadjoint operators with Sp (A) ;
Sp (B) � I then we have the inequality

f (A)
 1�
2m�1X
k=0

1

k!
(A
 1� 1
B)k

�
1
 f (k) (B)

�
(2.26)

� 1

(2m)!
(A
 1� 1
B)2m

�
h
f (2m) (A)
 1 + 1
 f (2m) (B) +

���f (2m) (A)
 1� 1
 f (2m) (B)���i :
Proof. Since f (2m) is quasi-convex on I; then

f (2m) ((1� u) s+ ut) � 1

2

�
f (2m) (t) + f (2m) (s) +

���f (2m) (t)� f (2m) (s)����
for all t; s 2 I and u 2 [0; 1] :
If we multiply by (t� s)2m ; we get

(t� s)2m f (2m) ((1� u) s+ ut)(2.27)

� 1

2
(t� s)2m

�
f (2m) (t) + f (2m) (s) +

���f (2m) (t)� f (2m) (s)����
for all t; s 2 I and u 2 [0; 1] :
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By taking the integral
R
I

R
I
over dEt 
 dFs in (2.27) we obtainZ

I

Z
I

(t� s)2m f (2m) ((1� u) s+ ut) dEt 
 dFs(2.28)

� 1

2

Z
I

Z
I

(t� s)2m
�
f (2m) (t) + f (2m) (s) +

���f (2m) (t)� f (2m) (s)����
� dEt 
 dFs:

Since, by Lemma 2,Z
I

Z
I

(t� s)2m f (2m) ((1� u) s+ ut) dEt 
 dFs

= (A
 1� 1
B)2m f (2m) ((1� u) 1
B + uA
 1)

and Z
I

Z
I

(t� s)2m
�
f (2m) (t) + f (2m) (s) +

���f (2m) (t)� f (2m) (s)���� dEt 
 dFs
=

Z
I

Z
I

(t� s)2m f (2m) (t) dEt 
 dFs +
Z
I

Z
I

(t� s)2m f (2m) (s) dEt 
 dFs

+

Z
I

Z
I

(t� s)2m
���f (2m) (t)� f (2m) (s)��� dEt 
 dFs

= (A
 1� 1
B)2m f (2m) (A)
 1 + (A
 1� 1
B)2m
�
1
 f (2m) (B)

�
+ (A
 1� 1
B)2m

���f (2m) (A)
 1� 1
 f (2m) (B)���
= (A
 1� 1
B)2m

�
h
f (2m) (A)
 1 + 1
 f (2m) (B) +

���f (2m) (A)
 1� 1
 f (2m) (B)���i ;
then by (2.28) we get

(A
 1� 1
B)2m f (2m) ((1� u) 1
B + uA
 1)
� (A
 1� 1
B)2m

�
h
f (2m) (A)
 1 + 1
 f (2m) (B) +

���f (2m) (A)
 1� 1
 f (2m) (B)���i
for u 2 [0; 1] :
If we multiply by (1� u)2m�1 and integrate, then we get

(A
 1� 1
B)2m
Z 1

0

(1� u)2m�1 f (2m) ((1� u) 1
B + uA
 1) du

� 1

2m
(A
 1� 1
B)2m

�
h
f (2m) (A)
 1 + 1
 f (2m) (B) +

���f (2m) (A)
 1� 1
 f (2m) (B)���i :
Finally, if we use (2.16) we derive the desired result (2.26). �

Corollary 3. Assume that f is of class C2 on the open interval I and such that f 00

is quasi-convex on I; A and B are selfadjoint operators with Sp (A) ; Sp (B) � I;
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then we have the inequality

f (A)
 1� 1
 f (B)� (A
 1� 1
B) (1
 f 0 (B))(2.29)

� 1

2
(A
 1� 1
B)2

� [f 00 (A)
 1 + 1
 f 00 (B) + jf 00 (A)
 1� 1
 f 00 (B)j]

3. Some Examples

We consider the function f (t) = ln t; t > 0: Then

f (k) (t) =
(�1)k�1 (k � 1)!

tk
; k � 1; t > 0:

From (2.16) we then get for m � 1 that

ln (A)
 1 = 1
 lnB +
2m�1X
k=1

(�1)k�1

k
(A
 1� 1
B)k

�
1
B�k

�
(3.1)

� (A
 1� 1
B)2m

�
Z 1

0

(1� s)2m�1 [(1� u) 1
B + uA
 1]�2m ds

for all A; B > 0:
For m = 1 we obtain

ln (A)
 1 = 1
 lnB +A
B�1 � 1(3.2)

� (A
 1� 1
B)2

�
Z 1

0

(1� s) [(1� u) 1
B + uA
 1]�2 ds:

We observe that

f (2m) (t) = � (2m� 1)!
t2m

; m � 1; t > 0:

If 0 <  � t � �; then

� (2m� 1)!
2m

� f (2m) (t) � � (2m� 1)!
�2m

and by (2.15) we get for 0 <  � A; B � � that
1

2m2m
(A
 1� 1
B)2m(3.3)

� 1
 lnB � ln (A)
 1

+
2m�1X
k=1

(�1)k�1

k
(A
 1� 1
B)k

�
1
B�k

�
� 1

2m�2m
(A
 1� 1
B)2m

for m � 1:
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For m = 1; we derive

1

22
(A
 1� 1
B)2(3.4)

� 1
 lnB � ln (A)
 1 +A
B�1 � 1

� 1

2�2
(A
 1� 1
B)2

for 0 <  � A; B � �:
The function f (2m) (t) = � (2m�1)!

t2m is concave on (0;1) and by (2.21) we get for
A; B > 0 that

1
 lnB � ln (A)
 1(3.5)

+
2m�1X
k=1

(�1)k�1

k
(A
 1� 1
B)k

�
1
B�k

�
� 1

2m
(A
 1� 1
B)2m

"
2m
�
1
B�2m

�
+A�2m 
 1

2m+ 1

#
:

For m = 1 we derive

1
 lnB � ln (A)
 1 +A
B�1 � 1(3.6)

� 1

2
(A
 1� 1
B)2

"
2
�
1
B�2

�
+A�2 
 1
3

#
:

Consider the exponential function f (t) = exp (t), then by (2.16) we get

exp (A)
 1 =
2m�1X
k=0

1

k!
(A
 1� 1
B)k (1
 exp (B))(3.7)

+
1

(2m� 1)! (A
 1� 1
B)
2m

�
Z 1

0

(1� u)2m�1 exp ((1� u) 1
B + uA
 1) du

for any selfadjoint operators A; B:
If  � A; B � �; then by (2.15) we get

1

(2m)!
exp () (A
 1� 1
B)2m(3.8)

� exp (A)
 1�
2m�1X
k=0

1

k!
(A
 1� 1
B)k (1
 exp (B))

� 1

(2m)!
exp (�) (A
 1� 1
B)2m :

From (2.21) we also get

exp (A)
 1�
2m�1X
k=0

1

k!
(A
 1� 1
B)k (1
 exp (B))(3.9)

� 1

(2m)!
(A
 1� 1
B)2m

�
2m (1
 exp (B)) + exp (A)
 1

2m+ 1

�
;
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for any selfadjoint operators A; B:
If C; D > 0 and if we take in (3.7) A = lnC; B = lnD; then we get

C 
 1 =
2m�1X
k=0

1

k!
(lnC 
 1� 1
 lnD)k (1
D)(3.10)

+
1

(2m� 1)! (lnC 
 1� 1
 lnD)
2m

�
Z 1

0

(1� u)2m�1 exp ((1� u) 1
 lnD + u lnC 
 1) du

and for m = 1;

C 
 1 = (1
D) + (lnC 
 1� 1
 lnD) (1
D)(3.11)

+ (lnC 
 1� 1
 lnD)2

�
Z 1

0

(1� u) exp ((1� u) 1
 lnD + u lnC 
 1) du:

If 0 <  � C; D � 	; then by (3.8) we derive

1

(2m)!
 (lnC 
 1� 1
 lnD)2m(3.12)

� C 
 1�
2m�1X
k=0

1

k!
(lnC 
 1� 1
 lnD)k (1
D)

� 1

(2m)!
	 (lnC 
 1� 1
 lnD)2m

and for m = 1;

1

2
 (lnC 
 1� 1
 lnD)2(3.13)

� C 
 1� 1
D � (lnC 
 1� 1
 lnD) (1
D)

� 1

2
	 (lnC 
 1� 1
 lnD)2 :

From (3.9) we also get

C 
 1�
2m�1X
k=0

1

k!
(lnC 
 1� 1
 lnD)k (1
D)(3.14)

� 1

(2m)!
(lnC 
 1� 1
 lnD)2m

�
2m (1
D) + C 
 1

2m+ 1

�
and for m = 1;

C 
 1� 1
D � (lnC 
 1� 1
 lnD) (1
D)(3.15)

� 1

2
(lnC 
 1� 1
 lnD)2

�
2 (1
D) + C 
 1

3

�
for all C; D > 0:
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If we take in (3.13) (1
D)�1=2 both sides and use the commutativity of C 
 1
with 1
D we derive from (3.13) that

1

2
 (lnC 
 1� 1
 lnD)2

�
1
D�1�(3.16)

� 1
 lnD � 1� lnC 
 1 + C 
D�1

� 1

2
	 (lnC 
 1� 1
 lnD)2

�
1
D�1�

provided that 0 <  � C; D � 	:
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