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Abstract

Here we examine the univariate quantitative approximation of Banach
space valued continuous functions on a compact interval or all the real line
by quasi-interpolation Banach space valued neural network operators. We
perform also the related Banach space valued fractional approximation.
These approximations are derived by establishing Jackson type inequal-
ities involving the modulus of continuity of the engaged function or its
Banach space valued high order derivative or fractional derivaties. Our
operators are defined by using a density function induced by a general Hy-
perbolic Tangent Like sigmoid function. The approximations are point-
wise and with respect to the uniform norm. The related Banach space
valued feed-forward neural networks are with one hidden layer.
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1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ” Squashing” types,
by employing the modulus of continuity of the engaged function or its high order
derivative, and producing very tight Jackson type inequalities. He treats there
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both the univariate and multivariate cases. The defining these operators ”bell-
shaped” and ”squashing” functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

The author inspired by [15], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [3] - [7], by treat-
ing both the univariate and multivariate cases. He did also the corresponding
fractional case [8].

In this article we are greatly inspired by the related works [16], [17].

The author here performs general Hyperbolic Tangent Like sigmoid function
based neural network approximations to continuous functions over compact in-
tervals of the real line or over the whole R with values to an arbitrary Banach
space (X, |||]). Finally he treats completely the related X-valued fractional ap-
proximation. All convergences here are with rates expressed via the modulus of
continuity of the involved function or its X-valued high order derivative, or X-
valued fractional derivatives and given by very tight Jackson type inequalities.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In preparation
to prove our results we establish important properties of the basic density func-
tion defining our operators which is induced by a general Hyperbolic Tangent
Like sigmoid function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as

N, (z) = an((aj ~x)+b;), zeR’ seN,
3=0

where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental neural
network models the activation function is derived from the hyperbolic tangent
sigmoid function. Here we work for the general Hyperbolic Tangent Like sigmoid
function. About neural networks in general read [18], [19], [21]. See also [9] for
a complete study of real valued approximation by neural network operators.

2 Neural Networks Background

Consider the hyperbolic tangent like function

A)\z _ Af)\z

h (I’) = W, where A > 1 and A > 0, (1)



V x € R, we will see that it is a sigmoid function.

We have that
AQ)\;E -1 1— A72)\a:

h(x) = A2z 41 1 + A—2Xz” (2)
and
(g = API2AIA) (A2 1) = (42 1) (4222010 4)
) =
(A2 4 1)2
 (A%e22In 4) (2)
= e 1 1) > 0. (3)

Hence h (z) is a striclty increasing function over R.

We have —1 < 1, hence A?** —1 < A?** + 1, and h(z) < 1. Also we
have A" > —A22 and A2 — 1 > —A72® — 1 = — (A% 4+ 1), hence
A > e h(z) > 1.

Therefore —1 < h(z) < 1, for all z € R.

Clearly h (0) =0, and

h (7'7;) - Az 4 AXz - (A)\L + A—Aa;) =—h (J}') ' (4)
We calculate A2 N
. . 2\ 1n B
zgl}rlooh (LE) o mEIJPOOAQAIQ)\ nA 7’ (5)
and -2 p
— AT (=201
lim h(z) = lim (=204 _ (6)
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We will see that (?) € C (R).

Again, we have
(4\1In A) A?X®

W (z) = (A2>\w+1)2 )

and
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Thus,
8A% (In A)* A2 .



and b € C (R).

We have that h” (x) > 0, iff 1 — A2* > 0, iff 1 > A iff £ < 0, if h is
strictly convex on (—o0, 0].

And, it holds 7" (z) < 0, iff 1 — A2\* < 0, iff 1 < A2\ iff ¢ > 0, if h is
strictly concave on [0, c0).

So h fits to the general sigmoid pattern of [14].

We consider the activation function (z € R)

Y(@) = (h@+1)~hiz—1) =
1 A2M(=+1) _q A2M=z—1) _ 1
Z ((A2)\(:E+1) + 1) o <A2>\(x—1) ¥ 1>> . (9)

By [14], we have ¢ (—x) = 9 (x), so that 1 is an even function.
Sincex+1>x—1,then h(z+1)>h(x—1),and ¢ (z) >0, all z € R.
We see that

h(1) 1 [A% -1
¢(O)_;)_2<A2A+1>' (10)

Let x > 0, we have ([14]) ¢’ (z) < 0, that is ¢ is strictly decreasing on (0, +00).
Clearly, 1 is strictly increasing on (—o0,0), and 9’ (0) = 0.
See that
lim t (z) = 1 (h(4+00) — h(4+00)) =0,

Tr——+00

and (11)
lim ¢ (z) = 5 (h(—00) — h(—0)) = 0.

r— —00

=

That is the z-axis is the horizontal asymptote on .
Conclusion, % is a bell symmetric function with maximum

AP —1
¥ (0) = SA D) (12)
We need
Theorem 1 (by [14]) It holds
Y p(z—i)=1, VazeR (13)
Theorem 2 (by [14]) We have that
/OO Y (x)dx = 1. (14)

Thus ¢ () is a density function on R.
We mention



Theorem 3 (by [14]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

Y wme-p< RO

2
k= —o00
nx — k| > ntme
1 AQA(’nliu—Q) _ 1
Notice that (n )
) 1 AQ}\ n-T%-2 -1
nkh21‘<MWﬂam+1 =0 19)

Denote by || the integral part of the number and by [-] the ceiling of the
number.
We also need

Theorem 4 (by [14]) Let x € [a,b] C R and n € N so that [na] < |[nb|. It
holds

1 1 4 (A4>\ + 1)

- : 17

Z;EZbHM] Y (ne —k) < ¥ (1) A (17)
Remark 5 (by [14]) We have that
[nb]

dim Y (ne— k) # 1, a8)

k=[na]

for at least some x € [a,b] .

Note 6 For large enough n we always obtain [na] < |nb|. Also a < % <0, iff
[na] < k < |nb]. In general it holds (by (13))

Lnb)
> Y-k <1 (19)

k=[na]

Let (X, ||-]|) be a Banach space.

Definition 7 Let f € C ([a,b],X) and n € N: [na] < |nb|. We introduce and
define the X -valued linear neural network operators

A, (f,2) = Zl&ib%na] f(E) 4 (nz — k)
n 3 : Z}Ezb[]ﬂ(ﬂ ’l/) (n;p — k)

, € Ja,b]. (20)



Clearly here A, (f,z) € C([a,b],X). For convenience we use the same A,
for real valued function when needed. We study here the pointwise and uniform
convergence of A, (f,z) to f(x) with rates.

For convenience also we call

Lnb]

i (ro)= 3 7 () v, (21)

k=[na]
(similarly A} can be defined for real valued function) that is

A; (f.2)
An (f’ .’,U) = . (22)
S ¥ (na — k)

So that
A (f, )

B ZIEZana] w (n:c - k)
AL ) — £ (@) (SN v (nr = )

= . (23)
S ¥ (na — k)

Ap (fiz) — f () - f(x)

Consequently we derive

4\ [nd]
4. () - £ @y < LD A:;(f,a:)—f(x)( > wm—k))

k=[na]

That is

4x [nb]
a0 = @l < ST (1(5) s @) v

n
k=[na]
(25)
We will estimate the right hand side of (25).
For that we need, for f € C ([a,b],X) the first modulus of continuity
o1 ([0 = (10 = s If@ - @, §>0.  (26)
z,y € [a, 0]
[z -yl <9

Similarly, it is defined w; for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued) and for f € C, (R, X) (uniformly continuous).

The fact f € C([a,b],X) or f € Cy, (R, X), is equivalent to }irr(l]wl (f,0) =0,
see [11].



Definition 8 When f € Cyug (R, X), or f € Cs (R, X), we define

A, (f,x) = Z f(i)zﬂ(nm—k), neN, reR, (27)

k=—o0

the X -valued quasi-interpolation neural network operator.

Remark 9 (by [14]) We have that the series > oo f (&) ¢ (na — k) is ab-

solutely convergent in X, hence it is convergent in X and A, (f,z) € X.

We denote by ||f|l,, = sup | f(z)], for f € C([a,b],X), similarly is

z€la,b

defined for f € Cp (R, X).

3 Main Results

We present a series of X-valued neural network approximations to a function
given with rates.
We first give

Theorem 10 Let f € C([a,b],X),0<a<1l,neN:n'""*>2 z € [a,b].
Then

9
4N
a0 - 1@ < Nt (55 ) e () 191 =20
(29)
and
i)
140 (5~ fll <. (20)

We notice lim A, (f) = f, pointwise and uniformly.
n—oo

The speed of convergence is max (n%, en (A, A, a)) .

Proof. As similar to [13], p. 293 is omitted. m
Next we give

Theorem 11 Let f € Cp (R, X), 0<a<1,neN:n'"®>2 x €R. Then
i)

710 - S @ < (£ ) 200 (AN =i (30)



For f € Cyup (R, X) we get lim A, (f) = f, pointwise and uniformly.

The speed of convergence is max( L en (A, )\,a)) .

ne?

Proof. As similar to [13], p. 294 is omitted. m
In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 12 Let f € CV ([a,b],X), n,N € N, 0 < a < 1, = € [a,b] and
n'=% > 2. Then

i

X N £G) (4 ,
|4n (f:2) = f (@) < 4&;‘; jll) {Z I/ j!< ) {nl +en (4,2, 0) (b_ay} -

(32)

"ne ) peN NI NI

[M(fuv) L) +2sn<A,A,a>||f<N>||oo<ba)NH

ii) assume further f9) (zo) =0, j = 1,...,N, for some zo € [a,b], it holds

4 (A™ +1
HA’rL (f:xO) - f(xO)H < %
2en (A, N, M b—a)V
{““ (1:58) s * R } (33)
and
iii)
4(A 1) | &L f@ ‘
140 (f) = fll.. < (AM = ) {Zl Hfj!”w [nlj e (AN a) (b—a)ﬂ} +
iz
2 (A, \, M) (b—a)V
o (79 8) g+ oAU =0

Again we obtain lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. As similar to [13], pp. 296-301 is omitted. m
All integrals from now on are of Bochner type [20].
We need

Definition 13 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([-] is the ceiling of the number), f : [a,b] — X. We assume that f(™) €
Ly ([a,b] , X). We call the Caputo-Bochner left fractional derivative of order a:

1

(DLf) (z) == Tm—a) /r (z—t)" 7 fM () dt, Y aela,b.  (35)



Ifa € N, we set D, f := f") the ordinary X -valued derivative (defined similar
to numerical one, see [22], p. 83), and also set D, f = f.

By [12], (D2,f) (z) exists almost everywhere in z € [a,b] and DS, f €
Ly ([a’v b] 7X)

If Hf(m)HL (jap],x) < 0% then by [12], DS, f € C ([a,b], X), hence | D, f]| €
C (la,0]).

Definition 14 (/10]) Let [a,b] C R, X be a Banach space, a > 0, m := [«a].
We assume that f™) € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:
b
(D§f) (@) = [ o @, aclab. (30)
We observe that (D™ f) (z) = (=1)™ f™) (z), for m € N, and (D}_f) (z) =
f ().

By [10], (D¢ f) (z) exists almost everywhere on [a, b] and (D f) € L1 ([a,b] , X).

If Hf(’”)HLm([ayb]’X) < o0, and o ¢ N, by [10], Dy f € C([a,b],X), hence
10511 € O bl

Here wy (f,0), ;) means wy (f,0) is defined over [a,b].

We present the following X-valued fractional approximation result by neural
networks.

Theorem 15 Let o > 0, N = [a], a ¢ N, f € CN ([a,b],X), 0 < B < 1,
x € [a,b], n € N:n'=F > 2. Then

i

N— 1f ,
An () = 30 T A (=) @) = S @) <

4 (A% 4+1) ("Jl (D2-f, #)[a,m] +wi (D, f, n%)[w,b])
(AP - DT (at1) b *
w (AN B) (D2l o g (@ = @)+ 1Dl oy 0= 0)) } o (37)
i) if fO) (z)=0, forj=1,..,N — 1, we have
4 (4% 1 1)
DT (a+1)

{ (1 (PS5 + 1 (Pef i) |

40 (£:2) = F @) < s

neb



en (AN B) (D8l foy (7 = @ + 1D e oy b= 2)) } . (38)
iii)

4 (A% 4+1)

(4% 1)

DL PR

1

[An (f,2) = f ()] <

2

J

1 { (1 (DS 1.3y + 1 (Pf i) |

I'(a+1) nos

en (AN B) (1Dl oy (@ = @+ 1D ooy 0= 2)*) b o (39)

V€ lab,
and
iv)
4 (A% +1)
A, f — < ———
H n.f f”oo— (A4,\_1)
N-1 ||f(J)H )
- {nﬁﬂ' +(b—a)36n(z4,/\,ﬂ)}+
=
sup wy (DY_f, -5 + sup wy (D, f, -
1 (me[a,b] ( E)[“’“”] z€[a,b] ( B)[T ol n
T(a+1) neh

en (AN, B) (b—a)” ( bup ||D f” @z T Sl[lpb] ||Dfxf||00,[z,b}> }} . (40)
x€E|a,

Above, when N =1 the sum Zj:}l -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of A, — I the unit operator, as n — oo.

Proof. It is very lengthy, as similar to [13], pp. 305-316, is omitted. =
Next we apply Theorem 15 for N = 1.

Theorem 16 Let 0 < o, < 1, f € C*([a,b],X), x € [a,b], n € N:n'=F > 2,
Then

i)
[An (f,2) = f ()] <

10



4 (A% +1) (Wl (Dg_f, #)[a,m] +wi (DL, S, n%)[w,b])
(AP - DT (at1) ned *

en (AN B) (108l oy (@ = @ + 1Dl oy b= 2)) } - (41)
and
i)
4 (AP 41)
(AN DT (a+1)

[Anf = fllo <

( sSup wi (Dg—fa n%)[a,:r] + sup wi (D*mf7 nB)h b])

z€[a,b] z€a,b]
+

nob

En (Aa )‘76) (b - a)a < sup HDg—fHOO [a z] + sup ||D*Oézf||oo,[;p’b]> } . (42)
z€[a,b] Y z€[a,b]

When a = % we derive

Corollary 17 Let 0 < 8 < 1, f € C'* ([a,b],X), = € [a,b], n € N: n'=8 > 2.
Then

i)
[An (f,2) = f(2)]| <
3 s 1 3 1

8 (A4)\ + 1) (wl (Dm—fv nﬂ)[a,aj] +wi (D*a:fv nﬂ)[@[)})

(AR 1) yr nf !
sotans (o] VE=as|okd VE=a)} @
and
i)

8 (A +1)
[Anf = flloo < m
5o 1 1
(Izl[lal?b]wl (Dz_f, nﬁ)[a’m] + le[lfb]wl (D*xfa nﬁ)[r’b}>
5 +
ne
en (AN B)v/(b—a)| sup HD"’ fH —|— sup HDif‘ < o0
z€[a,b) z€[a,b) 00, [x,b]

(44)

11
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