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Abstract

Here we examine the multivariate quantitative approximations of Ba-
nach space valued continuous multivariate functions on a box or RV,
N € N, by the multivariate normalized, quasi-interpolation, Kantorovich
type and quadrature type neural network operators. We treat also the case
of approximation by iterated operators of the last four types. These ap-
proximations are derived by establishing multidimensional Jackson type
inequalities involving the multivariate modulus of continuity of the en-
gaged function or its high order Fréchet derivatives. Our multivariate
operators are defined by using a multidimensional density function in-
duced by a hyperbolic tangent like sigmoid function. The approximations
are pointwise and uniform. The related feed-forward neural network is
with one hidden layer.
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1 Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and ” Squashing” types,
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by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

For this article the author is motivated by the article [15] of Z. Chen and F.
Cao, also by [4]-[12], [16], [17].

The author here performs multivariate Hyperbolic Tangent Like sigmoid
function based neural network approximations to continuous functions over
boxes or over the whole RN, N € N. Also he does iterated approximation.
All convergences here are with rates expressed via the multivariate modulus of
continuity of the involved function or its high order Fréchet derivative and given
by very tight multidimensional Jackson type inequalities.

The author here comes up with the ”right” precisely defined multivariate
normalized, quasi-interpolation neural network operators related to boxes or
R, as well as Kantorovich type and quadrature type related operators on RV.
Our boxes are not necessarily symmetric to the origin. In preparation to prove
our results we establish important properties of the basic multivariate density
function induced by a Hyperbolic Tangent Like sigmoid function and defining
our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

n
N,L(a:)zz:cja((aj-@—kbj), zeR’, seN,
=0

where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - x) is the inner product of a; and z, and
o is the activation function of the network. In many fundamental network mod-
els, the activation function is the hyperbolic tangent sigmoid function. About
neural networks read [18], [19], [20].

2 Neural Networks Background

Consider the hyperbolic tangent like function

A _ A—Az
by e A=A

— e AT where A > 1 and A > 0, (1)

V x € R, we will see that it is a sigmoid function.



We have that
A2)\13 -1 1— A72/\a:

h (LE) = A2 +1 = 1+ A—2xz’ (2)
and
() AP2AIA) (AP 41) — (AP 1) (4772010 4)
€r) =
(A2 4 1)2
(A2 A) (2)
= e 1 1) > 0. (3)

Hence h () is a striclty increasing function over R.

We have —1 < 1, hence A2** —1 < A% 4+ 1 and h(z) < 1. Also we
have A?A* > —A2A and A% — 1 > A7 ] = — (A”‘gc + 1)7 hence
At > —1,ie h(z) > 1.

Therefore —1 < h(z) < 1, for all z € R.

Clearly h (0) =0, and

A—)\m _ A)\ac (A)\:v _ A—)\x)

h< .17) Af)\x + A)\:D (A)\:z: + Af/\z) h (.’17) ( )
We calculate A2 N
. . T2X 1In
Jm h(r) = oA (5)

and -2 p
- (—=2)\) In _ (6)

lim h(z)= lim

T——00 z——c0 A—2XT (—2>\) InA

We will see that h(?) € C (R).
Again, we have
ANIn A) A2
W () = ARAAE
(AQ)\.t + 1)

and

APTININ A (A 4 1) — AT (AP 4 1) (427201 A)

X (z) = (4AIn A) (A2 ¢ 1)4

(Azm + 1)2 _ 942 (AZ)\:D + 1)
(422 4 1)*

=822 (In A)? AP®

AP 41— 24P | 8)% (In A)? AP

=8A\% (InA)* A% [1— A2 (7)

(A2 4 1)? (A2 4 1)°
Thus,
2 2 p2xz
B (:E) — (%) (1 _ A2)\w) , T € R, (8)
° +



and b € C (R).

We have that h” (x) > 0, iff 1 — A2* > 0, iff 1 > A iff £ < 0, if h is
strictly convex on (—o0, 0].

And, it holds 7" (z) < 0, iff 1 — A2\* < 0, iff 1 < A2\ iff ¢ > 0, if h is
strictly concave on [0, c0).

So h fits to the general sigmoid pattern of [13].

We consider the activation function (z € R)

Y(@) = (h@+1)~hiz—1) =
1 A2M(=+1) _q A2M=z—1) _ 1
Z ((A2)\(:E+1) + 1) o <A2>\(x—1) ¥ 1>> . (9)

By [13], we have ¢ (—x) = ¢ (x), so that 1 is an even function.
Sincex+1>x—1,then h(z+1)>h(x—1),and ¢ (z) >0, all z € R.
We see that

h(1) 1 [A% -1
¢(O)_;)_2<A2A+1>' (10)

Let x > 0, we have ([13]) ¢’ (z) < 0, that is ¢ is strictly decreasing on (0, +00).
Clearly, 1 is strictly increasing on (—o0,0), and 9’ (0) = 0.
See that
lim t (z) = 1 (h(4+00) — h(4+00)) =0,

Tr——+00

and (11)
lim ¢ (z) = 5 (h(—00) — h(—0)) = 0.

r— —00

=

That is the z-axis is the horizontal asymptote on .
Conclusion, % is a bell symmetric function with maximum

AP —1
¥ (0) = SA D) (12)
We need
Theorem 1 (by [13]) It holds
Y p(z—i)=1, VazeR (13)
Theorem 2 (by [13]) We have that
/ ¥ (z)de = 1. (14)

Thus ¢ () is a density function on R.
We mention



Theorem 3 (by [15]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

i w(nx—k)<(17h(n2liai2)):

k=—-00
s na — k| > ntme
1 ) A2>\(n17”—2) -1
217 | Axmi—e—2) 4
AQ)\(nl_"72) 1
1- A2M(n'e=2) 4

Denote by || the integral part of the number and by [-] the ceiling of the
number.

=&, (AN Q). (15)

Notice that

. 1
lim —
n—-+4oo

~0. (16)

We also need

Theorem 4 (by [13]) Let x € [a,b] C R and n € N so that [na] < |nb|. It
holds e
1 1 4 +1
7 < = (M ) (17)
Sl —k) Y1) AY -1

k=[na]

Remark 5 (by [13]) We have that

Lnb)
lim Y ¢ (na—k) # 1, (18)
n— o0 k:[na'\

for at least some x € [a,b] .

Note 6 For large enough n we always obtain [na] < [nb|. Also a < % <b, iff
[na] <k < |nb|. In general it holds (by (13))

|nb]
Z Y (ne—k) <1 (19)

k=[na]

‘We make

Remark 7 We introduce
Z(x1, . an) = Z (z) == H’(/J(ZEZ) , oz =(21,..,2n) ERY, NeN. (20)

It has the properties:
(i) Z (z) >0, VxRN,



(i)

oo

k=—0c0 k1=—0c0 ko=—0c0 kn=—oc0

where k = (ky,...,k,) € ZN, V¥V z € RV,
hence
(iii)
Z Z(nx—k)=1,
k=—o0

VzeRY: neN,
and

(iv)
/RN Z (x)dz =1,

that is Z is a multivariate density function.

Here denote ||z := max {|z1], ..., |zn]|}, € RV, also set 0o := (oo, ...

—00 := (=00, ..., —00) upon the multivariate context, and

[na] := ([na1],..., [nan]),

|_an = (Lnle PRRXE LnbNJ) )

where a := (ay,...,an), b:= (by,...,bn) .
We obuviously see that

[nb] [nb] N
Z Z (nz — k) = Z (HT/J(M% - ki)) =

k=[na] k=[na] \i=1

ki=[na1] kn=[nan] \i=1 i=1 \k;=[na;]

|nb1 | |nbn ] N N [nbi]
Z Z (Hw(nxi—ki)> =H ( Z Y (nw; — k)

For0< B <1andn €N, a fivedx € RN, we have that

Lnb]
Z Z (nx — k) =
k=[na]
[nb] [nb]

Z Z (nx — k) + Z Z (nx — k).

15 = 2lle > 75

{ k = [na] { k= [na]

s =l < 75

Z Z(x—k):= i i i Z(x1 —k1,..,an —kn) =1,

) |

(21)



In the last two sums the counting is over disjoint vector sets of k’s, because the
condition H% — xHOO > n%, implies that there exists at least one % — mr‘ > n%,,
where r € {1,...,N}.

(v) As in [10], pp. 379-380, we derive that

Lnb] (15)
> Z(nx—k) < e, (ANB), 0<B<1, (27)
{ k= [na|
15 =2l > 7

withn € N:nl=# >2 z ¢ vazl (@i, by] -
(vi) By Theorem 4 we get that

1 4(a% 1)\

k= [na]

Ve (Hivzl [ai,bi]), n € N.
It is also clear that
(vii)
> Z(nx—k) <e, (AN D), (29)

0<fB<l,neN:n"f>2 zcRV,
Furthermore it holds

Lnb]
lim Z (nx — k) #1, (30)
k=[na]

N
for at least some = € (Hi:l [ai, bz]) .
Here (X, ””v) is a Banach space.

Let f € C (Hf\il [ai,bi],X>, x = (x1,..,ZN) € Hf\il [ai,b;], n € N such
that [na;| < |nb;], i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (x := (x1,...,xN) € (Hivzl [@;, bt]))

Zl\;anna‘\ ( ) Z (7?,11,’ - k)
An (f, 21, zn) = Ap (f,2) = ~ =
' N E,E brjmﬂ (nx — k)

Lnb1] [nbs] [nbn ] k k N
Zkl:l(”al] ZkQ;"naﬂ ZkN N[naN] (?17 Rl TN) (Hi:l w (naji - kz))
b; .
Hi\il ( JE:L:[JMJ ¥ (nz; — kﬁ)

(31)



For large enough n € N we always obtain [na;] < |nb;], i = 1,..,N. Also
a; <5 <b;, iff [na;] <k; < |nbi,i=1,..,N.
When geCl (Hl 1 las, bl]) we define the companion operator

1 anana] (k) Z (’I’L.I' - k)

An (gwr) = n (32)
S e Z (n = k)
Clearly Zn 18 a positive linear operator. We have that
N N
A,(1,z)=1, Ve <H [ai,bi]> :
i=1
Notice that A, (f) € C (Hl 1 laqi, bl 7X) and A, (g) € C (Hl 1 [al,bl]> .
Furthermore it holds
S [ (D, 2 (2 — k)
k: na 5
A (f,2)ll, < == = A (If1y.2),  (33)
> kena] Z (nx — k)
Ve szil [ai,bi] .
N
Clearly || f|., € C (Hz’:l [ai,bi]> .
So, we have that
l4n (£, < A (1711, ) (34)
Vo eI, fabl VneN, v f e O (MY, [ab], X
Letce X and g € C’(Hl 1 lai, b ) then cg € C (Hl 1 lag, by ,X) .
Furthermore it holds
Ay, (cg, )—cA x,VmEHal,l. (35)
Since A, (1) = 1, we get that
Ap(c)=¢, YceX. (36)

We call Zn the companion operator of A,.
For convinience we call

Lnb)
A (fx)= > f() (nx —k) =

k=[na]



[nb1] [nb2 | [nbn ] N
ooy LY f(kl kg) (Hw(m@i—kzi)>, (37)

k‘1:"’na1-| k2:|—na2-\ kN [naN-\

Ve (T lasbi).

That is
Ap (f,2) = bA* ;) , (38)
P HM (nz — k)
Ve (vazl [ai,bi]), n € N.
Hence
AL (f2) = f (@) (S 0 Z (na — k)
A (fr) = f (@) = W,J( — ) (39)

2 k—na] £ (nz — k)

Consequently we derive

(28) (4 (A% +1)\"
145 (f,2) = f @), < (M)

[nb]

A5 (fox) = f(a) Y Z(na—k)

k=[na]

)

(40)

Vae (Hl 1 [al,bl]) .
We will estimate the right hand side of (40).

For the last and others we need

Definition 8 (/11], p. 274) Let M be a convex and compact subset of (]RN, ||Hp) ,
p € [1,00], and (X, H||7> be a Banach space. Let f € C (M, X). We define the

first modulus of continuity of f as

wi (f,0):= sup  [If(x) = F(®l,, 0<d<diam(M). (41)
x,y€eM:
= yll, <o

If 6 > diam (M), then
w1 (f,6) = w1 (f, diam (M)). (42)

Notice wy (f,d) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,d) is defined similarly.

Lemma 9 (/11], p. 27/) We have wy (f,0) — 0 asé | 0, iff f € C(M,X),

where M is a convex compact subset of (R, H-||p), p € [1,].



Clearly we have also: f € Cy (RN , X ) (uniformly continuous functions)
iff wy(f,6) — 0 as § | 0, where w; is defined similarly to (41). The space
Cp (RN , X ) denotes the continuous and bounded functions on RV

When f € Cp (RN,X) we define

By (f.2) = By (f, 21, ., o) i= k_ioo f <:) 7 (na — k) =

N
Z Z Z f(k1 k2 ";JLV> <Hw(nziki)>, (43)
k1=—00 ko=—0o0 kn=—00 =1

n €N,V z e RN, N ¢N, the multivariate quasi-interpolation neural network
operator.

Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural
network operator

Cp (f,2):=Cy (fyz1, ..., zN) : Z <nN/n f@ dt) Z (nx — k)

k
k=—o0

n
oo o0

DD P i < hH/kQH /k:NnHf(tl,...,tN)dtl...dtN>

klzfoo k‘g:*OO szfoo

n

N
: (H Y (na; — ki)) : (44)

Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D,, (f,z), n € N, as follows
Let 0 = (91,.. On) € NN, r=(r1,..TN) € Z]_i\_], w, =
(4 01 02
that >~ w, = >, > ..
r=0

r1=07r,=0

neN, VzeRY,

Wy rg,..rn = 0, such
Z Wyy rg,ry = 1 ke ZN and

T‘N—

4
Onk (f) = On kg ko, ken () i= Zwa (z + 7:9) -
r=0
01 02

DD IS SETSY ot N

r
nhln k)
r1=07r2=0 rn=0 n n92 n n@N

where 7 := (%, %’ e %) .
We set
Dn (f,.’L‘) = Dn (f)xla-“a Z 6nk ’n%—kj) (46)
k=—o0

10



0o oo 00 N
Z Z Z 5n,k1,k2,...,kN (f) (Hi/} (nxl — k;J) ,

klzfoo k}2:700 szfoo
VzeRY,
In this article we study the approximation properties of A,, B,,C,, D,

neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.

3 Multivariate general sigmoid Neural Network
Approximations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 10 Let f € C (Hfil [a;, bi] ,X), 0<B<1,u¢ (vazl [ai,bi}),
N,n € N with n'=? > 2. Then
1)
[An (f,2) = f (@), <

4 (AP 4 1) N{ < |
<M> or (£z) 42 A UL | =2 an

and
2)
140 () =71, < 2. (48)
We notice that lim A, (f) ”iw f, pointwise and uniformly.

Above wi is with respect to p = co and the speed of convergnece is
max (n%,an (A, /\,ﬂ)) .

Proof. As similar to [12] is omitted. m
We make

Remark 11 ([11], pp. 263-266) Let (RN, H~||p), N € N; where ||-[|,, is the Ly-

norm, 1 < p < co. RY is a Banach space, and (RN)J denotes the j-fold product

space RN x ... x RN endowed with the max-norm 2]l (gays == max [[2xl],, where
1<A<j P

z:=(x1,...,z) € (RN)j .

11



Let (X, ||||ﬂ/) be a general Banach space. Then the space Lj := L; ((RN)j ;X)
of all j-multilinear continuous maps g : (RN)j — X, j=1,...,m, is a Banach
space with norm

llg (@)l
lgll:=lgllL, == sup Hg(x)H7:=sup| - (49)

el (gvys =1 [l -l
R

Let M be a non-empty convex and compact subset of R* and xog € M is fized.

Let O be an open subset of RN : M C O. Let f : O — X be a continuous
function, whose Fréchet derivatives (see [21]) f9) : O — L; = L, ((RN)J ;X)
exist and are continuous for 1 < j <m, m € N. ,

Call (z — xo)j = (z —xzg,...,x —xg) € (RN)J, x e M.

We will work with f|p.

Then, by Taylor’s formula ([14]), ([21], p. 124), we get

f(z) = i 1 (:vo)j('x — zo)’ + Ry (z,20), allz e M, (50)
j=0 ’

where the remainder is the Riemann integral

1 7um71
&Mamy[;ﬂ)!(ﬂW@m+ux%»ﬂW@m)ume%

(m—1)
(51)
here we set f© (z0) (x — 20)° = f (x0) .
We consider
wmo () = s i@ @
z,yeEM:
lz—yll,<h
h > 0.
We obtain
| (7 oo = w0)) = £ w0) ) (& = 0)"| <
£ (o + (@ = 20)) = £ (@o)| - 12 = wolly’ <
1mm—xﬂg{umjfmuw, (53)

by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):

du

ulle —2oll,] (1—w)™ "
< _ m p
IR (o0l < wlle =zl [ [0 | G2

12



=@, (|l = o], (54)

by a change of variable, where

[t] s _Sm—l oo ,
@m(t)::/o H %@:%l jz::o(m—jh)f L VteR, (55)

is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

‘t|m+1 |t‘m h|t|m71
D, (1) < <(m+1)!h+2m!+8(m1)! , VteR, (56)

with equality true only at t = 0.
Therefore it holds

B @ o)l < (JE=T0le ™ ool hlle sl
m Ly L0y = (m_|_1)|h 2m)! S(m_l)‘ ’
(57)
We have found that
9 (o) (& — o)’
f(z)— Z 4! -
7=0
¥
m—+1 m m—1
_ - hi|z — o]
(m) h Hx xOHP ||Z‘ xOHp P o8
‘”1(f ’ )< m+Dh  2m  sm-1r ) =% o

Yz, rg € M.

Here 0 < wy (f(m), h) < 00, by M being compact and f(™ being continuous
on M.

One can rewrite (58) as follows:

™) (20) (- — zo)
Fo-3o @7_5 |

Jj=0

v
m+1 m m—1
- - hll- = ol
m g, |- = zoll, [+ = zoll, » v M. (59
wl(f )( T Ol T aml T smonr ) VT €M (59)

a pointwise functional inequality on M.

Here (- — x0)’ maps M into (RN)J and it is continuous, also fU) (x¢) maps
(RN)J into X and it is continuous. Hence their composition @) (x) (- — zo)
18 continuous from M into X.

13



Clearly f ()= FHEd=20 € € (M, X), hence|f () = YL, Loloifmsolt
C(M).

Let {ZN}NeN be a sequence of positive linear operators mapping C (M) into
C(M).

Therefore we obtain

S
~y

™) (20) (- — 20 )
Hf(_)_zf @) =o' | ) (0 <

i=0 '
L €T mtl x L =T m X
o (70 (Zw (I <m+0”1)m )) (@) . (Zx (I %;n,, )) (@)
(I (”é(mxi'i)! )) (@) | )

VNGN,VQZ(]GM.

Clearly (60) is valid when M = H [a;,b;] and L, = A, see (32).

All the above is preparation for the following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The
operators A, A,, fulfill its assumptions, see (31), (32), (34), (35) and (36).

We present the following high order approximation results.

N
Theorem 12 Let O open subset of (RN, ||||p), p € [1,00], such that ] [a;,b;] C
i=1
O C RV, and let (X, ”Hv) be a general Banach space. Let m € N and f €
C™(0,X), the space of m-times continuously Fréchet differentiable functions
N
from O into X. We study the approzimation of f| . Letxg € (H [a;, bz]>

[ai,bi] i=1
=1

andr > 0. Then
1)

(A Z

wy | f™),r |- — ||m+1 (o) T
( (( ( _ )) 0) )((ﬁn (”._%”Zm))(xo)>(m+1)

|:(m1+1)+;+mg}’ (61)

S|

( (fm (o) (- —!EO)j))(DCO) <




2) additionally if f9) (x9) =0, j = 1,...,m, we have

1(An (£)) (z0) = [ (o)l <

+

N
00,20 € [] [as,bi]
i=1

_1
™1
Zo N
00,20€ [] [ai,bi]
i=1

(71)
N
00,T0E H ["rhbi]

(64)

In particular we have

Corollary 13 (to Theorem 12, case of m = 1) Then

1)
1(4n (£)) (@0) = £ @), < |

(40 (PP o) (= 20)) ) (@0)| +

15



o (107 (A (1= 50l2)) @0) ) (A (1 - 0l2)) )

r2
1 _
[ +r+ 4}7
and
2)
Jica. o) - 1, o fi o0
(a0 (7 ) €= 20) ) ) .+
i oo,moe_l:[l[ai,bi]
1 3
£ (1) ‘ C—zall?
wl (f ( (H .TOHp)) (.’170) Oo’zcoelﬁl[ai,bi})
H(j (H._xHQ))(x) : N [1+T+TT
n Ollp 0 oo,ivoey_ljl[ai’bi] 4 ’
r > 0.
‘We make

Remark 14 We estimate (0 < a <1, m,n € N:nl=® > 2),

] . i | = a0l 2 2 (0o = ) 2
i <||~fwo||oo+1) (2g) = 2==I G | <

nb
ZIE Hna] (n(L'() - k)

N nb| m+1
4 A4/\+1 L k +
() e
k=[na] ©©
N nb] m+1
4 A4)\_|_1 L k +
(M) Z H — 1z Z (nxg — k) +
_ n -
{ k = [na
: H — o Hoo - nlrl
[nb] m+1 (27)
Z Hi—xo Z (nxg — k) 2§7
{ k = [na] oo
i =l > 5w

16



4 (A% 4+1) " 1 +1
(144)\_1> {na(m‘H) +en (AN ) |lb—all } , (68)

(where b—a = (by — a1, ....,by —an)).

N
We have proved that (V xo € [] [ai, bi])
i=1

Ay (11 = woll ™) (o) <

4 (A% +1) " 1 +1
<A4,\ 1 ) {na(m+1) +en (A A ) |[b=allg } =i (n)  (69)

O<a<l,mneN:nl=>2)
And, consequently it holds

0 (I =l ) @o)]| <

00,x0€ [ [ai,bi]

i=

s(ar 1)\ [ 1 '
A+l {+sn<A,A,a>||b a|m+}so1<n>ﬁo, a8 1 — +o00.

A4 — 1 no(m+1)
(70)
So, we have that ¢, (n) — 0, as n — +oo. Thus, when p € [1,00], from
Theorem 12 we have the convergence to zero in the right hand sides of parts (1),

) i |
Next we estimate H (An (f(j) (o) (- — SCo)j>> (JUO)H
We have that

Y

E;E’Lbﬁw f9) (o) (* - xo) Z (nxo — k)

(71)
When p =00, j =1,...,m, we obtain

k J
F9 (o) ( - xo) <
%l
We further have that

G (19 09 ], 2

A )\ oy k i
<€4A_1)> ( 2. |1V (o) <nx°>

k=[na]
17

) k ’
J -
|19 @ £ -

o0

Z (nzo — k)) <



Z (nxo — k)) = (73)

’ Z (nxo — k)) =

(420 (& oot
(522 o 82 -

=[na

N nb| i
4(AM 41 , L k J
<€44>\_1)> Hf(J) (ZEO)H Z H” — x| Z(nxo— k)
k= [na =
1% = 2ol < 5
[nb| j (27)
+ Z Hk —z0l| Z(nzo—k)p < (74)

k= [na)
Hlw = @oll o > 7w

4 (A% 4+1) N 1 ,
<A4A1> Hfm (xo)H {W e, (AN a)|b— a||go} 0, as n — oo.

That is
H( ( (xo) (- — xo)j)) (xo)H — 0, as n — oo.

Y

Therefore when p = oo, for j =1,...,m, we have proved:

| (A0 (59 @0) (- = 20)') ) (20)

<
ol

24 +1) "y ! |
(W> Hf(])(xo)H{naj+6n(A,)\,a)||b—a||f)o}g (75)

() 1 [ caneom ) o<

and converges to zero, as n — 0.

We conclude:
In Theorem 12, the right hand sides of (63) and (64) converge to zero as

n — oo, for any p € [1, o0].
Also in Corollary 13, the right hand sides of (65) and (66) converge to zero

as n — oo, for any p € [1,00].
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Conclusion 15 We have proved that the left hand sides of (61), (62), (63),
(64) and (65), (66) converge to zero as n — oo, for p € [1,00]. Consequently
Ay — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (62). Higher speed of convergence happens also to the left hand side of (61).

We give

Corollary 16 (to Theorem 12) Let O open subset of (RN, ||||..), such that
N
H [ai,bi] € O CRY, and let <X II1I ) be a general Banach space. Let m € N

and f e C™(0,X), the space of m-times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let xp €

[ai,b;
i=1

N
(H [ai,bi]> and v > 0. Here 1 (n) as in (70) and py; (n) as in (75), where
i=1
neN:nl= @ >2 0<a<l,j=1,..,m. Then

1)
()= 35 (a0 (1 2 = 20) ) )| =

wi (£, 7 () (n)) 7o _m_ 1 r omr?
( — ) (1 () (757) [(m+ Dty ] ()
2) additionally, if f9) (x0) =0, j = 1,...,m, we have
1(An () (x0) = f (zo)l, <
wi (£, (py () ™50 wy[ 1 m?
( — )(so1<n>><m+l>[(m+1)+2+ . ] (77)

3)

e 5= 11 0 S fj Pu )

wi (0,7 (i ()7

) (1 (n))(757) (78)

rm)!
! +I g mr (n) =0, asn — oo
—_— = —— | =: - — — 00.
(m+1) 2 8 ¥ ’

We continue with
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Theorem 17 Let f € Cp (RN7X), 0<pB <1, zeRN NneN with
n' =8 > 2, wy is for p=oo. Then

1)
1Bu () = f @), < w1 (f, nlﬁ) + 25, (A0 B) 11| =t 2e (), (79)
J

182 (= 11| < 2= (). (80)

Given that f € (CU (RN,X) NCg (RN,X)), we obtain lim B, (f) = f, uni-

formly. The speed of convergence above is max (#, en (A, 6)) .

Proof. As similar to [12] is omitted. m
We give

Theorem 18 Let f € Cp (]RN,X), 0< B <1, zeRNY NneN with
n'=P > 2, wy is for p=oo. Then

1)
1Ca (£.2) — F @), <1 (f, 4 nlﬁ) 20 (A0,8) IU£1, | = 2 ),
(s1)
2)
lica ()= 11| <2 m). (82)

Given that f € (CU (]RN,X) NCg (]RN,X)) , we obtain lim C, (f) = f, uni-
formly.

Proof. As similar to [12] is omitted. m
We also present

Theorem 19 Let f € Cp (RV,X), 0 < 8 < 1, z € RN, Nyn € N with
n'=8 > 2, wy is for p=oo. Then

1
D () = £ @)l <o (3 3) + 220 AAB 7L | =2 ),
(53)
2
[1Dw (1) = 711, < 2. (84)

Given that [ € (CU (RN,X) NCg (RN,X)), we obtain lim D, (f) = f,

uniformly.
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Proof. As similar to [12] is omitted. m
We make

Definition 20 Let f € Cp (RY,X), N € N, where (X, ”H'y) is a Banach

space. We define the general neural network operator

Fo(fx)= > Lu(f)Z(ne—k)=

k=—o00
Bn(f,ﬂ,‘), Zflnk (f) :f(%)ka X
Co(fx), if b (f) =™ [ f () dt, (85)

Clearly l,,i (f) is an X-valued bounded linear functional such that ||l (f)]., <

,<
s |-

Hence F, (f) is a bounded linear operator with HHF” (f)”’YH < H”f”’YH .
We need > Oo

Theorem 21 Let f € Cp (RY,X), N > 1. Then F, (f) € Cp (RY, X).

Proof. Very lengthy and as similar to [12] is omitted. m

Remark 22 By (31) it is obvious that H”A" (f) |7Hoo < H”fH"YHoo < 00, and

=

A, (f)eC ]J—VI [ai,bi],X), given that f € C | [] [ai,bi],X>
j i=1

=1
Call L,, any of the operators A, By, Cyp, Dy,.
Clearly then

122 I = {12 @] < 0z | < e o)

etc.
Therefore we get

lizs ol < i vren, (87)

the contraction property.
Also we see that

Nzt L < izs ol | << iz o] <[] @9

Here Lk are bounded linear operators.
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Notation 23 Here N € N, 0 < 8 < 1. Denote by

ax N
(4(A+1)> ’ Zf Ln, = A7L7

on =4 AT (89)
]-; Zan = BnaCnaDna
1 .
. ) nB> Zan = An, By,
P )= {i ey if Ly = Co Do, 50)
N .
0= c <11:[1 [aubz] 7X> , if Ly = Ay, (91)
Cg ( N7X) ’ Zf L, = BTMCTL;D?Lv
and
N
ai7bi ) { Ln:An;

RN, Zan = BnaCnaDrw
We give the condensed

Theorem 24 Let f€Q,0< <1,z €Y;n, NeN withn'=? >2. Then
(i)

1Zn (£.2) = £ @), < ex w1 (£ ) + 220 (A A B)||IFIL || _] =7 (),
(93)

where wy 1s for p = oo,
and
(ii)
12w () = fIL||_ < 7(0) =0, asn— 0. (94)

For f uniformly continuous and in 2 we obtain

lim Ly (f) = f,

pointwise and uniformly.

Proof. By Theorems 10, 17, 18, 19. =
Next we do iterated neural network approximation (see also [9]).
We make

Remark 25 Let r € N and L,, as above. We observe that
Lyf—f=Lnf—Ly )+ (L =Ly f) +

(L2 = LT3 ) # wot (E2F = Lof) + (Luf = £).
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Then
1z = o < s = el |+ s =z, +
e A N [ St W (LA
2zt @ar = ||+ {|l12672 @t = DIL||+[|l1267° @t = DIL|

oot 1 (B = PO+ [t = 0| < |t =10 o5)
That is

(96)

8

lnzes =g <r|izas - 11,

We give

Theorem 26 All here as in Theorem 24 and r € N, 7(n) as in (93). Then
lzns = £lL|| < e o). (97)

So that the speed of convergence to the unit operator of L) is not worse than of
L,.

Proof. By (96) and (94). m
We make

Remark 27 Let my,....m, E N:m; <my < ...<m,, 0< <1, feq.
Then ¢ (m1) > ¢ (m2) > ... > ¢ (m,.), ¢ as in (90).
Therefore

w1 (f,(m1)) 2 w1 (f,o(m2)) = ... 2 w1 (f, ¢ (my)). (98)
Assume further that m%fﬁ >2,9=1,..,7. Then
Emy (A, N B) 2 €m, (AN 8) > . > e, (AN B). (99)

Let L,,, as above, i =1,...,7, all of the same kind.
We write

Lin, (Linyy (+-Ling (L, f))) — f =
Lun, (L, (-Liny (L, £))) = Lin, (Lon,_y (- Loy £)) +
L, (L, (.Liny £)) = L, (L, (o.Ling f)) +
L, (L, (.Ling £)) = Lin, (L, (.Liny f)) + ot (100)
Lon, (Liny_i f) = Lin. f + Lin, f = f =
Lo, (L, —y (Liny)) (Lo f = f) 4 Lony, (Linp—y (-Liy)) (Lo f = ) +

23



Ly, (Lmr—l (Lm4)) (ngf - f) + ...+ L, (Lmr—lf - f) + Ly, f— [

Hence by the triangle inequality property of H””“’H we get
(o]
12, (Eon, oy oL (L £0) = 1L | <
o0

Zm, (Lo, L)) (L
[ ) YO Y o1 I
e A ) Yo S0y 31 N
[z, ot = D[+ 2t = 11|

(repeatedly applying (86))

< W2t = £+ |1Zmaf = 71|+ [12maf = 21|+t

120t = 21|+ s = 20 = S = 1] 200
i=1

That is, we proved

1, Lo ooy (Lo ) = 1| <ZH||L [ CL)

We give

Theorem 28 Let f € Q; N, my,mg,....m, E N:m; <mg < ... <m,, 0<
8 < 1; m}fﬁ >2,i=1,..,r,z €Y, and let (L, ..., Lim,.) as (Apmy, .oy Am,.)
or (Bmys ey Bm,) o (Ciyy ooty Crn) 07 (Dipnyy ooy D), p = 00. Then

||Lmr (Lmr—l (-oLiny (L mlf)))( ) — f("T)H,Y <
2o, (s oLy L D) = £ | <

<

xS [or (i () + 22, (A 0.8) 111, ] <
i=1

rex [wi (£ (m1)) +2em, (4,08 [I711,]|_]- (103)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .
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Proof. Using (102), (98), (99) and (93), (94). =
We continue with

Theorem 29 Let all as in Corollary 16, and r € N. Here @5 (n) is as in (78).
Then

[1ans = )| < v f1ans = 71| < res o). (104)
Proof. By (96) and (78). m

Application 30 A typical application of all of our results is when (X, ””’v) =

(C,|-]), where C are the complex numbers.
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