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Abstract

Here we examine the univariate quantitative approximation, ordinary
and fractional, of Banach space valued continuous functions on a compact
interval or all the real line by quasi-interpolation Banach space valued
neural network operators. These approximations are derived by estab-
lishing Jackson type inequalities involving the modulus of continuity of
the engaged function or its Banach space valued high order derivative of
fractional derivatives. Our operators are defined by using a density func-
tion generated by a parametrized hyperbolic tangent function, which is a
sigmoid function. The approximations are pointwise and of the uniform
norm. The related Banach space valued feed-forward neural networks are
with one hidden layer.
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1 Introduction

The first author in [1] and [2], see Chapters 2-5, was the first to establish neu-
ral network approximation to continuous functions with rates by very specifi-
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cally defined neural network operators of Cardaliagnet-Euvrard and ”Squash-
ing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
He treats there both the univariate and multivariate cases. The defining these
operators "bell-shaped” and "squashing” functions are assumed to be of com-
pact suport. Also in [2] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class of
smooth functions, see Chapters 4-5 there.

Again the first author inspired by [14], continued his studies on neural net-
works approximation by introducing and using the proper quasi-interpolation
operators of sigmoidal and hyperbolic tangent type which resulted into [3]-[7],
by treating both the univariate and multivariate cases. He did also the corre-
sponding fractional cases [8], [9], [13].

The authors here perform parametrized hyperbolic tangent function, ac-
tivated neural network approximations to continuous functions over compact
intervals of the real line or over the whole R with valued to an arbitrary Banach
space (X, ||||). Finally they treat completely the related X-valued fractional
approximation. All convergences here are with rates expressed via the modulus
of continuity of the involved function or its X-valued high order derivative, or
X-valued fractional derivatives and given by very tight Jackson type inequali-
ties.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by a parametrized hyperbolic
tangent function, which is a sigmoid function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as

N, (z) :cha(<aj~x>+bj), reR® seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - x) is the inner product of a; and z, and
o is the activation function of the network. About neural networks in general
read [15], [17], [19].

2 Preliminaries

We consider here the parametrized hyperbolic tangent function tanh Az, x € R,
A>0:
Az ef)\x 62)\:13 -1

e
tanh Az = P = e E (1)




For small 0 < A < 1, tanh Az is expected to perform better than ReL.u and Leaky
ReLu activation functions. It has the properties tanh Ax = 0, —1 < tanh Az < 1,
V z € R, and tanh A (—z) = — tanh A\z.

Furthermore tanh Ax — 1 as * — oo, and tanh Az — —1, as * — —o0, and
it is stritly increasing on R, in fact it holds %tanh Az = m > 0. This
function plays the great role of an activation function in the hidden layer of
neural networks.

The activation function here will be

1
0(x):= 1 (tanh A (x +1) —tanh A (z — 1)) > 0, Vo € R. (2)
We observe that

0(—x) = i (tanh A (—z + 1) — tanh A (—z — 1))

= i (—tanh A (z — 1) 4+ tanh A (z + 1))

:i(tanh)\(x—i—l)—tanh)\(x—l))ze(x), (3)

that is 0 (z) = 0 (—x), i.e. 0 is even function on R. Clearly 6 (z) is differentiable,
thus continuous.

Proposition 1 0 (x) is strictly decreasing for x > 0.

Proof. We have that

do () A 1 B 1
de 4 (coshz)\(:z:+1) cosh2)\(x—1)> )

A <Cosh2)\(x —1) — cosh® A (z + 1))
4\ cosh? X (x + 1) cosh? A (z — 1)
A (cosh)\(x— 1)+ cosh A (z 4+ 1)

B cosh? X (z + 1) cosh? X (z — 1)

4

Let x > 1,thenxz—1>0and z — 1 < x + 1, so that

0 < coshA(z—1) < coshA(z+1) and coshA(x —1) —cosh A (z+1) < 0,
hence 6 (z) < 0,and 6 (z) is strictly decreasing for 2 > 1.

Let now 0 < x < 1, then 1 — x > 0, and for x > 0 we have that

> (cosh A (z — 1) — cosh A (z +1)).

0 <coshA(x—1)=coshA(l—2z) <coshA(l+z)=coshA(z+1). (5)

Hence again cosh A (z — 1) — cosh A (z 4+ 1) < 0, and 6 () < 0. So that 6 () is
decreasing also over 0 < x < 1. Furthermore 6 is continous everywhere and in
particular at zero. The claim is proved. m



Clearly 6 (x) is strictly increasing for x < 0. Also it holds /\lim 0(x) =
——00
0= lim 0(x). In fact 6 (z) has the bell shape with horizontal asymptote the

A—+oo
x-axis. So the maximum of 6 is at zero,

0(0) = % (tanh A — tanh (=) = tar;“. (6)
Theorem 2 We have that
i@(xfi):l,VxGR. (7)
Proof. We notice that
i (tanh A\ (x —¢) —tanh A (z — 1 — 7)) =

e} —1
Z (tanh A (x — ¢) — tanh A (z — 1 —4))+ Z (tanh A (x — i) —tanh A (x — 1 — 7).
=0

i=—00

Furthermore (p € ZT)
Z (tanh A (x — i) —tanh A (x — 1 —3)) =
=0

P
phﬁrgo Z (tanh A (x — ¢) —tanh A (x — 1 — 7)) (telescoping sum)

=0
= lim (tanh A (x) — tanh A (z — (p+1))) = 1 + tanh Az.
p—00

Similarly,

—1 -1

Z (tanh A (z —7) —tanh A (z — 1 — 7)) = lim Z (tanh A (xz — i) —tanh A (z — 1 —4)) =
, p—00
1=—00 i=—p

lim (tanh A (z + p) — tanh A (z)) =1 — tanh A (z) .

p—>00
By adding the last two limits we derive

Z (tanh A (x — i) —tanh A (z —1—14)) =2, Vax eR. (8)
Consequently we get

Z (tanh A (x +1—14) —tanh A (z — 7)) =2, Vx € R.

i=—00



Therefore it holds
> (tanhA(z+1—i)—tanhA(z — 1 —i)) =4, V2 €R, (9)

i=—00

proving the claim. m
Thus

Y O6(nz—i)=1,YneN VzeR (10)

Furthermore we give:
o)
Because 6 is even it holds Y. 6(i—xz)=1,Vz eR.

i=—00
Hence > 0(i+z)=1,VezeR,and > 6O(xz+i)=1,VzeR.
Theorem 3 It holds -
/ 0 (z)dx =1. (11)
— 00

Proof. We observe that

/Zé(x)dxz i /joH(x)da:: i /019(Ji+j)dx:

j=—00 j=—o00

1 [ oo 1
/ Z 0(x+j)dz :/ ldz = 1.
0 0

Jj=—0o0

So that € is a density function on R. m
We need

Theorem 4 Let 0 < a <1, and n € N with n' = > 2. It holds

oo

Z 0 (nx—k) < 64/\672)‘71(1_&), A>0. (12)

k=—0
:nw — k| > ntme

Proof. Let x > 1. That is 0 < z — 1 < =z + 1. Applying the mean value
theorem we obtain

A A

0(x)=-.2. = ,
(@) cosh? X¢  2cosh? \¢

T4

for some x — 1 < ¢ <z + 1. We get

cosh A (z — 1) < cosh A < cosh A (z+ 1),



/

Thus

and

cosh? A (z — 1) < cosh® \¢ < cosh® A (z + 1) .

Therefore
< A - A
2cosh® Xé ~ 2cosh? A (z — 1)’
and \ N
0(z) < 5 5 (13)
2cosh” A (z —1) 2 (eMe=1) 4 eM(1-2))

B 2 — ()
B (e)\(w—l)+6)\(1—x))2 o '

From e**=1) 4 eA(1=2) 5 eA@=1) e obtain

(6)\(7;—1) +6A(1—x))2 > 2@ and
1 1

< .
(e)\(ac—l)_'_e)\(l—m))Q e2A(z—1)

So that

2\ 22
(*) < e2A(z—1) Y
_ 2)\62)\6_2)\3;

We have proved that

0 (x) < 2xe*re 2 > 1.

oo

Z 0 (nx — k) Z 0 (jnx — k|) <
k= —o0 k=—00
s nx — k| > ntme s nx — k| > ntme

oo

2xe?? Z e~ ekl < 932

k=—o0
:nx — k| > ntme

o0

oo e’}
672)\zdx — 62>\ 672)\zd (2)\$) _ 62>\
l—a_q nl—a_1 n

l—a_q

o2\ {€2Az|::_“1} _ o2 (niT-1)

_ 1—a _ (1—a)
_ 62)\6 2X\n 62)\ _ 64)\6 2Xn

)



proving the claim. m

Denote by || the integral part of the number and by [-] the ceiling of the
number.

We present

Theorem 5 Let z € [a,b] C R and n € N so that [na] < |nb|. Then

1 4 1
= . 14
0] < fanh2r  0(1) (14)
> 0(nx—k)
k=[na]
Proof. We observe that
o) [nb]
1= Z 0 (nx — k) > Z 0 (nx—k)=
k=—o00 k=[na]
[nb]
> 0(Inz — k[) > 0 (Inz — ko), (15)
k=[na]
Y ko € [[na], [nb]] NZ.
We can choose kg € [[na], [nb|] N Z such that [nz — ko| < 1.
Therefore it holds
tanh 2\
0 (Jnz — kol) > 6.(1) = ==, (16)
and ]
nb
h?2
3 9(|nx—kz|)>tan4 A o). (17)
k=[na]
We have proved that
1 4
0] < fanh o)’ (18)
> O(nz—k|)
k=[na]
establishing the claim. m
We make
Remark 6 We also notice that
[nb] [nal—1 00
1— > 0mb—k)= > 0mb—k)+ >  0(nb—k)
k=[na] k=—o00 k=|nb|+1
>0 (nb— |[nb] — 1) (19)



(call e :=nb— [nb], 0<e<1)

—0(e—1)=0(1—¢)>0(1) > 0.

Therefore
[nb]
lim | 1- > 0mb—k)| >0. (20)
k=[na]
Similarly,
[nb] [na]—1 )
1- Z 0 (na—k) = Z 0 (na — k) + Z 0 (na — k)
k=[na] k=—o00 k=|nb|+1

> 0 (na — [nal +1)
(call g := [na]l —na, 0<n<1)

=0(1-n)>6(1)>0. (21)
Therefore again
Lnb)
dim (1 > 6(na—k)| >0 (22)
k=[na]
Here we find that
[nbd]

nh_)rr;o k; ] 0 (nx—k)#1, for atleast some x € [a,b]. (23)

Let (X,]|-]|) be a Banach space.

Definition 7 Let f € C ([a,b],X) andn € N: [na] < |nb|. We introduce and
define the X -valued linear neural network operators

[nb]

k_z f (%) 0 (nx — k)
Ho (f,2) =

> 0(nx—k)

k=[na]

, x € [a,b]. (24)

For large enough n we always obtain [na] < |nb|. Also a < % <b,iff [nal <
k < |nb|. The same H,, is used for real valued functions. We study here the
pointwise and uniform convergence of H, (f,x) to f (x) with rates.



For convenience, also we call

Lnb]

()= 3 1 (Yo, (25)

k=[na]
(the same H can be defined for real valued functions) that is

Hy (f, )

Hy (f,) = . (26)
> 0(nx—k)
k=[na]
So that H (o)
n ) r
> O(nx—k)
k=[na]
[nb]
Hy (f,x) = f(x) ; ]9(%—1@)
k=[na
Lnb]
> 0(nx—k)
k=[na]
Consequently, we derive that
A Lnb]
— < * — — =
I (7.9) = £ @1 iy |30 = £ @) | 3 0=
1| k
tanh 21 k;] (f (n) - f(@) 0 (nz —k)||. (28)
We will estimate the right hand side of the last quantity.
For that we need, for f € C ([a,b], X) the first modulus of continuity
wi (f,6):= sup  |f(z) = f @I, 6>0. (29)
x,y € [a, 0]
[z —y[ <o

Similarly, it is defined wy for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued), and for f € Cy, (R, X) (uniformly continuous).

The fact f € C([a,b],X) or f € C, (R, X), is equivalent to (}i_r)l%wl (f,9) =0,
see [11].

We make



Definition 8 When f € Cyg (R, X), or f € Cp (R, X), we define

i () (nz — k), (30)

n €N, x € R, the X-valued quasi-interpolation neural network operator.
We give
Remark 9 We have that

k
£ (2)] = 191z < 4o

Hf (i)HHW k) < ]l 0 (0 — ) .
and
,EA:A f( )H ne —k <||f||ooR<k_ZAa ne— k )
and finally
3 ()02 1 .

a convergent series in R.

So, the series i Hf (%) H 0 (nx — k) is absolutely convergent in X, hence
=—00

it is convergent in X and H, (f,xz) € X. We denote by ||f|.. := sup |If (2)|.
z€la,b

for f e C([a,b],X), similarly it is defined for f € Cp (R, X).

3 Main Results

We present a set of X-valued neural network approximations to a function given
with rates.

Theorem 10 Let f € C([a,b],X), A > 0,0 < a <1, n e N: pl-a < 2,
x € [a,b]. Then
i)
VHo (f,2) — f (@) € —— [wl (f, 1) F2|f| L ePre 2T =
~ tanh 2\ ne e
(33)

and
i)
[Hr (f) = flloo < - (34)
We get that nl;rr;oHn (f) = f, pointwise and uniformly.

10



Proof. We see that

[nb) .
k%%qO(n>_f@00mw_m <
I
k;(;a] f<n) — f@)| 0 (ne—k) =
nb)
2 F(5) = r@)|ome—n+
e 49
[nb) .
kzz] lr(5)-r@owe-n<
{ r o> g
% w1<f7—z)0(nx—k)+
(it
Lnb)
AT TR
{kZ[mﬂ )
|k — nz| > nl—@

1 [eS)
w1 (f’na> Z 0 (na — k) +
k= —00
{ %—:z:|§n%

oo

2[[fll 3 6 (ne — &) 3
k= —o0
|l€ - ’I’LJ,‘| > nl—a

! —2an(t—)
w1 <f,na) + 21 fll ePe2

> (7(%) - r@)ome-n

k=[na]

That is

11

(by Theorem 4)



1 —oap(1—e)
o1 (o) #2flePe (37)

Using the last equality we derive (33). m
Next we give

Theorem 11 Let f € Cp (R, X),0<a <1, A>0,neN:nl"*>2 z€R.
Then

i)

[H (f,) =  (@)]| < (ﬂ nla) 2| fllo e =y (38)
and
ii) B
| Hn (f) = f]l . < (39)

For f € Cyup (R, X) we get lim H, (f) = f, pointwise and uniformly.
n—roo

Proof. We observe that

i f(f;)&(m:—k)—f(m) i 0 (nz — k)

k=—o0 R
2y <f (i) - (:c)) 0 (no— 1) <
kZOOHf@) r@||ome— k) =
i f(fL)—f(w) 0 (nz — k) +
{Tﬁ_—_aji 1
i f (:) — f ()| 0(nz—k) < (40)
{TZ:—_;]Z L
k% wl(‘f’x)‘)("fﬂkﬂ
{ gl <L
il S bme—k <
{kﬁ:—_fcc\i L



1 > .
“ <f> S (e —k)+2|f] ePe T
k= —o0
|5 —a| < o=
1 4 —2ani—®
wi ( f =2 )+ 2 fllc e™e , (41)

proving the claim. m

IN

We need the X-valued Taylor’s formula in an appropiate form:

Theorem 12 ([10], [12]) Let N € N, and f € CN ([a,b], X), where [a,b] C R
and X 1is a Banach space. Let any x,y € [a,b]. Then

N 1 T
>0 gty [0 (1 @ 5 ) a
=0 Yy

42)

The derivatives f(, i € N, are defined like the numerical ones, see [20], p
83. The integral fyx in (42) is of Bochner type, see [18].

By [12], [16] we have that: if f € C ([a,b],X), then f € L ([a,b],X) and
f€Li(ab],X).

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 13 Let f € CV ([a,b],X), n,N €N, A >0,0< a < 1, x € [a,b]
and n' =% > 2. Then

i)
= tanh 2\

N
wp [ O 1 1 i 2 ||f(N)||oo (b—a) oM p—22n17)
! "ne ) noN N\ N! ’

ii) assume further f9) (zo) =0, j = 1,...,N, for some zo € [a,b], it holds

N @) .
1. )~ F @) < i {5 20 j,(x)H [7;+<b—a>3e“e—”"“‘”]+
j=1 ’

(43)

4
_ < .
||Hn (f’ 370) f(‘rO)H —_ tanh2>\
1y 1 2 -a 0w
{w1 (f(N)’na> N + H HNI oA 22 , (44)

and

13



iii)

4 SN =) e

(N) _ A\ 4
o (f0, Ly L 2|7 b ) e (45)
1 " ne ) naN NI e?)«n(l_o‘)

Again we obtain lim H, (f) = f, pointwise and uniformly.
n—oo

Proof. Next we apply the X-valued Taylor’s formula with Bochner integral
remainder (42). We have (here £, 2 € [a, b))

BN N9 @) (k[ kNt
()-S5 G [ 0-re) St
- (46)
Then N o)
k fY9 (z k /
f()@(nx—k‘)jz_:o i 0 (nz — k) (—m) + (47)
x E_ Nt
Q(nx—k)/gg (f<N> (t) — fV (x)) (?N i)1)' dt.
Hence b . b
> f(n)é)(mc—k)—f(x) Y O(nz—k)= (48)
k=[na] k=[na]
NG (2) Lnd] , . j
2 k_%:a] (e = )(_x) "
Lnb) k k_ !
3 O(nz—k)/ (1™ @) = 1™ @) (T(LNi)l)' dt
k=[na] x :
Thus
Lnb)
Hé(ﬂx)—f(w)( > e(nw—m) =
k=[na]
N £G) (g _
S (=) + A o), (19)
where
[nb] k kN1
An(@):= Y O(nz—k) / (f<N> (t) — f™ (a:)) (’ng)D!dt- (50)

k=[na]

14



We assume that b —a > which is always the case for large enough n € N,

noc?

that is when n > [(b—a) i
Thus ’%—ﬂ < n% or ’%—x’ > n%

Let N1
L _
—t
b= / - ) (@) ((N—)l)!dt’ (51)
in the case of ‘% — a:| < 77” we find that
1 1
ol <en (79 ) (52)

for x < or xr > k
We prove it next
i) Indeed, for the case of z < %7 we have

/j’ (1™ @) = 1™ (@) (%Nil);dt
/f -] e

w 1Y (E-o)" o 1 1
N n N
wi (f ’no‘) N S wi (f ’n"‘) WoN NI

ii) for the case of 2 > £, we have

/ ' (£ &) = 1™ (@) %dt

19l =

19l =

v g1
(-1 @) U ’i) e

[ 00— o0 @) Lo k- R (54)

( _E)N_l )N—l

’ ™ oo oYU —w) w LY =8
A”1<fN’|t “) v s (1Y G / o "=

L (z-%" w 1 1
wl(f ’na) N S“”(f ’nOé)naNN!'

3




We have proved (52).
We treat again 1, see (51), but differently:
Notice also for z < % that

N-1

H/: (rV = 1% @) (%1\7?1)! dt

)N—l

N 1)

/ H FN () — F@ ¢

o] [ ( = 2Hf“V I S5

<2fs Hm%

Next assume % < z, then

H / ’ (£ 1) = 1™ () “}N‘ f)iv)!_ldt -

s <1Niz>iifdt

N—1
/ Hfuv) _ (g )1)'
TR = = ZHf V), &
< QHf“V Hoo e
Thus
ol <2 )| Lol
in the two cases.
Therefore
[nb] |nb]
A, (z) = Z 0 (nx — k) + Z
k= [na] k = [na]
{Hi—wlénla {ﬁ—x!>

16

dt <

N
— %)

N!



[nd]
1 1
M@l X o0 (o () g )+ 69
= [na]
gl <L
[nb| N
(b—a)
Z 0 (nz — k) 2Hf(N)HOO NS
k = [na]
w o>
1 1 oy, (1—a) (b — a)N
oy 1 4N —2Xn (V)
1 (f ’na> Nigan Te7¢ 2Hf Hoo NI
That is
wi (fM, L) 2fM ) 0-a)Y e
I8 @)l < 2 w) D2 e (g0)
V€ la,b].
We further see that
o) PN
H* ((-—x)j) = 3 O(nz—k) (—x) , (61)
k=[na] "
where H} is defined similarly for real valued functions.
Therefore
[nb] j
; k
’H; (- —x) ] < Y Gma—k)|~—a| =
(=)< & ;
Lnb] j [nb] J
k k (12)
Z H(nxk)‘x + Z H(nxk)‘x <
n n
k= [na] = [na]
Eou L E_u> b
. (62)
— + (b—a)’ gihe=2Ant ")
neJ
That is 1
15 ()| € ks (0= P, (03
for j=1,...,N.

17



Putting things together we have proved

[nb] N G)
g - f@ | 3 ome-n || < 2@
k=[na] j=1 J:
. I (N) b—a)y
% + (b _ a)] 64)\6—2>\n( ):|_'_ w1 (f(N)’ nla) na]}]N! 4 2 Hf ||j.\?|( a) e

that is establishing the theorem. m
All integrals from now on are of Bochner type [18].
We need

Definition 14 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([-] is the ceiling of the number), f : [a,b] — X. We assume that f(™ €
Li ([a,b], X). We call the Caputo-Bochner left fractional derivative of order a:

1

Tom—a) / C@— ™o f (dt, Vo elad].  (65)

(D% @) = £

If o € N, we set D2, f := f) the ordinary X -valued derivative (defined similar
to numerical one, see [20], p. 83), and also set D, f := f.

By [12], (D2,f) (z) exists almost everywhere in « € [a,b] and DS, f €
Ly ([a,b], X).

If }|f<m>||Lw([a)b])X) < oo, then by [12], D2, f € C ([a,b] , X) , hence | D2, f|| €
C (la,b]) .

‘We mention

Lemma 15 ([11]) Let « > 0, « ¢ N, m = [a], f € C"™ 1 ([a,b],X) and
f™ € Lo ([a,b], X). Then D2, f (a) = 0.

‘We mention

Definition 16 ([10]) Let [a,b] C R, X be a Banach space, a« > 0, m := [«a].
We assume that f) € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order ac:

(=)™

b
(D3 1) @)= Fm / (=)™ {0 () dz, Ve lal].  (66)

We observe that (D" f) (z) = (=1)™ f™) (z), for m € N, and (Dj_f) (z) =
f(z).

_ (1—a)
)\e 2A\n

By [10], (Dg- f) (z) exists almost everywhere on [a, b] and (Dy" f) € L1 ([a,b] , X).

If ||f(m)”Loo([a7b]’X) < o0, and o ¢ N, by [10], Dy f € C([a,b],X), hence
1D5- 11l € C ([a,B]) -
We need

18
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Lemma 17 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,b],X), m = [a],
a>0,a¢N. Then Dy f(b) =0.

We mention the left fractional Taylor formula

Theorem 18 (/12]) Let m € N and f € C™ ([a,b], X), where [a,b] C R and
X is a Banach space, and let « > 0:m = [a]. Then

m— 1

_ @) ( 1 mw_za—l o ) (2)dz
_; a)’ , >+F(a)/a< (DS (2)dz, (67)

Vz€la,b.

We also mention the right fractional Taylor formula

Theorem 19 ([10]) Let [a,b] C R, X be a Banach space, a > 0, m = [«],
feC™(a,b],X). Then

m—1 _ B b
F@) =3 S0 s [ G0 D) G (09)

il
V€ la,b.
Convention 20 We assume that
D, [ (x) =0, for x < o, (69)

and
Dz, _f (x) =0, for x > xo, (70)

for all x,x0 € [a,b].
‘We mention

Proposition 21 (/11]) Let f € C"([a,b],X), n = [v]|, v > 0. Then DY, f (x)
is continuous in x € [a, b].

Proposition 22 (/11]) Let f € C™ ([a,b], X), m = [a], a > 0. Then Dy f (x)
is continuous in x € [a, b].

We also mention
Proposition 23 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,b],X), m =

[a], >0 and

DS, f (@) = s [ (=077 @), (71)

for all x,x0 € [a,b] : x > xg.
Then D, f (x) is continuous in xg.
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Proposition 24 ([11]) Let f € C™ ' ([a,b],X), f™ € Lo ([a,b],X), m =
[a], a >0 and
D5, f o) =g / Ty (e, (72)

T'(m—a)
for all x,x¢ € [a,b] : o > x.

Then Dg._ f (x) is continuous in xo.

Corollary 25 ([11]) Let f € C™([a,b],X), m = [a], a > 0, z,z9 € [a,b].

Then D, f(x), Dg _f(x) are jointly continuous functions in (x,xq) from

[a, b]2 into X, X is a Banach space.
We need

Theorem 26 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Consider

G(JJ) = w1 (f ('7:5)’6) [x’b])v (73)

0>0,z¢€lab.
Then G is continuous on [a,b].

Theorem 27 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Then

S (CL‘) = w1 (f (7$) 0, [avxD ) (74)

x € [a,b], is continuous in x € [a,b], 6 > 0.
We make

Remark 28 ([11]) Let f € C" ' ([a,b]), f") € Ly ([a,0]), n = [v], v > 0,
v ¢ N. Then

A P

DI_/ < _ n—v .
ID%f @) € = e o)™, Voot ()
Thus we observe
w1 (DL, f,8) = sup |D{,f(z) — DL f(yll < (76)
z,y€[a,b]
|z—y|<é

- Hf(n)HLoc([a’b]!X) (x B a)n_,, 4 ”f(n) HLoo([a,b]’X) ( _ a)n—y
eyeiad] F(TL—V+ 1) F(n—V+1) Yy
|z—y|<o
21| £(n)
22N o

S Tm-v+p 07O
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Consequently

2 (n)
w1 (DY, f,6) < I/ HLoo([a,bLX)

S s G (77)

Similarly, let f € C™ ' ([a,b]), f™ € Lo ([a,b]), m = [a], a >0, a ¢ N,
then

2| £(m)
< Hf HL(X,([a,b],X) (b_a)m—a.

w1 (Dg:f’ 6) - Im—-a+1) (78)

So for f € C™ 1 ([a,b]), f'™ € Lo ([a,0)), m = [a], a >0, a ¢ N, we find

27 o)

} « __ym—«a
ooyt (Dlaofs ) aom < — (m—a+1) (b=a)™ ", (79)
" el
2 || fom
sup wi (Dg,£.8) 1 < Leell0l] X0 _ gym=e . (80)

zo€la,b] F(m—a—|— 1)

By [12] we get that Dg, f € C([zo,b],X), and by [10] we obtain that
Dgoff € C([a‘7x0] 7X) .

We present the following X-valued fractional approximation result by neural
networks.

Theorem 29 Let a,A >0, N = [a], a ¢ N, f € CN ([a,b],X), 0 < 3 < 1,
x € [a,b], n € N:n'=# > 2. Then

i)

4 1 { <W1 (Dﬁ_f, n%)[a’z] +wi (D*axﬁ n%)[z,b]) i

tanh 22 T (a4 1) nep
64)\ o o
ey (1D5 oy (& = @07 4 1D Pl oy = 2) )} Y

i) if fO)(z)=0, forj=1,..,N — 1, we have

[ ——
tanh 2A T (. + 1)

[1Hn (f,2) = f (z)

(s (D £ 30) g + 01 (D21 7K, )

nob

+
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e (D fl oy @ = O IDE e G 2)°) } (82

ii1)
4

| (f,2) = § @) €

N2 ) (o |
Hf‘z H { - (ba)]64A62Anﬂ—a>}+
1 .

Jj=

1 (wl (Dg—f7 n%)[a,x] + w1 (Dfxf’ n%)[x,b])
I'(a+1) nos *

e (1D f o 0= 0+ 1D o 0= 2)%) b} (83)

Yz € la,b],
and

i)

H, -
N-1
f(J) ) (-

| H {nﬁj 4 (b— a)] €4>\€ 2\ }_|_
Jj=1

sup wi (Df;—f, ,%ﬂ)[a 2] + sup wp (D*va nB) [x,b]

1 z€[a,b] ’ z€[a,b] "
I'(a+1) nos

—_oanp(l—a) a e}
etrem A (b—a)® ( sup [[DF_f| [aa] T SUP |D*wf||oo,[w7b]> }} '
z€[a,b] = z€[a,b]

(84)
Above, when N =1 the sum Z;\/:_ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of H, — I the unit operator, as n — oc.

Proof. Let = € [a,b]. We have that DY_f (z) = D%, f (x) = 0.
From Theorem 18, we get by the left Caputo fractional Taylor formula that

TORCEICE R

e (fj - J)a1 (D% () — D2, f (2) dJ.
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forallxﬁ%ﬁb.
Also from Theorem 19, using the right Caputo fractional Taylor formula we

get 4
TORSEICE R

1 / (J _ ’“)al (DS_f (J) = Dg_f (x)) dJ,

I« n

forallaggga:.
Hence we have

f (i) 0 (nz — k) = Nf f(j;!(:”)e (nz — k) (i - :c)j 4 (87)

J=0

"“Ifx(a‘)’“) / ; (fl - J)al (D2, f (J) = D2, (x)) dJ,

forall z < % <b,iff [nz] <k < |nb], and

! (S) 0 (nz — k) = ]:Z: f(j;'(“"”)a (nz — k) (i _ x)j + (88)

T a—1
WD [ (1-5) o) s @) as
for all a < & <z, iff [na] <k < |na]
Therefore it holds
[nb] 1 [nb] :
> r(E)ooar p-y o0y 9<nxk><’“x)]+
k=|nz|+1 j=0 J: k=|nz|+1 K
- (89)
1 ‘ v (k ast N
Wk_%+le(n%k)/m (5-7)  0mi)-Duf@)a
and
[nz] N-1 ; |nz] .
3 f( ) nz — k) = fm,,(x) S 0(nz—k) (k—x)J+ (90)
k=[na] j=0 J: k=[na] K
1 [nx] T k a—1 N .
wk%ﬂe(m—m/ﬁ <J—n> (D2 f(J)— D% f (x)) dJ



Adding the last two equalities obtain

[nb)
Hy (fw)= ) f( ) (nz — k) = (91)
k=[na]
NZLoe(j) Lnb] J
! ( Z 0 (nx —k (—m) +
j=0 k=[na] n

1 [nx] - ) B ) )
F(O‘){kzz Q(nxk)/Z <Jn) (Dz—f(J)*Dz_f(x))dJJr

[nb] % k a—1 }
Oz —k) [ (S—=J)  (D%F(J)— DS (@)d] .
3 o [T (5-)

So we have derived

Lnb) Loy ,
(£, ) (Zbem_ ) S f“ o5 (=) + 0 (0.

k=[na] Jj=1
(92)
where
[na] a—1
en (z) = { S 0(na—k / (J—k> (D2 f(J)— D2 f(a)dJ
k=[na] n "
[nb] k k a—1
by e [T (Eoa) wnro-purEart. @)
k=|nz|+1 z "
We set
[naz] a—1
(@) = gy > Blna—k / (J— :) (D2 f(J)— D% f () dJ,
k [na] n
(94)
and
1 [nb] % k a—1
=y 2 a0 [T (Eoa) wnr - par@)a
( k=[nz]+1 z "
(95)
ie.
en () = e1n (x) + eap (2). (96)
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We assume b — a > n%, 0 < B < 1, which is always the case for large enough

1
n € N, that is when n > [(b - a)_g-‘. It is always true that either ‘% - m‘ <L

or [£—a| > 1.
For k = [na]l, ..., |[nx], we consider

/ (J - i)al (DS_f(J) = Dg_f (x)) dJ

: /; <J - :)al IDe_f ()] dJ <
That is
e (99)

Qi < ||D:—f||oo,[a,$] a

= (97)

Qlk =

x k a—1
/ (J - ) D_f(J)dJ
% n

- k “ r —a @
[0 N Gt e - N A

for k = [nal, ..., |nz] .
Also we have in case of ’% — x‘ < n%j that

T a—1
Oy < L <J f;) |Dg_f (J) = Dg_f (z)||dJ <

n

T k a—1 N
A(J—n> w1y (Dm,f,|J—m|)[a7x]dJ§ (100)
k @ B\
T A
1/ o) /& n

1 (z — &) 1 1
AT ") a2 O

That is when |% — ac| < n%, then

w1 (Da— f7 iﬁ)
x nP /) a,x]
Qi < P . (101)
Consequently we obtain
1 Lnz]
lew @) < 55 22 0(ne = k) Q= (102)

k=[na]
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T (1a) Z 0 (nx — k) B +
k= [na|
Ha—al<

> e | o, e )

1 {wl (D:—f’n%)[a,x]
af +
n

3 0 (nx = k) | [[DI_f]l o (x =) p <

k= —o0
:nx — k| > n'FP

1 {wl (Dg—f’ #)[a,a:] + ||D$—f||oo,[a,z] (l‘ o a)a €4>\ }

I'(a+1) nof e2xn(t=)
So we have proved that
1 Wi (DS_f, 77 ) (0.

64)\ N .
7 108 (= @)

Next when k = [nxz| + 1, ..., |[nb] we consider

% k a—1
o= | [ (5-0)  wmi0)-DLiE@w| < (o)
% k a—1
[T (E-a) inmio) - D@l -
% k a—1
[ (E-a) ipmsoar <
E_ \® h— )
102 ooy o <108 oy E 10)
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Therefore when k = |nz| + 1,..., |[nb] we get that
That is b o
o -z
In case of |% — 1:| < niﬁ we have

k a—1
v [k
O < / ( B J) w1 (D [T = ) gy 4T <

n

k

- k a—1
/ E_g) ar< (108)
[zb] Jo  \T

1 E_ ) 1 1
wi | DS, —5 u Sw (DLf,— — 5
n [z,b] « mn [z,b] an

So when |% — :r| < niﬂ we derived that

k
- —x
n

w1 (szf ,

w1 (Dfva %)[m,b]

Qo < o . (109)
Similarly we have that
1 [nb]
lean (@)1l < £755 > 0z —k)Qyu | =
k=[nz|+1
1 [nb| [nb|
(o) Z 0 (nx — k) Qo + Z 0 (nx —k) Qo p <
{k:LnxJ—l—l {k:LnxJ—l—l
E_gl< X E_gl>4

(110)

[nb] (Da f L)

1 *2J 3 1B ) [2,b]
(o) Z 0 (nx — k) po—y: +
k=|nz]+1
%~ <%
[nb) le'
o b—x
S e k) | IDE Ay
k=|nz|+1
w >
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wi (D% f75) 1,
1 { 1 ( 5)[,b]+

I'(a+1) neB

oo

S 0 k) | ID% g ey (b - 2) p < (111)
U
|k o>
L[ Ol ey )
F(O[—Fl) nob +€2)\n(1 a) mb]( - .

So we have proved that

1 w1 (D& f 55) (o
lean @I < 757 { ey (112)
o4\ N
WHD o oo fzp) (b — ) }
Therefore
len (@) < llern (@)1 + llezn ()] <
1 wi (Dg_f, n%)[a,w] +wi (DL, n%)[x,b] n (113)
I'(a+1) noh
PPN . N
e (108 My 0= 0" + 1D oy =07 }.
From the proof of Theorem 13 we get that
. , RPN
’Hn ((._x)a)( )’ <W+(b )JW’ (114)
forj=1,...N—1,Vz€la,b].
Putting things together, we have established
Lnb) N1 eG) (2
m G-t S ome—w || <3 @D g5
k=[na] j=1 J:
1 ; et
|:nﬁj+(b_a)j WM] +

1 1 (D;X*f’ nlﬁ)[a x) 1 (D*awf’ nlﬁ)[x b]
, 5
I'a+1) nos
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B
62)\77,(1*0) (HDO‘ fH Ja, :c] ) + ||D f” 2,0 ( -T) )} =: Kn (l‘) .
(116)
As a result we derive
4
|Hy (fi) = f @) € s B (@), Yoclatl. (1)
We further have that
N-1 Hf J)H RPN
[Knllo < ;i [nﬁﬂ +(b—a) W} + (118)
=1

{ sup (wl (D;“_f,n%) ]) + buP] (w1 (Dfvanlﬁ)[m,b])}

z€[a,b] z€la,b

+

F(Oé + ]_) naﬂ

64)\ o o .
S (b= ) {(sup (I05-11,.,..,) + sue (10241 ))}—. B,.

z€la,b]

Hence it holds

1Hnf = flloo < (ogoy B (119)
We observe the following:
We have
020 = p s [ o= s vy elos o)
and
12N )l < gy ([ =0 ar) [5] =
b - i b
'(N—-a) (N-a) 'N—-—a+1) H H
g Il (12
That is N
195 g < porr s 7] (122)
and
0 10 Ml < plrag L o
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Similarly we have

1

(D2 f) (4) = / - N Yy dr, Wy e [,

['(N - a)

Thus we get

02 )1 < =y ([ =07 ar) 19 <

_ N-a N
F(Nl— a) (y(N—)a) Hf(N)Hoo = (bN—)a—&—l) Hf(N)H

[ee]

Hence N
(b—a)" ™"

D% f oo 2,01 —m

1.

and

1D Fl o <WH]€(N)H
wopay el oot = TN = 1)

From (79) and (80) we get

oo

L 2l N-a
Dy y 3 S )

and

sup wi <Da f > QHf(N)HOO
z€[a,b] I B [2,8] - F(N— o+ 1)

That is F,, < oc.
We finally notice that

(b—a)N ™.
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(125)

(126)

(127)

(128)

(129)



Therefore we get

) (z ,
Ao ()= 3 P9, (o) 0 - 10| <
N=1 e (4 : L)
muo- | X 2w (o) 0] - | T ome-n] s@).
Jj=1 ’ k=[na
- (131)
Vo€ la,b].

The proof of the theorem is now finished. m
Next we apply Theorem 29 for N = 1.

Theorem 30 Let 0 < o, <1, A > 0, f € C([a,b],X), z € [a,b], n € N:
n'=8 > 2. Then

i)
[Hn (f,2) = f (@)] <
4 1 (wl (Dg*f’ n%)[a,x] twr (Dgﬂif’ n%)[x,b]) +
tanh2A T (a + 1) nes
e4)\ o o
et (102 oy @ = 7 + Doy 0= 7)o (132
and
ii)
4 1
Hof — fll. < :
1 f = flloe < tanh 2\ T (« + 1)
(o 0270 i 02080,
’ ’ +
neB
(b—a)”e™ [ o ] o
T | S 1D5- s oy + S W05 f ooy ) (- (139)

When a = % we derive

Corollary 31 Let 0 < 3 <1, A > 0, f € C'([a,b],X), € [a,b], n € N :
n*=P > 2. Then
i)
[Hy (f,2) = f(2)] <
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< <w1 (Df_f, n%)[aw] Tw (D*%If’ "Lﬁ) [ﬂcvb]>
/7 tanh 2\ n

+

[

oA N N
vy ([P V0 [ohe]

and

ii)

VED) . s

HERY

8
H,f - <
Haf =l € =iz
1 1
sup wy (D2 f, + sup wi (DZf,
<x€[a,b] 1< nﬁ)[aﬂ”] xz€[a,b] 1< nﬁ)[w,b]
5 +
ne
(b—a)e*? H 1 1
~———"— | sup D{fH + sup HDfo‘ <oo. (135
e2An(1=®) z€[a,b] 00,[a,x]  gela,b] o0 [@,0] ( )
We make

Remark 32 Some convergence analysis follows based on Corollary 31.
Lt 0< B <1, A>0, feC (a,b],X), z€[a,b,neN:n""F>2 We
elaborate on (135). Assume that

1 1 Rl
a(pis k) <m 10
")t~
and
w (D5 2 ) < o (137)
1 *xJsy 3 = Ty
n )y~

YV z € la,b], VneN, where Ry, Ry > 0.
Then it holds

1 1
[ sup wi (Dj_f,n%) + sup wy (Dfmfm%)[ b]]
z,

xz€[a,b] [a,2]  zela,b] .
B >
n2
(R1+R2) (R
T 1+ Rz) R
2 - 38 NN (138)
nz nz nz

where R := R1 + Ry > 0.

The other summand of the right hand side of (135), for large enough n,
converges to zero at the speed emf(if,a), so it is about 62;1716&)’ where A > 0 is
a constant.
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Then, for large enough n € N, by (135), (138) and the above comment, we
obtain that

B
[Hnf = fllo < =35> (139)

nz
where B > 0, converging to zero at the high speed of —s.
2

In Theorem 10, for f € C ([a,b],X) and for largg enough n € N, the speed
is 2. So by (139), |Hnf — f|l» converges much faster to zero. The last comes
because we assumed differentiability of f. Notice that in Corollary 31 no initial

condition is assumed.
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