SOME TENSORIAL AND HADAMARD PRODUCTS INTEGRAL
INEQUALITIES FOR CONTINUOUS FIELDS OF OPERATORS
IN HILBERT SPACES VIA A CARTWRIGHT-FIELD RESULT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a Hilbert space and 2 a locally compact Hausdorff space
endowed with a Radon measure p with [, 1du (t) = 1. In this paper we show
among others that, if (A7) cq and (Br),cq are continuous fields of positive
operators in B (H) such that Sp(A-), Sp(B-) C [m,M] C (0,00) for each
7 € Q, then for all v € [0,1] we have the tensorial inequality

ﬁy(l—l/){% UQAidu(T)@lJrl@/QBEdu(T)]

—/QATdu(T)®/QB7—du(T)}
g(1fV)/QA.rdu(T)®1+1/1®/QBTd,u(T)

- [ A e [ B

< %V(l—v){% [/QAEdu(T)@l-i—l@/QBEd/L(T)}

7-/QA-rd,u(T)®/S;BTd,u(T)}.

We also have the following inequalities for the Hadamard product

ﬁyu_y) [/Q Ag;Bgdu(T)u_/QATd#(T)o/QBpo(T)]

—-v v 7)ol — 1-v T) 0 v T
S/Q[(l YAr +vB]du(r) ol /QAT dp (1) /QBTd,u,()

S%V(l—u) [/Q @du(ﬂol—/QA.,du(T)o/QBTdu(T)}

for all v € [0,1].

1. INTRODUCTION

We have the following inequality that provides a refinement and a reverse for the
celebrated Young’s inequality

b_ )2
(b-a) <(A-v)a+vb—a " <

(1.1) %l/ (1-v) max {a,b] =

for any a,b > 0 and v € [0, 1].
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This result was obtained in 1978 by Cartwright and Field [4] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.

Since max {a, b} min {a, b} = ab for a,b > 0, then by (1.1) we get

1 . (b_a)2 1—-vyv
§V(1—1/)m1n{a,b}7bS(l—u)a—l—ub—a b
a

1 (b—a)®
< = _
_2y(1 v)max {a, b} pra
namely
1 3 a b 1—viv
(1.2) 0§§V(1—I/)m1n{a,b} E—FE—Z <(Q-v)a+vb—a "D
1 a b
< = _ 242
72u(1 V)max{a7b}<b+a 2)7

for any a,b > 0 and v € [0,1].

Let Iy,...,Ix be intervals from R and let f : I; X ... X Iy — R be an essentially
bounded real function defined on the product of the intervals. Let A = (41, ..., A,)
be a k-tuple of bounded selfadjoint operators on Hilbert spaces Hy, ..., Hx such that
the spectrum of A; is contained in I; for ¢ = 1, ..., k. We say that such a k-tuple is
in the domain of f. If

A = / NdE: (\)
I,

i

is the spectral resolution of A; for i = 1,..., k; by following [2], we define
n I

as a bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

If the Hilbert spaces are of finite dimension, then the above integrals become
finite sums, and we may consider the functional calculus for arbitrary real functions.
This construction [2] extends the definition of Kordnyi [5] for functions of two
variables and have the property that

f(Ar, . A) = f1(A1) @ .. @ fir.(Ak),

whenever f can be separated as a product f(¢1,...,tx) = f1(t1)...fx(tx) of k func-
tions each depending on only one variable.
It is know that, if f is super-multiplicative (sub-multiplicative) on [0, 00), namely

f(st) > (<) f(s)f(t) for all s,¢ € [0,00)
and if f is continuous on [0,0), then [7, p. 173]
(1.4) F(A®B) > (L) f(A)® f(B) forall A, B> 0.
This follows by observing that, if

A= tdE (t) and B = sdF (s)
[0,00) [0,00)

are the spectral resolutions of A and B, then

(1.5) f(A@B):/[O )/[O 0B @ dF o
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for the continuous function f on [0, 00).
Recall the geometric operator mean for the positive operators A, B > 0

A#,B = Al/z(A—1/2314—1/2)1‘,141/27
where t € [0, 1] and
A#B = AV2(A~V2BA-V2)1/2 412,
By the definitions of # and ® we have
A#B = B#A and (A#B) @ (B#A)=(A®B)#(B® A).
In 2007, S. Wada [9] obtained the following Callebaut type inequalities for ten-

sorial product

(1.6)  (A#B) @ (A#B) < 5 [(A#aB) © (A#1-aB) + (A#1-aB) @ (A#aB)]

— N

< —
-2
for A, B> 0and o € [0,1].

Recall that the Hadamard product of A and B in B(H) is defined to be the
operator Ao B € B(H) satisfying

((AoB)ej,ej) = (Aej, e5) (Bej, e5)
for all j € N, where {e; }j cn 1s an orthonormal basis for the separable Hilbert space

H.
It is known that, see [6], we have the representation

(A B+ B® A)

(1.7) AoB=U"(A® B)U
where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.

If f is super-multiplicative (sub-multiplicative) on [0, 00), then also [7, p. 173]
(1.8) f(AoB) > (L) f(A)o f(B) forall A, B> 0.

We recall the following elementary inequalities for the Hadamard product
AY? 0 BY? < (A;B> olfor A, B>0

and Fiedler inequality
(1.9) Ao A~ >1for A>0.
As extension of Kadison’s Schwarz inequality on the Hadamard product, Ando [1]
showed that
AoB< (A201)?(B201)"? for 4, B>0

and Aujla and Vasudeva [3] gave an alternative upper bound
AoB < (A%0B%)"? for A, B >0,

It has been shown in [8] that (A% o 1)1/2 (B%o 1)1/2 and (A% o B?) "2 are incom-
parable for 2-square positive definite matrices A and B.

Let Q be a locally compact Hausdorff space endowed with a Radon measure pu.
A field (Ay),cq, of operators in B (H) is called a continuous field of operators if the
parametrization ¢ — A; is norm continuous on B (H). If, in addition, the norm
function ¢ — || A;|| is Lebesgue integrable on 2, we can form the Bochner integral
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Joy Aedpu (t), which is the unique operator in B (H) such that ¢ ([, Aidp(t)) =
Jo © (A¢) dp (t) for every bounded linear functional ¢ on B (H) . Assume also that,
Jo 1dp (t) = 1.

Motivated by the above results, in this paper we show among others that, if
(A7) .cq and (B;), c(, are continuous fields of positive operators in B (H) such that
Sp(A;), Sp(B;) C [m, M] C (0,00) for each 7 € Q, then for all v € [0,1] we have
the tensorial inequality

Azy<1—u){;[/ﬂz43du(f>®1+l® QB?dW)]

- /Q Ardp(7) /Q BTdW)}

< 71/)/ Ardp (1) ®1+I/1®/ B du (1)
Q Q
- [ arranes | Bran)
Q Q
1 1
<—v(l-v) { [/ Aidu(T)@l—&-l@/ Bzdu(T)]
m 2 0 0
—/ Ardp (1) ®/ B.du (T)} .
Q Q
We also have the following inequalities for the Hadamard product

2 2
11/1—u)[/A ;BTdu ol—/Adu /BTd/J,(T):|
Q

/(2[(1_V)A + B, du(r) ol—/Al Y (r /Bvdu

(1) [/QAQ;BEd (r )01_/§2Ardu(7)o/§237du<7)}

for all v € [0,1].

A =

IN

2. MAIN RESULTS

The following result is of interest in itself:

Lemma 1. Assume that the operators A, B satisfy the conditions 0 < m < A,
B < M, then

2 2
2.1) OgﬂZV(lu)(WA@)B)

<(l-v)A®l+vi®B-A""®B"

1 (A2®1+1®32
—v(l-v) | ——M————
m 2

IN

~Awb)
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and

A®B'+A'®B
(2.2) 0<mu(1—V)( © i 2 —1)

2
<(1-v)AR1+vi®B—-A""® B
A®B1+A1®Bl)
2

§MV(1V)<

for allv €10,1].

In particular, we have

1 [A2®1+1® B?

) < —A

(2.3) 0_4M( 5 ®B>
1 1 /A2®1+1® B2
<-(A®1+1@B)-AY?@BY?2 < — ERL LAY
2 am \ 2

and
1 A B 1+ A-1eB

. < -m _

) 0l (A0 EANOB )

1 1 A®B '+ A1'®B
§(A®1+1®B) A1/2®Bl/2§4M( ® + ® _1>.

2

Proof. Now if t, s € [m,M] C (0,00), then we have from (1.1) and (1.2) the
following two inequalities

1

(2.5) 0< mu(l —v) (P =2s+5*) < (1—v)t+vs—t'"s"
1 2 2
S%V(lfl/)(t —2ts + s°)
and
1 t S 1-v v
(2.6) Ogimu(l—l/) 7+¥—2 <(I-v)t+vs—1t""s
s
1 t s
< -Mv(l-v) (2422
< Mvl V)<s+t >
for v € [0,1].
If

A:/MtdE(t) andB:/Mde(s)

m m

are the spectral resolutions of A and B, then by taking the double integral fn]y me
over dE (t) ® dF (s), we get

(2.7) 0< L u(1y)/M/M (t* — 2ts + s*) dE (t) ® dF (s)

g/M/”M [(1—v)t+vs—t'""s"| dE (t) ® dF (s)

< Lu(lfy) M/M (t? — 2ts + s?) dE (t) ® dF (s)
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and

(2.8) OS% 1—V/ / < +—2)dE(t)®dF(s)

< " /M [(1—v)t+vs—t'""s"] dE (t) ® dF (s)

m m

g% (1_y/ / <+—2>dE(t)®dF(s).

Observe that
M M

(> = 2ts + s*) dE (t) ® dF (s)

s

m

M
/tsz ) ®dF (s // s2dE (t) ® dF (s)

M M
tsdE (t) ® dF (s)

I
3\

-2

—

® 3

=A2®1+1®B?-24® B,

M
/m /m (1—v)t+vs—t'""s"] dE (t) ® dF (s)
(1V)/M/MtdE(t)®dF(s)+uLMLMsdE(t)®dF(s)
/ / 117V AE (1) © dF (s)

1-v)A®1+vi®B—- A" @B

/M/M (z+8—2>dE(t)®dF(s)

M

and

s 417 — 2) dE (t) @ dF (s)

m m

/m/mM “ME(t) ®dF (s //tlsdE ) ® dF (s)
—z/mM/de(t)@dF(s)

—A®B'+A'®B-2
Then by (2.7) and (2.8) we deduce the desired results (2.1) and (2.2).

Corollary 1. With the assumptions of Theorem 1, we have
1 A? 4+ B?
(2.9) 0<—v(1-v) (*

<[1-v)A4vB]ol—A'"""0oB"

2 2
glz/(l—y) (A;Bol—AoB>

01A0B>

m
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and

-1 1
(2.10) ogmu(l—y)<A°B 4 OB—1)

2
<[(1-v)A+vBlol—A'""0oB"
AoBl+AloBl>
2

§M1/(11/)<

for allv € ]0,1].
In particular, we have

1 (A% 4+ B?
. <—(=————01-A40B
(2.11) 0_4M( 5 © o)
2 2
gl(AolJrloB)fAl/QoBl/Qgi AHB L AoB
2 4m 2
and
1 (AoB'4+A47'0B
(2.12) 0§4m< ° ; ° 1)

Proof. For X, Y we have the representation
XoY=U"(X®Y)U,

where U : H — H ® H is the isometry defined by Ue; = ¢; ® ¢; for all j € N.
By (2.1) we derive

—

0< v (l=vu* (A’®1+1®B*-240 B)U

<U [1-v)A®l+vi®B-A""®B"|U
1
<S—v(l-v)U* (A®1+19 B> -24® B)U,

= 2m
namely
0< o (=) U (A2 @)U +U" (18 B —2U° (A® B)U]
<(I-v)UA)U+vU* (1o B)U-U" (A" @B )U
< %yu—y) U (A ) U+U" (1o B*)U—2U" (Ao B)U],

which is equivalent to (2.9). O

Remark 1. If we take B = A in Corollary 1, then we get for an operator 0 < m <
A< M, that

(2.13) ogﬁyu—u)(A?u—AoA)

gAol—Al_”oA"gly(l—y)(Azol—AoA)
m
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and
(2.14) 0<mrv(l-v)(AoA "' —1)
<Aol—A""oA"<Mvr(l-v)(AocA™" —1)

for allv €10,1].
In particular, we have

1 1
(215) 0< o7 (A%01— Ao 4) §A017A1/20A1/2§R(AzolonA)
and

(2.16) OS%m(AoA_l—l) SAol—Al/QoAl/QSEM(AOA_l—l).

S

In what follows we assume that [, 1du (t) = 1.
Theorem 1. Let (A;)..q and (B:), cqbe continuous fields of positive operators in

B (H) such that Sp (A;), Sp(B;) C [m, M] C (0,00) for each T € Q. Then for all
v € [0,1] we have

(2.17) Aliyu—y){; UﬂAidu(r)mH@/ﬂBEdu(ﬂ]

- /Q Ardp(r) @ /Q BTdW)}

S(171/)/QATCZILL(T)®1+1/1®/QBTdHJ(T)

/ Ao [ Brau(r)

1
<7V1_V {2{ A%zu )®1+1®/B2du )]

- /Q Apdp(7) /Q B.dy (7)}

(2.18) 0<mv(l—v)

(fQA A (1) @ [o By tdp (1) + [ A7 Ndp (1) @ [, Brdp (7) 1)
2

and

X

(1-— )/ATdu(T)®1+1/1®/QBTdu(T)
/Q A vdu (r / Bdu (r)
< Mv(1—v)

(fAd,u 7)® [o By tdp (1) + [o A7 dp (1) ® [, Brdp (T )_1>
5 :

X
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Proof. From (2.1) we have

1 A2@1+1® B2
(2.19) 0< My(l —v) (27 — A, ®Bw>
<1-v)A, ®1+v1®B, - A" ® B!
1 A’®1+1@ B?
Sy(l_y)(w_AT@,BW)
m

for all 7, v € Q. If we take the integral [, over du (7), then we get

A2®1+1® B?
1/(1—1/)/( - ’Y—A7—®B,y>dﬂ(7')
Q

2.2 <
(2200 o< 5

IN
s~ g~

(1-v)A, ®1+v1® B, — A" @ BY] du (1)

2 2
< l/(l—U)/(A®1+1®B—AT®BV>d/L(T).
Q

2

3|~

Using the properties of the Bochner’s integral and the tensorial product we have

A2 21+ 1® B2
/ (T27AT®B7 du (1)
Q

1
:UA3®1+1®B§}—/ATdu(T)®Bm
2 0 Q
and
/Q[(171/)/17®1+I/1®B,YfA71f”®B,’ﬂd,u(T)
:(1—V)/SlATdu(T)®1+V1®BV—/(ZAl*”dp(T)®ny’

for all v € Q.
From (2.20) we get

) < —

(2.21) 0<

X (1[ A3®1+1®Bﬂ —/ATdu(T)®BW>
2 O Q

(1—1/)/A7du(7)®1+ul®37—/A}f”d,u(T)@B,’y’
Q Q

IN

IN

v(l—v)

X (1 {/A§®1+1®B§} —/ATdu(r)®Bv>
2 0 Q

for all v € Q.
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If we take the integral [, over du (7), then we get

(1-v)

(222)  0< —v
(;[//P@ldu()—&—l@BQ] /Adu )®B)du()
[
Al

X

1—V Adu()®1+1/1®B,Y

“d(r) @ B du ()

IN

IA
\S‘H{Q\b\[o\i‘»—‘

v(l—v)

( {/A2®1du()+1®32] /Adu )®B)du()

X

Since

/( U AZdp(r )®1+1®33] /ATdu(T)Q@B,Y) dy ()

1
2
1
2{ AZdp (1 ®1+1®/32du } /Adu /Bvd,u('y)
Q

/Q {(1—1/)/QATdu(T)®1+V1®BW
_ /Q A du () © B:} dp ()

:(1_y)/QATdM(T)®1+u1®/Qdeu(7)

—AAl‘”du(T)®/§ZB$du(v),

hence by (2.22) we deduce (2.17).
The inequality (2.18) follows in a similar way from (2.2).

Remark 2. If we take v = 1/2 in Theorem 1, then we get

(2.23) 4M{ U A2dp( )®1+1®/B2du( )}
_/QATdu(T)@/QBTdﬂ(T)}

L [/A dp (v )®1+1®/37du(r)}

/Al/gdu /Bl/Qdu

§4m{ {/A“'du )®1+1®/32du( )}

_/QATdu(T)@a/QBTdM(T)}

I /\
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and
(2.24) 0< im
X(k&@h@ﬁzlw )+ Jo A7 dp (1) @ Jo Brdp (7 >1>
2
<;[QA¢M()®1+1®/E%M(4

1
4
y ( VArdp (1) @ [ BoYdp (1) + [ A7 tdp (1) @ [o, Brdp (7) B 1)
5 .

We have the following result for Hadamard product:

Corollary 2. With the assumptions of Theorem 1 we have

(2.25) %V(lfu) [/Q %du( )o 17/A7du(7)o/ Bpo,(T):|
g/Q[u —v) A, +vB;|du(r)o 1l —/A1 Ydu (1 /B”du
§%1/(1—1/) [/§1A2;Bz 1—/A du (T ABTdM(T)}

and

(2.26) 0<mv(l-— 1/)

< o Ardp (T B ldp (1) + [ A7 tdp (1) o [ Brdp () 1)
2
/ [(1-v)A; +vB; ]d,u(T)ol—/QAi_”du(T)o/QBZd,u(T)
<Mv(l-v)
<fQA rdp (1) 0 Jo B 'du (1) + o AT dp (1) © [o Brdp (7) 1>
5 .

Forv =1/2 we get

1 A2+B2
(2.27) i [/Q 5 1—/A du (1 /BTd/L(T):|
g/ At By, 1—/141/2@ /B”Qdu
Q 2
1 A2 + B2
§[/+7du()ol—/Adu /Bd,u }
1) 2
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and
1
(2.28) 0< Zm
X

<fQ Ardp(7) 0 Jo BYldp (T) + Jo A7 dp(T) 0 Jo Brdp(r) 1)

2
§/ Mdu(T)ol—/A}r/gdu(T)o/B,}/Qdu(T)
Q 2 Q Q
1
< =
=M
y ( oArdp(r fQ (T +fQ Fldu(r fQB dp (7) 1)
5 .

Remark 3. Let (A;), .o be a continuous field of positive operators in B (H) such
that Sp (A7) C [m, M] C (0,00) for each T € Q. Then for all v € [0, 1] we have, by
taking B, = A, T € Q in Corollary 2 that

(2.29) %V(l—l/) [/QAfdu(T)ol—/A dp (T /A dp (7 ]
< [Aduror— [ atauye [ Avduir)

%y(l —) UQ A2dp(r) o1 —/QATdu (T)O/QAT‘“‘ (7)]
and

(2.30) 0 < mv(l—v) (/Q Avdpi (7)o /Q Ay (r) — 1)
< [Aduror— [ atauye [ Avduir)
< Mv(1-v) (/Q Andp (7) o/QA;ldu (7) - 1> .

For v =1/2 we obtain
1
(2.31) — {/ AZdp () o1 — / Ardp(t)o [ Ardu (7)]
AM | Jo Q Q
g/ATdu (7)01_/ Al/%zumo/ A 2dyp (1)
Q Q Q

< ﬁ [/Q AZdy (T)ol—/QATdu (T)O/QATdu(T)]

IN
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3. SOME RELATED RESULTS
We also have:
Lemma 2. Assume that the finite intervals I, J C (0,00) satisfy the condition

I/J ={z/y, ve€l, yeJ} C [v,T] C (0,00). If A, B are selfadjoint operators
with Sp (A) C I and Sp (B) C J, then

1
(3.1) 0< oV (1—-v)e(,T)
1 A2@ B2 +1
<—v(1-v) M_AQ@B—I
max {I', 1} 2
<l-v4vA®B '—A*@ B
2 -2
S;V(lf ) M,A@)Bﬂ
min {~, 1} 2
1
< v (-9 CEHD),
where
T-1)7° ifr <1,
c(y,T):=¢ 0ify<1<T,
2
O if 1<y
and
02 pr <,
C(v,T):= %maxi(’y—l)27(l—‘—1)2} ify<1<T,
T-1" if1<n.
We also have
1
(3.2) 0<r-vetD1@B
1 A?@B'+1®B
< —v(l- —-A®1
_max{F,l}y( V)< 2 © >

<(1-v)(1®B)+vA®l-A"@B'"™"

1 A’ B '+1®B
<—v(l-v) © +19 —A®1
min {7, 1} 2

IN

1
- nCEDeB).
Proof. If we write the inequality (1.1) for a = 1 and b = x we get

(x —1)*

—1)?
(2 ) <l-v4ve—2a"< —_
min {z,1}

(3.3) %y (1=9) iy < V(1 —v)

N |

for any x > 0 and for any v € [0,1].
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If z € [7,T] C (0,00), then max {z,1} < max{I',1} and min {~,1} < min {z,1}
and by (3.3) we get

. 2 2
1 mingepy,ry (2 — 1) 1 (x—-1)
4 <v(l- : < v(l-v) )
(34) 0_21/( V) max {T', 1} _21/( V) max {T', 1}
1 —1)?
§171/+1/:c—1:”§71/(1—u)(,x7)
2 min {~, 1}

max, e[,y (¥ — 1)°
min {v, 1}

IN

%1/(1 —v)

for any z € [y,T] and for any v € [0,1].
Observe that
T-1*ifr <1,
min (z—1)>={ 0ify<1<T,

bl (v=1)2if 1<~
and
(v—1)7 ifD <1,
Irl[a>§](x—1)2: max{('y—l)Q,(I’—l)2} ify<1<T,
z€[Y,
T—1)72if1<n.
Then
. 2
mingepy ) (2 — 1)
= r
max {T", 1} c(y.T)
and
2
maxge[y,r (z — 1)
=C(~,T).
min {7, 1} (7.T)
Using the inequality (3.4) we have
1 1 (x —1)?
. < -v(l- NH<-v(l-
(35) 0< g (1=v)e(nT) < g (- fe
1 —1)°
<l-v4ver—z"<-v(l-v) (z—1)
2 min {~, 1}

< v -ne)

for any z € [y,T] and for any v € [0,1].
Let ¢, s > 0 such that % € [v,T], then by (3.5) we get for z = g that

1

1
. < -v(l- N<———v(1- ?s7 241 —2ts!
(3.6) 0_21/( v)c(y, )_2maX{F,1}V( 1/)( s+ s )
<l—v4uvts t—tVs™V
1 1
<—— v —-v)(BPs 2+l -2ts) < v (1 - .
< gt (-0 (s =27 < fr (1= C (D)

) A= /ItdE (t) and B = /Jde (s)
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are the spectral resolutions of A and B, then by taking the double integral [, [,
over dE (t) ® dF (s), we get

OS%1/(1—y)c(%F)//dE(t)Q@dF(s)

= 2maX1{F 1} // (P57 4 1= 267 dE () @ dF ()
< // [1—v+uvts™' —t"s7] dE (t) ® dF (s)
g2mml{7 7Y // (t2s™2 +1—2ts7 ') dE (t) @ dF (s)

IN

71/(1—V)C’(%F)/I/JdE(t)@dF(s),

which is equivalent to (3.1).
Now, if we multiply by s in the inequality (3.6), then we get

1 1
<-v(l- MNs<o————v(l—v) (P +s—2t
0_21/( v)c(y, )S_Qmax{r,l}y( v) (st +s )
<(1-v)s+vt—t's'™
1

<——v(1-v)(Ps +s—2

_Qmin{fy,l}y( V) (57 4 s )

<L a-nenns

2

for t € I, s € J, which, by a similar argument as above, gives the desired tensorial
inequality (3.2). O

Remark 4. We observe that if 0 < v < A<T; and 0 < v < B <T'y then
we can take v = 1"1—; and I' = % in the above inequalities (3.1) and (3.2). If

Yo =71 =m and Iy =Ty = M then we can take v = §; < 1 ansz%zl in
(8.1) and (3.2).

Corollary 3. With the assumptions of Lemma 2, we have the following inequalities
for the Hadamard product

1
(3.7) 0< 2r(l-v)e(rT)
2 —2
< #V(l_y) M—A0371
max {T', 1} 2
<l-v+vAoB '—AYoB™"

1 A?o0B72+1
< -y (T 4o
min {7, 1} 2

71/(1_”)0(7711)7

IN
—_
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and
1
(3.8) 0< §V(1 —v)e(v,T) (1o B)
1 A’oB 1 +10B
< - _ _
S maxy’ U ”)< 2 A°1>

IN

[(1-v)B+vAlol— AY o B

2, p-1
< 1 (1 —v) Ao B +10B7A01
min {~,1} 2

%V(lfz/)C('y,I‘)(loB)

IN

for allv € ]0,1].

Remark 5. We observe that, if 0 <m < A, B < M, then by Corollary 3 we get

A20B72 41
(3.9) 0< %u(l —) (02+ - AoB—1>
<l—-v+4+vAoB ' —A"o BV
M A20B2+41
§1/(1u)< ° + —A Bl>
m 2
<l aopyM(M_, :
72]/ v m \m ’
and
A20B"'+10B
(3.10) ogﬂyazj)( ° 2+ ° A01>

<[1—=v)B+wvAlol— A" o B

In particular, for v =1/2, we derive

m [(A2oB72+1 1

. < | - -
(3.11) 0< ( 5 AoB >
g% 1+AoB™) — A2 oB™1/2

sl=

2 -2 2
WLy ) M (MY
2 8m \m
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and
m [(A20B14+10B
. < — —
(3.12) 0_4M( 5 Aol)
§A+BO]_7AVOB17V
A20B7 141 1 2
M A FleB ) IM (M N gy
4m 2 m \m

Moreover, if 0 <m < A < M, then by taking B = A in (3.9)-(5.12), we get

2 —2
v(1—v) </MA2H_AoAl>

<l—v4+vAocAt—A"0 A"

(3.13) 0<

2 —2 2
S%V(l_y) (AOAH_AOA—1> Sly(l_y)M<M_1) 7
m 2 2 m \m
and
(3.14) 0< —p(l-v)(A20B '~ Aol) < Aol— A0 A1

2M
M _
<%V(1_V)(A20B1_Aol)

;u(l—y)]\nf(]\nf—l)Q(loA).

IA

In particular, for v =1/2, we derive

m [(A2o0A72+1 1 1+AocA™! 1
. < = - < _ /2 —-1/2
(3.15) 0_4M( 5 Ao A >_ 5 A% 0 A
2 —2 2
<M<A oA +1—A A—1)<M(M_1> ,
4m 2 8m \m
and
(3.16) OSS%(AQOA_l—Aol)SAol—Al/QoA_1/2
2
gM(AQOAl—Aol)glM(M—l) (1o A).
8m 8m \'m

Let 0 <y <A<T7and 0 < vy < B<Ty thenwecantake’yz%and
I'= % and consider

¢(71,72. 1, Ta) i=¢ Oif £ <1< s
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and
2
I (71 -1 if& <1
Y1 2 N y
2 2

L2 max (—1_1) (&_ ) }
0(71772,F1,F2) = 71 { Ts 5,

if L <1<ty

2 9 Y2
L v
(ﬁ ) if 1< £t

We also have
Theorem 2. Let (A;) .. and (B:), cqbe continuous fields of positive operators in

B (H) such that Sp (A;) C [v4,T1], Sp(B;) C [v;,T1] C (0,00) for each T € .
Then for all v € [0,1] we have

1
(317) OS §V(1—Z/)C(’}/1,’)/2,F1,F2)

1
<——F——v(l-v)
Iy
maX{T 1}
A2d 2d

ghww/A@) /*WW)

/mw /Bmu

1
= mln{l% 1}
x (fn Aldp ®f20 dp () + 1/QATdu(T)®/QBTIdM(T)>
gly(l—l/)C(vh’yg,Fl,Fz)

2

and

1
(3.18) 0< ¥ (1-v)c(vy,79,'1,T2) (1 ® /Q B.du (T))

1
<——v(l-v)
Iy
max{w,l}
A2d B-ld 1 B.d
(IQ (D)@ Jo Br ;( ) 419 Jo ulr /Adu ®1>

g(1—1/)1®/QBTdu(T)+l//ﬂArdﬂ(7')®1

- [ Aanye [ B
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< ;V (1-v)
mln{;— 1}
(LD PO LS PAD) _ [  y01)

IN

1

3 (1=t (18 [ Ban).
Q

Proof. From (3.1) we have

1
(319) 0< 51/(1—1/)6(’}/1,’)/2,1_‘1,1_‘2)
1 A2®B7?+1
<——v(l—-v) 777AT®B;1
max{%,l} 2

<l-v+vA, @B ' —A"® B
1 A2®B7?+1
<— (1) | ——— 4, 0B
Inin{ll 1} 2 !
Ty’

1
< 5”(1 —v)C (71,72, T1,T2),

for all 7, v € Q.

Now, by employing a similar argument to the one in the proof of Theorem 1, we
deduce the desired result (3.17). O

Corollary 4. With the assumptions of Theorem 2, we have the Hadamard product
inequalities

1
(320) 0= 5w (1=v)e(n,7,T1,T2)
1

D —
< o
max{,y—z,l}
A2d B:%d +1
y (fsz (T fn p (T /A dpu (7 /B L (7 )
1—1/+1//A7dp(7)0/3;1du(7')
Q Q

_AAZdﬂ(T)OAB;de(T)

v(l—v)

IN

1
S .
mln{;—z,l}
A2dp B72%d +1
X (fQ a fQ a4 —/ATdu(T)o/BT_ld,u(T)>
Q Q
1
< 7”(1 - V)C(717’Y2vrlar2)
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and

(321) 0< %u(l —v)e(v1,72, 01, T2) (1 O/QBrdM (T))

< ;l/(l—y)

B max{& 1}
¥

2 -1
(ngdu o Jo B7'du(r) + 10 o Brdp(r /Adﬂ ol)

2
< [(-0)B+vaydum o1 [ adutr)e [ B vautr)

IA
E\Q -

1}u(1—y)

min {

(fQAf ) Jo B ldu (v +1°fﬂBTd“(T)/QATdu(T>01)

2

X

IN

(1= 1) C (4,79, T1, Ts) (1 0 /Q B.dy (T)> .

Remark 6. Let (A7) cq and (B;)_ cqbe continuous fields of positive operators in
B (H) such that Sp (A;), Sp(B:) C [m, M] C (0,00) for each T € Q. Then for all
v € [0,1] we have

(322) 0= v(1-v)
<f9 A2dp (T fQ Sl (T /A du (1 / ld,u (T)>
< 1—u+u/QATdu(T)O/QBI1du(T)

- [ Azauye | Brrane)

%V(I—V)

o <fQA2d“ fQ - rdu (T 1/QATdu (T)O/QBTIdﬂ(T)>

<;y(1—y)]‘nf<M—1>2

IN

m
and
(3.23) 0< %V(l—y)
y (fQ A%dy (7)o [, B; 1d; )+ 1o [y Brdu(r /Afdu )
Q

g/ﬂ((l—z/)BTJruAT)d,u(T)olf/A”d,u /QBl Ydp (1
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%V(l —v)

(At P2 1B ()

IN

X

2

b () (16 [ ).

For B, = A, T € Q we derive
(3.24) 0< %y (1-v)

(fQAzd,u fQ Fodp (T /QA dp (1 /A 1dﬂ(7)>
g1—y+y/ATdu(r)o/ Fldp(T)

/ Azdu(r)o [ A7au(r)

< El/(l—ll)

x(fQAidu B AR e | A ()

IN

ngla 0< 5v(1-v)
X(fQAQdM(T)of A 1d5( +10 [, Ardp(r) /Adu() >
< [Aduryor= [ aduyo [ Aduc)
s%v(l—v)
X(fg? )o Jo A 1d5 T) 410 fo Ardp(r /Adu 01)
giu(lu)if(ff1)2(10/9/17@(7)).
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