REVERSES OF SOME INEQUALITIES FOR THE NORMALIZED
DETERMINANTS OF SEQUENCES OF POSITIVE OPERATORS
IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and a
fixed unit vector « € H, define the normalized determinant by Ag;(A) :=
exp (In Az, z). In this paper we prove among others that, if 0 <m < A; < M
and p; >0, j € {1,...,n} with Z?zl pj =1, then

Ay (Z?:1 Pj Aj)
11 12z (4;)1%
j=1
" o pi{Ajz,x
z:i*lp]—“ exp(ZpJAzprJ< . > 1)
[T1ax (457 7=1

j=1
271/2
o 22 [ a7l - (Seam (4572)) ] ).
271/2
v A (S5 el — (o (o))’ )

< exp (]\4—m)2>

1<

IN

AmM
for z € H, ||z|| = 1.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [5], [6], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector z € H,
namely ||z| = 1, defined by A, (A) := exp (In Az, ) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
[5].
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For each unit vector x € H, see also [7], we have:

(i) continuity: the map A — A, (A) is norm continuous;
(ii) bounds: <A‘1x,m>_1 < AL(A) < (Az, z);
(ifi) continuous mean: (APz,x)"? | Ay(A) for p | 0 and (APz,2)'/" 1 A,(A)
for p 7T 0;
) power equality: A, (AY) = A (A)! for all t > 0;
) homogeneity: A, (tA) =tA,(A) and A, (tT) = ¢ for all ¢ > 0;
(vi) monotonicity: 0 < A < B implies Az(A) < A, (B);
1) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
) Ky Fan type inequality: A,((1 —a) A+ aB) > AL(A)'7*A,(B)* for 0 <
a <1

We define the logarithmic mean of two positive numbers a, b by

lnlg:?na if b 7é a,
L(a,b) :=
aif b=a.

In [5] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M1, where m, M are positive
numbers,

MInm —mlIn M

(1.1) 0< (Az,z) — AL(A) < L(m,M) {lnL(m,M)—&— W —m -1

for all x € H, ||z|| = 1.
We recall that Specht’s ratio is defined by [11]

h
(1.2) S (h) = etn(

It is well known that lim,—; S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, 00).
In [6], the authors obtained the following multiplicative reverse inequality as well

(1.3) 1< Xli’j; <S (%)

for0<mlI <A< MIandxe€H, |z| =1.
The following result that provides an operator version for the Jensen inequality
holds [10] (see also [4, p. 5]):

Theorem 1. Assume that f is a convex function on the interval I, A a selfadjoint
operator on the Hilbert space H and assume that Sp (A) C I, the interior of I, then

(MP) f(Az,z)) < (f (A) z,z)
for each x € H with ||z| = 1.

As a special case of Theorem 1 we have the following Holder-McCarthy inequal-
ity:
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Theorem 2 (Holder-McCarthy, 1967, [1]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then

(i) (A"z,z) > (Ax,z)" for allT > 1 and x € H with ||z|| = 1;

(ii) (A"z,z) < (Az,x)" for all0 <r <1 and x € H with ||z| = 1;

(iii) If A is invertible, then (A"z,x) > (Ax,z)" for all™ < 0 and x € H with
]| = 1.

The following theorem is a multiple operator version of Theorem 1 (see for in-
stance [4, p. 5]):
Theorem 3. Assume that f is a convex function on the interval I. Let Aj; be
selfadjoint operators with Sp (A;) C I, je{l,...,n} andx; € H, j € {1,...,n} with
iy lzsll* =1, then

n

(1.4) FAD (Ajag,ag) | <D (f (A aj,2)).

=1 =1

The following particular case is of interest. Apparently it has not been stated
before either in the monograph [4] or in the research papers cited therein.

Corollary 1. Let A; be selfadjoint operators with Sp (A;) C I,je{l,..n}. If
p; >0, j € {1,...,n} with 377 pj =1, then

(1.5) FD i (Ama) | <D i (f (A z,a),
j=1 j=1

for any x € H with ||z| = 1.

Proof. Follows from Theorem 3 by choosing z; = \/p;-x, j € {1,...,n} wherex € H
with ||z|| = 1. O

Motivated by the above results, in this paper we prove among others that, if
0<m<A; <M andp;>0,j€{l,..,n} with 37, p; = 1, then

Ay (Z?:l ijj)

1< —;
[Ag (A45)]”
j=1
n . A n n
< Zi::lpj (Ajz,x) < exp ij (A;z,z) ij <A;1m,x> -1
TT i (4 = =
j=1
M n 1112 n 1 212
€xp (57” |:Zj_1 bj HA; x“ - (Zj:lpj <A; x,:c>) :| ) )
<

971/2
exp <mx; S gl - (S (o) | )

<o (W)
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forx € H, ||z|| = 1.

2. MAIN RESULTS

We start with the following result:

Theorem 4. Assume that A; >0 and z; € H, j € {1, ...,n} with Z?Zl H:c]HZ =

then
A T,z n n
(2.1) 1§M§exp Z (Ajzj, ) Z A xj,asj -1
I1a. ) = =
j=1
and
HAZL’J‘ (A]) n n
=1
(22) 1<-— — — <exp Z<ijj7mj>z<A g, ) —

Proof. Assume that f is a convex function on the interval I. In [2] we obtained the
following :

If A; are selfadjoint operators with Sp(A;) C I,j e {1,..,n} and x; € H,
j€{1,...n} with Y7, [lz;[* =1, then

0< Y (f (A ajag) = f (Y (Ajajay)

1 J=1

n n

Aj) xj,25) -

< Z<f’ (4;) Ajzj, x;) _Z (Ajz;j, z;)
j=1

n
j:1

If we write this inequality for the convex function f (¢t) = —1Int, t > 0, then we get

(23) 0 S In Z(Ajzj,mj> 7Z<1HAjl’j,IL‘j>

for A; >0 and z; € H, j € {1,....,n} with 37, [lz;]* =1
Now, if we take the exponential in (2.3), then we get

A , n n
1< nZJ 1< G L5 l‘]> < exp Z<Aj$j7mj>Z<Aj_1xj’xj>_1

Hexp (InAjz;, ;) J=t j=t
j=1

for Aj >0and z; € H, j € {1,...,n} with Z -1 ||$g|| =1 and the inequality (2.1)
is proved.
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Now if we write (2.1) for Aj_l, je{l,..,n}, we get

-1 A‘ilxaﬁxj - -1 -
(24) 1< Ejn— < J > < exp (Z <A] Z’j,.’ﬂj>Z<Ajl’j,$j> — 1) .

H Ay, (A7) =1 =1
=1
Since
n n -1
H A (A =11 (H A, (Aj)) :
j=1 j=1
hence from (2.4) we derive (2.2). O

Corollary 2. Assume that A; > 0 and p; > 0, j € {1,...,n} with Z;Lzlpj =1,
then

(2.5) 1< Z,g:l p; (A7) < exp (ipj (Ajz, x) ipj <A;1x,x> - 1)

A (4,))" = =
J=1
and
[T1a. (4 . )
(26) 1< =t 7 < exp Z (Ajzj, ) Z A zj, @) — 1],
(Z;'Lzl pj <Aj_1xam>) Jj=1 Jj=1

forallx € H, ||z|| = 1.

Remark 1. The case of two operators A, B > 0 is as follows:
< ((1—t)A+tB)x,x)

7
B0 S s b, @)
<exp[((1—-t)A+tB)z,z) (1 —t) A" +tB ) z,z) — 1]
and
(2.8) 1< [A, (A)]' ' [A, (B))

(1—=t)A~t+tB~ Vg ) !
<exp[(1—t)A+tB)z,z)((1—-t) A~ +tB ") z,z) — 1],

for allt €10,1] and z € H, ||z|| = 1.
For B = A we get

(2.9) 1< Xt”( z; < exp [(Az,z) (A~ 2, 2) — 1]
and

Az (A) —1
2.10 ——— <exp [{Az,x) (A" "z, 2) — 1
( ) S (A ma) TS p[( >< > ]

for allt €10,1] and z € H, ||z|| = 1.
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Theorem 5. Assume that 0 < m < A; < M for j € {1,..,n} and the given
constants m < M and z; € H, j € {1,...,n} with Z;-L:l ijH2 =1, then

A " =
(2.11) 1§ M (Z A xj,:rj Z<Aj—1g;j,:z‘j>1>
HA% (4;) = 7=t
j=1
97 1/2
exp(%m[ o 45 (S (45 12) )
<

< exp <m>

H ij (AJ)

J 1 n n
(212) 1< -——— c<exp | Y (Ajxga) > (A7 g a) 1
(Z =1 IJ7:CJ>) J=t i=t

(4;
exp < X1 |‘Aj_193j||2 - (ZJ 1 (45 $]’x]>)1 1/2> ’

exp (%ﬂl [2?4 1450 - (Z] L (4 xgaxﬁ)j 1/?) ;

2
< exp (W) .

Proof. If A; are selfadjoint operators with Sp (4;) C [m,M] C f, jeA{l,..,n},
then, see [2], the following more convenient reverse of Jensen’s inequality holds:

(213) (0 S)Z(f (Aj) xj, @) (Z (Ajzj,z; )

j=1

and

IN

<Z i) Ajzj, ) Z Ajxj, @) Z<f/(Aj)mjaxj>
j=1 j=1

571/2
L m) [z;-‘_l||f/<Aj>xj||2—(z] @)

IN

IN
> =

7 (M —m) (f (M) = " (m)),
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If we write this inequality for the convex function f (t) = —Int, ¢t > 0, then we get

(2.14) 0<In Z (Ajzj,z;) | — Z (InAjx;, ;)

j=1 j=1

< Z <Aj$j,1‘j> Z <Aj_1£Uj,l‘j> -1
j=1 j=1
) 971/2
-1 -1

FO0 =) [ 470 = (S (47 m) |

<
911/2
—m n 2 n

$r S sl - (S W) |
< (M —m)” :
- 4mM

If we take the exponential in (2.14), we derive (2.11). O

Corollary 3. Assume that 0 < m < A; < M and p; > 0, j € {1,...,n} with
> i—1pj =1, then

mopilAjz,x n n
Zg_lpj< i) < exp ij<Ajzz Z A xx -1
j j=1 J=1

[T 1as (457

(2.15) 1<

o ( w45 e = (S (47 0.0)) 1/2) ’

IN

exp <2mM [Zy_lpj |A;z||* — (Z}’:lpj (Ajw,x>)2] 1/2)

and

(2.16) 1< =1 < exp Z (Ajx;, ;) Z A xj,:r] -1

M n 1.2 n 1 21/
eXp< . |:Zj_1pj HA; x” — (ijlpj <A; x,x>) } ) ,

IN

511/2
exp (M [Zyzlpj lAjall” = (S ps (s ) } )

<o (W)
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for all xz € H, ||z|| = 1.
Remark 2. The case of two operators 0 <m < A, B < M is as follows:

(2.17) 1< (1—t)A+tB)z,x)
T A (AT AL (B)
<exp[((1—t) A+tB)a,z) ((1—t) AL + B~ ) z,2) — 1]

exp <M2m [(1 —t) ||A*1x”2 +t ||B*1x||2 _ <((1 A+ thl) x,m)ﬂ 1/2) |

<

o (m (=8 [ Ae]® + ¢ | Bl = (1 =) A+ B) 2,2)° 1/2)
<o (W)
and
218 1< BAITAB)

. T (A=) A Bz,
<o [((1-HA+B)w.) (1~ A +tB7)z.a) ~1]

exp <M2m |:(1 — t) ||A711‘H2 +t ||B*1x||2 _ <((1 _ t) A71 + thl) $,ZE>2:| 1/2) 7

<

exp (458 [(1 = 0 el 4180l = (1= 0 A+ 182 0)7] )
< exp (U\in:](;) )

for allt €10,1] and z € H, ||z|| = 1.
For B = A we derive

(2.19) 1<
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and
A, (4)
(A, 2) ™"

exp (M;’” [HA’lacH2 - <A*1x,m>2} 1/2> ,

(2.20) 1< < exp [(Az,z) (A" 'z, 2) — 1]

exp (455 140l - (a2.2)7] )

2
< exp (W)

for allt € 10,1] and z € H, ||z| = 1.

Theorem 6. Assume that A; > 0 and p; > 0, j € {1,...,n} with Z;-L:lpj =1,
then we have the following reverse of Ky Fan’s inequality

(2.21) P Ay (Zj:l PjAj) - Z? 1 pj (Ajz, x)

| AR

J:1

<exp<zn:pJAxxzn: A a:a: 1)
Jj=1 j=

forz e H, ||z| = 1.

Proof. Observe that, by Jensen’s inequality for the concave function

Z Dj <ijv )
j=1

(S0 o) o (S0 )
o (E00) ) - ($00)

forx € H, ||z|| = 1.
By (2.5) we then get

Ay (Z;'Z:1 ijj) < 2?21 pj (Ajz, )
A )P H (A

< exp (ij (Ajz, x) ij <Aj_1$7$> - 1)
=1 =

Jj=1

forx € H, ||z|| = 1.
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If we use Ky Fan’s type inequality (viii) and a standard induction argument we
also have

[]1a
j=1

1<

forx € H, ||z|| = 1.
These prove the desired result (2.21). O

Corollary 4. Assume that 0 < m < A; < M and p; > 0, j € {1,...,n} with
> i—1pj =1, then

Ay (Z?:l ijj)

(222) 1<
I A ()
Ajz,x i n
< Z,f 125 ¢ ) < exp (ij (Ajz,x) ij <A;1x7x> - 1)
T (. () = =
. ) 911/2
o (452 [ a7l - (S (a7'20) ] ),
<

exp <2mM [Z;;lpj 1A% — (Z}Llpj <ij,:¢>)2] 1/2)

< exp <W>

forxz e H, ||z| = 1.

Remark 3. The case of two operators 0 <m < A, B< M is as follows:
A, ((1—t)A+tB)

(2.23) 1< -
[As (A [A: (B)]
< (((1—t)A+tB)ac x)
[As (A A (B))
<exp[(1—t)A+tB)z,z) (1 —t) A~ +tB ") z,z) — 1]

exp (

exp (MmM (=0 llAw]® 4 Bal — (1= ) A+ tB)w.2)’] 1/2)

< exp <m>

forxz e H, ||z| = 1.

(o antalf el (-0 47 13 )] )
<
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From (2.23) we have

A, (A AL (B <A, (1—t) A+tB) < (1 —t) A+ tB) z,z)
<exp (W) A (A (A (B

for all t € [0,1].
If we take the integral, then we get

/1 Ay (A [AL (B dt < /1 A, (1 —t)A+1tB)dt
0 0
s/o (1 —t)A+tB)z,z)dt
< exp (W) | s a, @y

Since

and

/01<((1t)A+tB)a:,x>dt <A;Bz,x>

hence we have the following integral inequalities of interest for 0 < m < A, B < M,

(2.24) L(A, (A),A, (B)) < /01 A, (1—t)A+tB)dt

where z € H, |z|| = 1.

3. RELATED RESULTS

Let A; be selfadjoint operators with Sp (4;) C [m, M] for j € {1,...,n} and for
some scalars m < M. If f and g are continuous on [m, M] and v := mingc[p, a1 f (t),
[ := max;epm, ) f (1), 6 := mingepy, 2 9 (t) and A := maxycpy,, ) g () then we have
the following Gruss’ type inequalities [3]

n

(3.1) Z (f(45) g (Aj) x5, 25) Z J) T, Z i) 5, T5)
j=1

j=1 j=1
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HOERIE)
[Z}; Tz — f(A))zj, [ (A)) x5 — vzj)
_ ) X (A —g(Aj) @y g (A))w — 5%‘)} :

IN

r
‘Z] 1 )xjvm] +’YHZJ 1 )il,'j,{L']> A;_(S
1

SEG—VMA—ﬁ

for each z; € H,j € {1,...,n} with 37, HxJHQ =1
Moreover if v and § are positive, then we also have

n

(3.2) Z (f(Aj) g (4)) zj,25) Z i) Tj, ;) Z (9 (4j) z5,25)
j=1

Jj=1 j=1
a0 (F (Ag) agm) Ty (g (Ay) a5,

A (-
X [2?21 (fF(Ag) mjms) D0 (9 (Aj) g, 25)

for each z; € H,j € {1,...,n} with 37, la;]1* = 1.

Now, if we take f (¢t) = ¢! and g (t) = ¢, t > 0 and assume that A; are selfadjoint
operators with Sp (4,) C [m, M] C (0,00) for j € {1, ...,n}, then by (3.1) and (3.2)
we get

(3.3) 0< Z A xj,mj>z (Ajzj,xj) —1
j=1 j=1

Nl

(M —m)®
<
- 4dmM
[ (= A7), (A7 = M) )
L xS (M = Ay ey (4~ mD )|
‘Z A xj,xj> % ZJ 1 (AT, @) — mgM
_ M —m)?
- 4mM
and
(3.4) OSZ A Tj,x; Z (Ajxj, xj)
j=1 j=1
e S (A g, my) Y (A, o)
<

VM—ym)® [n - n 3
(TW) {21:1 (Ajtag, ) S5 (Ajzg, )
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. . 2
for each z; € H,j € {1,...,n} with 327, [Jz;]" = 1.
If pj >0, 7€ {l,..,n} with 37, p; = 1, then

(3.5) 0< ij <Aj_1x, x> ij (Ajz,z) —1
j=1 j=1

(M —m)?
< s~ 7
- 4AmM

[Z}Ll pi ((m™ 1= A7 ") @, (A7 — M~ )

L] XS ((MI = A (4 —mD)a)|

Nl

[ (A7 ) — 2

(M —m)?
< -~ 7
= 4mM

Y i1 pj (A, o) — M

(3.6) 0< ij <A;1x, ) ij (Ajz,z) —1
j=1

j=1
—m 2 n — n
(Az/me) Zj:l bj <Aj 1z7x> Zj:l pj (Ajz, x),

VM —/im)® [ - n H
% [ijl p; (A5 ', w) Y7 ps <Ajl’v$>]

IN

forx € H, ||z|| = 1.
Since

n

Z (Ajzj,x;) <M andz <A;1wj,xj> <m!

j=1 j=1

then by second inequality in (3.4) we obtain
3 " (VAT - yim)”
0<Y (A ey, a5) Y (Ajwj,z) — 1< AN
j=1

j=1

m

for each z; € H,j € {1,...,n} with 3°7_, l;|1* = 1.
By the second branch in inequality (3.6) we also get

(Va7 - vim).

m

0< ij <A;1x,x> ij (Ajz,z)—1<

Jj=1 J=1

for p; >0, j € {1,..,n} with 3°7_, pj = 1 and z € H, |[z]| = 1.
We can state then the following result
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Theorem 7. Assume that 0 < m < A; < M for j € {1,..,n} and the given
constants m < M and z; € H, j € {1,...,n} with Z;-L:l ijH2 =1, then

Ajzj, " n
(3.7) 1§M§exp (Z (Ajxj,xj) Z A acj,xj 1)
[T ) =1 3=1
=1

(va1 - vm)

m

< exp

and

Ifpj > 0,5 € {L,...,n} with 377 p; = 1 and x € H, |lz]| = 1, then for
0<m<A; <M forjed{l,..n},

(39) 1< Zfz”’f W) ep (ipj <ij»w>§n:pj (Aj e x) — 1)

Jj=1 Jj=1

and
H [Aw (Aj)]pj "
(3.10) 1< =1 — <exp (Zp] (Ajx, z) ij <A;1x,x> — 1)
(Z?:l D <Aj_1$, z>> j=1 =1

(- )’

m

< exp
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Remark 4. The case of two operators 0 < m < A, B < M is as follows:
< (1 —t)A+tB)z,x)

(3.11) < - 7
[Az (A)] [As (B)]
<exp[((1—-t)A+tB)z,z) (1 —t) A" +tB ) 2, 2) — 1]
(Vo7 - vim)
S—
and
(3.12) | < [A, (4] " [A. (B))'

(1 =t) A=Y 4 tB= )z, z)
Sexp[( 1-1) A—i—tB)x,x) (1-t)A ' +¢tB ") z,z) — 1]

< exp

for allt €10,1] and z € H, ||z|| = 1.
For B = A we derive

2

T,T VM - vm
(3.13) 1< m < exp [(Az,z) (A7 'z, z) — 1] <exp (m>
and

A, (A
3.14 1< —227  _ <expl[(Az,z) (A7 e, z) — 1
( ) < ((A*l):c,xfl < exp [< >< > ]
2
(- )
< exp -

forz e H, ||| = 1.

Finally, we also observe that the following reverse of Ky Fan’s inequality holds
A, (Z}; ijj)

(3.15) 1< —
[T1a: (4

provided that p; > 0, j € {1,..,n} with 3°7_p; = 1, z € H, |z[ = 1 and
0<m<A; <Mforjed{l, .. n}.
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We also have the integral inequalities of interest for 0 < m < A, B < M,

16)  L(Ag(A),A, (B)) < /01 A, ((1—t)A+tB)dt

S<A42-B$’x> |
(-],

m

< exp Az (A), Ar (B)),

where z € H, ||z|]| = 1.

REFERENCES

[1] C.A. McCarthy, cp, Israel J. Math., 5(1967), 249-271.
[2] S. S. Dragomir, Some Reverses of the Jensen inequality for functions of selfadjoint operators

in Hilbert spaces, Journal of Inequalities and Applications, Volume 2010, Article ID 496821,
15 pages doi:10.1155/2010/496821.

[3] S. S. Dragomir, Some new Griiss’ type inequalities for functions of selfadjoint operators in

Hilbert spaces, Sarajevo J. Math., 6 (18) (2010), no. 1, 89-107; Preprint RGMIA Res. Rep.
Coll., 11 (e) (2008), Art. 12.

[4] T. Furuta, J. Mi¢i¢ Hot, J. Pecari¢ and Y. Seo, Mond-Petari¢c Method in Operator Inequal-

ities. Inequalities for Bounded Selfadjoint Operators on a Hilbert Space, Element, Zagreb,
2005.

[5] J. I. Fujii and Y. Seo, Determinant for positive operators, Sci. Math., 1 (1998), 153-156.

] J. L. Fujii, S. Izumino and Y. Seo, Determinant for positive operators and Specht’s Theorem,
Sci. Math., 1 (1998), 307-310. ¢

7] S. Hiramatsu and Y. Seo, Determinant for positive operators and Oppenheim’s inequality, J.
Y.

Math. Inequal., Volume 15 (2021), Number 4, 1637-1645.

] J. Mi¢i¢, Y. Seo, S.-E. Takahasi and M. Tominaga, Inequalities of Furuta and Mond-Pecari¢,
Math. Ineq. Appl., 2(1999), 83-111.

] D.S. Mitrinovi¢, J.E. Pe¢ari¢ and A.M. Fink, Classical and New Inequalities in Analysis,
Kluwer Academic Publishers, Dordrecht, 1993.

[10] B. Mond and J. Pec¢ari¢, Convex inequalities in Hilbert space, Houston J. Math., 19(1993),

[11

405-420.
] W. Specht, Zer Theorie der elementaren Mittel, Math. Z. 74 (1960), pp. 91-98.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,

MELBOURNE CITY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au
URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE IN THE MATHEMATICAL, AND STATISTICAL SCIENCES,

ScHOOL OF COMPUTER SCIENCE, & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND,, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA





