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Abstract

Here we research the univariate quantitative approximation, ordinary
and fractional, of Banach space valued continuous functions on a compact
interval or all the real line by quasi-interpolation Banach space valued
neural network operators. These approximations are derived by estab-
lishing Jackson type inequalities involving the modulus of continuity of
the engaged function or its Banach space valued high order derivative of
fractional derivatives. Our operators are defined by using a density func-
tion generated by a g-deformed hyperbolic tangent function, which is a
sigmoid function. The approximations are pointwise and of the uniform
norm. The related Banach space valued feed-forward neural networks are
with one hidden layer.
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1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliagnet-FEuvrard and "Squashing" types,
by employing the modulus of continuity of the engaged function or its high order
derivative, and producing very tight Jackson type inequalities. He treats there
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both the univariate and multivariate cases. The defining these operators "bell-
shaped" and "squashing" functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

Again the author inspired by [16], continued his studies on neural networks
approximation by introducing and using the proper quasi-interpolation oper-
ators of sigmoidal and hyperbolic tangent type which resulted into [3]-[7], by
treating both the univariate and multivariate cases. He did also the correspond-
ing fractional cases [8], [9], [13].

The author here performs g-deformed hyperbolic tangent function activated
neural network approximations to continuous functions over compact intervals
of the real line or over the whole R with valued to an arbitrary Banach space
(X, ]|-]l)- Finally he treats completely the related X-valued fractional approx-
imation. All convergences here are with rates expressed via the modulus of
continuity of the involved function or its X-valued high order derivative, or X-
valued fractional derivatives and given by very tight Jackson type inequalities.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by a ¢-deformed hyperbolic
tangent function, which is a sigmoid function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed
as

Nn(x):chU(<aj~ac>+bj), rzeR’ seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - ) is the inner product of a; and z, and
o is the activation function of the network. About neural networks in general
read [18], [20], [22].

2 About ¢g-deformed tanh,x

We found tanh, z in [17].

We will study tanh, z and prove that it is a sigmoid function and we will
give several of its properties related to the approximation by neural network
operators. So the deformed tanh, = is defined as follows:

e’ —qe”
=T (1)



z € R, where ¢q € (0,4+00) — {1}.
We have that

‘We notice that

That is

he(—z) = —h1 (z), Yz €R, (4)
q
and hi () = —hg (—2), hence
Wy (z) = bl (~z). (5)
It is 9 1 g
et —q — o=
h e = € ].7
«(@) g 1+ % ot
ie.
hq (400) = 1. (6)
Furthermore )
et —q q
hg (z) = -  —==-1
Q( ) €2w+CI(ZI?*>*OO) q
i.e.
hy (—00) = —1 (7)
We find that 9
4 xT
Wy (@) = — 1 >0, (8)
(621 +q)

therefore h, is striclty increasing.
Next we obtain (z € R)

hy (x) = 8qe*” (q_62$> € C(R). (9)

(€2 +q)°
‘We observe that

. v In
q—e* 20<=>QZ€2L<:>1HC]ZQ$<:>.T§7(].
So, in case of x < mTq’ we have that hg is strictly concave up, with hj (lan) =

0.

And in case of z > 1“7‘1, we have that h, is strictly concave down.



1 40, and hg (—z) = —hg-1 (@)

So hy is a shifted sigmoidal with h, (0) = 1+q

(a semi-odd function), see also [14].
By 1> —1,2+ 1>z — 1, we consider the activation function

Uy ) = ¢ (g (2 +1) — By (= 1)) >0, (10)

Vz € R, ¢ > 0, ¢ # 1. Notice that ¢, (oo

asymptote.
We have that

) = 0, so the z-axis is horizontal

q
1 et _ ger—1 e 71 — gemt
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x+1 x+1
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q€x71 + efaH»l
7w+1

qea:+1 _ efa:fl B qew 1 _
qear+1 + e—r—1 qegc et—1 1 p—xt1 + e—r+1
1, —z+1

:E+1 _ lefasfl eazfl _ 1,
q _ q —
K ) (qw‘l + 36‘“1”
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1
Z er+1 + 1 e—z—1
1
Z[hq—l (x+1) = hy-1 (z —1)] :w% (), Yz ek (11)
Thus
Y, (—x) =1, (z), VZER, V¢>0,q#1, adeformed symmetry. (12)
Next we have that
(13)

1

wg(x)zz [y (x+1) —hy(z—1)], VezeR
Let z < lnq —1,thenz—1<z+1< lan and hy (z +1) > hy (x — 1) (by b
being strlctly concave up for z < lnq) that is 1/12 (z) > 0. Hence v, is striclty

Ing

increasing over (—oo, =1 1) .
Let now z — 1 > 1an,themoc—i-1>33—1> InTq,aundh;(:lc—i—l)<h’ (x—1)

that is ¢ (z) < 0.
Therefore 1, is striclty decreasing over (l%q +1, +oo)

Next, let h“’ —-1<z< lan + 1. We have that

gbg(x):i[hg(x—i—l)—h;’(x—l)]



_ p2(z+1 _ 2(z—1
92 | 2@ 1) L()s _ 2@=1) L()?, ' (14)
(62(a:+1) +q) (62(:1:71) + q)
By lan <relicriloehng< 2(z+1) & q< et o g— 2@t <

Bys <2041 6s-1<B a23-1)<hge 0D <qe
q_62(z—1) 20

Clearly by (14) we get that ¢y (z) <0, for z € [lan— ,Tq—&-l}
Ing
2

)

More precisely 9, is concave down over [lan -1 + 1}, and strictly con-
cave down over (lan -1, lan +1

Consequently v, has a bell-type shape over R.

Of course it holds 1/):1’ (%) < 0.

Atz = lan, we have

%(ﬂf)zi[h;(x—i—l)—h;(x—l)] -

e2(ac+1) e2(:1c—1) (15)
(62(w+1) +q)2 (eQ(w—l) +q)2
Thus
1// (]nq) _y 62(1117(1+1) ez(lr‘Tq*l) _
q - ng 2 ng 2 -
2 <62(IT+1) +q> (€2<12 -1) —I—q)
9 e? 7 e ? B e? B e ? (16)
(ge*+9)° (g2 +0q)* (€+1)*  (e2+1)
e? (6_2 + 1)2 —e? (62 + 1)2
o @EDiery?
Therefore at © = Tq , ¥, achieves a maximum, which is

[hg (z+1) = hg (z = 1)] =

eT— 1 —qe —x+1

x 1+qe 1+1>:| =
1 elnzq+1 7(]671!]7117
4 1112q+1+qe nq

1 ge= "5+l
e (q 11,24+1>‘| = (17)
[(z5eie)- (e
4 Vvae +aqq” ze-1

ge™' —qq ze _
Jae !l +qq e




1[/e—et! et—e\]  (e—e?)
4 |[\e+el el+e)| 2(e+el)
Conclusion: the maximum value of 9, is

Ing\ (e—eh) _ tanh1
Vg (2) C2(edet) 2 (18)

We give
Theorem 1 We have that

Y gy le—i)=1, VzeR Vg>0,q#1 (19)
Proof. We notice that
Z (hq(x—1) —hq(z—1-1) =
) -1
Z (x —1) q(x—l—i))—|—Z(hq(x—i)—hq(x—l—i)).
=0 i=—00
Furthermore (p € Z1)
> (hg(w—i) = hg(x—1—1i)) = (20)
=0
P
li hg(x—1)—hg(z—1—14 telescopi
pLH;o;( g (& —1)—hy(z i)) (telescoping sum)
:pli_{go(hq(x) —hg(z—(p+1))=1+hg(x).
Similarly,
~1
Z (hg (x — i) — hg(x —1—1)) _plirrolo'z (x—1) —hy(x—1—19)) =
i=—00 i=—p
Tim (g (2 p) = hy () = 1=y (2). (21)
By adding the last two limits we derive
> (hg(z—i)—hg(x—1-1i) =2, VazeR. (22)

Consequently we get

i (hg(x+1—1i)—hg(x—1i)) =2, Ve eR.

i=—00



Therefore it holds
S (hg(x+1—i)—hy(x—1-1i) =4, VzeR,

i=—00

proving the claim. m
Thus

Z Y, (nz—i)=1,YneN VreR.

Similarly, it holds

> Yi(e—i)=1vYzeR

i=—00

But 1 (x—i) = v, (i—2), ¥z € R.

Hence -
Y ¢ li-z)=1YzeR,
and -
Y Yy litz)=1YzeR
It follows

Theorem 2 It holds
/ Y, (x)de =1, ¢>0, ¢#1.

Proof. We observe that

j=—o00"" j=—00

1 [ 1
/0 Z Y, (x+j)dz :/0 1dz = 1.

j=—00
So that 1, is a density function on R; ¢ >0, ¢ # 1. m
We need the following result

Theorem 3 Let0 < a <1, andn €N withn'=® >2;¢>0, g#1. Then

o0

/Zlﬁq(x)dm: i /j+11/}q($)dx: i /01¢q($+j)dx:

1 —a
Z Y, (nz — k) < max {q, q} ele2n Y Qe

(23)

(28)

—2p1=a),

)

(30)



1
Q@ := max {q, q} e.

Proof. Let z > 1. That is 0 < z — 1 < = 4+ 1. Applying the mean value
theorem we obtain

1 1 4qe*
Y, () ==|hg(z+1)—hy(z—-1)]==--2- ———|
)= 4l ) =y D] = 2 S
that is 2
2qe
¢q (z) = W) (31)
forsome 0 <z—-1<é<z+1;,¢g>0,qg#1.
But €% < €% + ¢, and
2q (€** +q) 2q 2q 2
Yy (@) < (€2 + ) CET) < 21 1 ¢4 < 21 T >1.  (32)
That is
2q
wq($)<m7 \V/.Z‘Zl,
or, better
Y, (x) <2ge’e™, Va>1. (33)

Thus, we observe that

o0

> by (Inw — k[) <

k= —o0
:nw — k| > ntme

o0 o)

2q€2 Z e—2|nw—k\ < 2(]62/ e—2xd$ _
i nt—e—1
= -0
{ tnx — k| > ntme

(_2(.)
q62 Al 16 2yd(21}) y—l qu/nl 1@ ydy q62{ e y"nlfafl}

_ 0o _ ntT—1 — l-a_ —9.
qu{ e 2a:|nl . 1} 62{6 21‘ q€2 {6 Q(n 1) e 200}
2 ( 2(n 1)) 2 2n 2 4 2n .

Therefore it holds

Z Y, (Inz —kl) < qe4e_2"(17a), Vg>0,q#1. (35)

k=—c
:nw — k| > ntme



If (nz — k) > 0, then

oo

Z Y, (nz —k) < qe4672”(17a). (36)
k=—o0
{: Inz — k| > nt-e

Similarly, it is valid (by (35))

- 1 1o
) Vi (ne—k) < e g 0941 ()
k=—o0
Inz — k| > nt=
Assume now that nx — k < 0, then
> ek E > (- k)
= —0 = —
s nx — k| > ntme s nx — k| > ntme
L 4 —op0-o
<§ee , Vg>0,q+#1. (38)
Therefore, it holds (by (36), (38))
- L] 4 —2n0-o
Z Y, (nx — k) <maxq{q,— re’e , Vg>0,q#1.
q

k= —o0
:nx — k| > ntme

The claim is proved. =
Let [-] the ceiling of the number, and |-] the integral part of the number.

(39)

Theorem 4 Let z € [a,b] C R and n € N so that [na] < [nb|. For q > 0,
q # 1, we consider the number \; > 20 > 0 with ¥ (z) = ¥, (0) and Ay > 1.
Then

1 1 1
- < max , =:®(q). (40)
LZH Y, (nx — k) Yo ha) 7/’3 (A%)

k=[na]

Proof. By Theorem 1 we have

Y g la—i)=1,VYzeR Vg>0, g#1,

1=—00



and by (26), we have that

oo

Y g li-x)=1,VzeR Vg>0, ¢#1. (41)
Therefore we get

> g lz—i)=1,VzeR Vg>0, ¢#1. (42)

Hence
oo [nd]
L= > Wy (lnz—k)) > Y ¢, (Inx—kl) > v, (Inz — ko), (43)
k=—o0 k=[na]
V ko € [[na], [nb]] NZ.
We can choose kg € [[na], [nb|] NZ, such that |nx — ko| < 1.

Notice that |nx — ko| could be § ]an. If 0 < |nx — ko| < 1“7‘1, by concavity
of 1, over R, we can choose z € [1“7‘1, +00) such that ¥, (|nx — ko|) = ¥, (2). If
|nx — ko| > h% we just set z := |nx — ko|. Next, we can choose large enough

A¢ > 1, and such that A\, > zy > 0 where ¢ (2) = ¢,(0). Clearly, it is
z < zp < Ag
Since v, is decreaasing over [lan, +00) we get that ¢, ([nz — ko|) > ¥, (Ag) -

Consequently,
[nb]
D Gy (Inz = k) >, (Ag),
k=[na]
and 1 1
< , 44
) 0 )
> Uy (lnz— k)
k=[na]
Vg>0,q#1.
If ne — k > 0, by (44), we get
L < Vg>0,qg#1 (45)
[nb) wq ()\q)v q y 4 .
> g (na—k)
k=[na]
We have also that
1
< , Yg>0, q+# 1. (46)
Lnb) b1 (,\1)
> s (ne—kl) V5N

k=[na] *



Let now nx — k <0, then

1 (12) 1 (4<6) 1
[nb] T |nb) ’
¥ vk cmeory ()
k=[na] k=[na] *
Vg>0,q#1.
Consequently, it holds

1

1 1
< max
[nb] { Ag)’ }’
5 4y (nz— b) Yaa) ()
k=[na]
Vg>0,q#1.

The claim is proved. m
We make

Remark 5 (i) We also notice for ¢ > 1 that

[nb] [nal—1
1= > g, b—k)= > t,(nb—k)+
k=[na] k=—o00

> g, (nb—k)
k=|nb]+1
>, (nb—[nb] —1)

(calle :=nb—|nb],0<e<1)

=ty (e—-1) =9, (-(1—-¢))=v1(1-¢)
(0<%<1 and0<1l—e<1)

q
(1 is decreasing on [0,400)).

> (1) > 0.
q
Therefore

Lnb)
lim (1— > %(nb—k)) >0, ¢> 1.

(50)
k=[na]
(it) Let now 0 < q < 1, then we work as in (i), and we have
[nd)
1- ) g (nb—k) > 91 (1-¢) (51)
k=[na]
(e:=nb—[nb],0<e<1).

Thatis%>1andchoose/\:0<l—5<1<)\, where \ >

In

b [

_ _Ing
2 2 "
11



First assume that 1 — ¢ € [—lan, +00). Hence
b1 (L=2) > s () >0, (52)

by w% being decreasing on [—lan, +00).

Ifo<l—e< —1“2‘1, then we use the concavity-bell shape of 1,,.

So, there exists z. € (—1“7(1,4—00) such that Y1 (1—¢) = i1 (z). We
also consider zy € (flan,Jroo) such that 1 (z0) = 1 (0). Clearly it holds
—IHT‘I < ze < 2o and we choose A : zg < A. Therefore, it holds 'l/)% (1—-¢) >

77!1% (0) > 1/)% (A\) >0, by 1/}5 being decreasing on [71“7",+oo).
Again it holds

[nb]
lim | 1— Z b, (nb—k) | >0, 0<g<L. (53)
k=[na]
(111) Similarly, (¢ >0)
[nb] [nal—1 00
1- Z Y, (na—k) = Z Y, (na —k) + Z Y, (na —k)
k=[na] k=—o0 k=|nb]+1

>, (na — [nal +1)
(call m:=[nal —na, 0<n<1) (54)
= wq (1 - 77) , ete.
Acting as in (i), (i) we derive that

[mb)
Jim 1 > Y, (na—k)| >0. (55)
k=[na]
Conclusion: We have that
[nb)
lim Z Y, (nx — k) #1, for at least some x € [a,b] . (56)

n—-+o0o
k=[na]

Let (X, ||-]|) be a Banach space.

Definition 6 Let f € C ([a,b],X) andn € N: [na] < |nb|. We introduce and
define the X -valued linear neural network operators

|nb]

IO TR
(0= L

2. g (nx—k)

k=[na]

, z€[a,b];9¢>0,q9#1. (57)
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For large enough n we always obtain [na] < [nb]. Also a < £ <b, iff [na] <
k < |nb|. The same H,, is used for real valued functions. We study here the
pointwise and uniform convergence of H, (f,x) to f (x) with rates.

For convenience, also we call
[nb]
H (f,2):= Y f< ) (nz — k), (58)
k=[na]
(the same H can be defined for real valued functions) that is

H; (f, )

Hy (f2) 1=~ . (59)
> g (nz—k)
k=[na]
So that o
() = @) = D) - (60)
> g (nz—k)
k=[na]
[nbd]
H (f, @) — ()(k;]i/f (na — ))
[nb] '
> g (nz—k)
k=[na]

Consequently, we derive that

nb]
|Hy (f,z) — f (@) < ©(q) ||H;: (f, @) — f(2) ( > (na— k))

k=na]
[b) .
v 3 (r(5) - 7@) vt~ (61)

where @ (¢) as in (40).
We will estimate the right hand side of the last quantity.
For that we need, for f € C ([a,b], X) the first modulus of continuity

wi(f,0)=sup |[f(x)—fWI, §>0. (62)
z,y € [a,b]
lz—y| <é

Similarly, it is defined w; for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued), and for f € C, (R, X) (uniformly continuous).

13



The fact f € C([a,b],X) or f € Cy (R, X), is equivalent to gir%wl (f,0) =0,
see [11].
We make

Definition 7 When f € Cyp (R, X), or f € Cp (R, X), we define
= k
v)i= Y f( o)y (na—k), (63)
k=—o0
n €N, x € R, the X-valued quasi-interpolation neural network operator.
We give

Remark 8 We have that
k
()] £ 1 < o0,

£ (£) | #0210 = 11y 2= 1 (69)

and
A

>

k=—X
and finally

r(5)| oo <||f||OOR<Z¢ 0t — )

x|l

So, the series i ||f (%) || Y, (nx — k) is absolutely convergent in X, hence

gz —k) < |[fllor> (65)

k=—o0

a convergent series in R.

it is convergent in X and H, (f,z) € X. We denote by ||f|l = sup | f ()],
z€[a,b]

for f € C([a,b],X), similarly it is defined for f € Cp (R, X).

3 Main Results

We present a set of X-valued neural network approximations to a function given
with rates.

Theorem 9 Let f € C ([a,b],X),0<a<1,neN:nl"*>2 ¢>0,q#1,
x € [a,b]. Then

i
| Ha (o) = f (@) < ®(9) [“1 <f>73a>+2f||oocze-2"““> =7, (66)

14



where Q as in (30),
and
i)
[Hy (f) = flloo < 7
We get that lim H,, (f) = f, pointwise and uniformly.

Proof. We see that

Lnb)
k_%:ﬂ <f <z) -/ (5“)) Wy (nz — k)| <
nb] .
,C_Zh;a] / (n) — [ (@)|| Yy (nx — k) =
Lnb)
Z Hf <fl> = [ (@)|| ¢y (nx — k) +
{fﬁ—@ﬁ =
Lnb)
2. Hf (,’i) — [ (@)|| ¢y (nz = k) <
{fﬁ_—(ﬂ L 1
{kk% o (4[5 =) va -+
bl < e

2l S ek <

15
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. (f, nl) 2/l Qe (69)
That is
[nd] k
> (1(5)-r@) vt <
k=[na]
1 —2n(1=)
n

Using the last equality we derive (66). m
Next we give

Theorem 10 Let f € Cp (R, X), 0<a<1,¢>0,¢g#1, neN:nl7*>2,
z € R. Then

i
1 (F.2) = £ @)]] < wn <f, nl) 2 f e @ =y, (7)
and
i)

[Hn (f) = fllog < - (72)
For f € Cyup (R, X) we get lim H, (f) = f, pointwise and uniformly.

Proof. We observe that

7. ()= 1@ 2| S 1 (5) e =0 -5 0) 3 vy b =
k=—o0 2
k_zoo <f (f&) - f(x)) Y, (nz — k)| <
kZOOHf (i) —f@)||Y, (nx — k) =
> f(ﬁ)f(x) by (nz — k) +
{Tﬁ_ ;Olog 1
> ! (i) — @)y (nz — k) < -
{Tﬁz_xc{x; L

16



k=—c0
Eoaf<

2|[flloo > Yq (nz — k) <

k=—
E >
1 S _op-®
o) X ve-R2fllee T <

k= —o0

E_gl< L
1 —onp(l-o)

o1 (£.2) + 21 le Qe (74)

proving the claim. m
We need the X-valued Taylor’s formula in an appropiate form:

Theorem 11 ([10], [12]) Let N € N, and f € CN ([a,b], X), where [a,b] C R
and X is a Banach space. Let any x,y € [a,b]. Then

0=y O

=0

ﬁ /x (=" (SN (1) = 1Y (1) a.

(75)

f“ (y) +

The derivatives f(V), i € N, are defined like the numerical ones, see [23], p
83. The integral f; in (75) is of Bochner type, see [21].

By [12], [19] we have that: if f € C ([a,b],X), then f € L ([a,b],X) and
f € L (la,b],X).

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.

Theorem 12 Let f € CV ([a,b],X), n,N € N, ¢ >0,¢q#1,0< a <1,
z € [a,b] and n'=* > 2. Then

Q)

IHn (f:2) = (@) < @ (q ZHf [naj‘i‘(b—a)jQ@_%(la)]—l—
(76)
2 ) b— N 1-a
o 1) 2= ).
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ii) assume further fU) (xg) =0, j = 1,..., N, for some xo € [a,b], it holds

[ Hn (f; 20) = f (zo)]| < @ (q)-

2f™) (b —a) 1-a
{“” (f(N)’nla) miNﬁ s HE’G;( D Qe )}, (77)

and

iii)

- Hf“)l\ g
I, () = o < 20§ S H 2 | -0y Qe 4

Jj=1

(- 5) na;Nl+2wa>um<b—a>we-2“““’H- "

Again we obtain lim H, (f) = f, pointwise and uniformly.
n—oo

Proof. It is lengthy, and as similar to [15] is omitted. m
All integrals from now on are of Bochner type [21].
We need

Definition 13 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([] is the ceiling of the number), f : [a,b] — X. We assume that f(™) €
Ly ([a,b] , X). We call the Caputo-Bochner left fractional derivative of order a:

1

e / ’ (z—t)"" " f () dt, Vaxelab]. (79)

(D% @) = Fm

Ifa € N, we set D2, f := f") the ordinary X -valued derivative (defined similar
to numerical one, see [23], p. 83), and also set D, f = f.

By [12], (Dg,f) (z) exists almost everywhere in z € [a,b] and DS, f €
Ly ([a,b], X).

If || £ (ja),x) < 00 then by [12], D2, f € C ([a,b], X) , hence | DL, f|| €
C ([a, b))

‘We mention

Definition 14 ([10]) Let [a,b] C R, X be a Banach space, a > 0, m := [«].
We assume that f™ € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:

(=)™

b
(Dp_f) (2) = T (m — o) / (z—a)" 7 M (2)dz, Vzelab]. (80)

We observe that (D™ f) (z) = (=1)™ f(™) (z), for m € N, and (Dj_f) (z) =
f(x).
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By [10], (Dg f) () exists almost everywhere on [a, b] and (D f) € L1 ([a,b] , X).

If Hf(’”)HL (a.x) < OO and o ¢ N, by [10], D¢ f € C([a,b],X), hence
D5 f|| € € ([a, b))

We make

Remark 15 ([11]) Let f € C" ' ([a,b]), f™ € Ly ([a,0]), n = [v], v > 0,
v ¢ N. Then

LA P

DY < —a)"" )
IDuf @) < “pp 25 B8 =)™, Voot (8D
Thus we observe
w1 (DY, f,0) = Su%)b]HDZaf(x)*DZaf(y)H < (82)
x,y€|a,
|z—y|<é

(n) n
sup (Hf ||Loc([a,b],X) (1’ - a)nfu + Hf( )HLOO([a,b],X) (y . a)nv>
z,y€a,b]

F'n—v+1) Fn—v+1)
le—y|<s
2 ||f(n)HLoo([a,b],X) (b o a)n—u
F'n—v+1) '
Consequently
2[5 any.x _
w1 (DLuf0) < — o=t (- ) (83)

Similarly, let f € C™ ' ([a,b]), f™ € Ly ([a,0]), m = [a], @ >0, a ¢ N,
then H ( )||

2(| £,
a oo ([a,b],X)
wi (Di-1,0) < T(m—a+l)

So for f € C™ 1 ([a,b]), f™ € Ly ([a,0]), m = [a], a >0, a ¢ N, we find

(b—a)™ . (84)

sup wi (Da f 6) < 2 Hf(m)HLoo([a,b],X) (b . a)m_a (85)
ro€lab) *x0J 27 ) [xg,b] = T (m ot 1) ,

and

2| £(m)
sup wy (DF,_f,0) < LA PR

< b—a)" . 86
rolab] [a,z0] I'(m—-a+1) (b=-a) (86)

By [12] we get that Dg, f € C([zo,b],X), and by [10] we obtain that
Dg _f e C(la,z0],X).

We present the following X-valued fractional approximation result by neural
networks.
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Theorem 16 Let o« >0, q >0, q# 1, N =
0<B<1,z€ab,neN:n'=F>2 Then

i)

<

) N-1 fU;!(x)Hn ((, B x)]‘) (z) — f (2)

Jj=1

)] (q) { (wl (D,C;_f, n%)[a,x] T w1 (ng-f, #)[z,b]) "

I'(a+1) neh

Qe (1D s oy @ = @)%+ D2l gy 0= 2))
N — 1, we have

® ()

i) if f9) (z) =0, forj=1,...,

{ (Wl (Dg,f, n%)[aw] +w (D*aa:fv ﬁ)[x,b]) n

nob
Qe (D2l gy @ = % + 1D8 S e iy 0= 2)) |
i)
IH, (f.2) — f (2)]| < @ (q)
N=1 1 ¢G) ) .
{Z Hfjj'(«T)H {n;j_i_(b_a)] Qe—2n( 5)}+
=1 '

nob

L (@ (D2 £ ) e (DR ) )
I'a+1) *

Qe ™ (D2l oy (@ = @)%+ 1Dl gy (0= 2)*) }

YV x € la,b],
and
iv)
[Hnf = flloo < @ (q)
N-1 (4) 1 . i
{ ’f 'Hoo {5 + (b—a)j Q672n( ﬁ)}+
, 7! nPJ
Jj=1

20

[a], a ¢ N, f € CY ([a,0],X),

(89)



( sup wy (Dg_f, n/a) 2] T sup w1 (D2 f, nﬁ)[z b])
1 z€la,b] z€la,b]

+

I'(a+1) ned

€lasb]

Ty L N ) | B

Above, when N =1 the sum Z;V;ll -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of H, — I the unit operator, as n — oo.

Proof. The proof is very lengtly and similar to [15], as such is omitted. m
Next we apply Theorem 16 for N = 1.

Theorem 17 Let 0 < a,3 < 1,q > 0,q # 1, f € C*([a,b],X), z € [a,b],
neN:n'"# > 2. Then

i)
| Hy (f,2) = f (z)] <
o (q) (wl (De_f, niﬁ)[aym] +wi (DL, f, n%){x,b})
I'(a+1) ne? :

Qe (D2 gy @ = 0 + D% oy = 2)7) . (0)

and
i)
® (q)

| Hpf — f“oo—m

( sup wi (Dg—f’ n%)[a ] T sup W (Dfmf, "17)[517 b])
z€[a,b] ’ z€a,b] ’

+

noh

(b_a)aQe_znu—ﬁ) ( sup HD‘X f” + s1[1p | D¢ fH )} (92)

€la,b]

When o = % we derive

Corollary 18 Let 0 < 3 < 1, ¢ > 0,q # 1, f € C*([a,b],X), € [a,b],
ne€N:n'"P > 2 Then
i)
[Hy (f,2) = f(2)] <

21



20 (q) (wl (Dif’ "%>[a,x] e (D"%ﬂ”f’ 7115)[1-,1)})

+
VT n

[

e (|pky|_, Vie—a+ |phs

and

ii)

’OO,[J;,I)] (b— x)) } ;o (93)

2% (q)
H,f - <
Hf = Sl < =2
1 1
sup wi (Djff, n%) + sup wq (Dfmf, n%)
z€[a,b] [a.7]  ze[a,b] [z,b]
7 +
nz
— _on(1=5) . 1 1
V(b —a)Qe sup ||DZ_f + sup ||DZ.f < 00.
z€[a,b] oo,[a,x]  gefa,b] 00, [z,b]

(94)
‘We make

Remark 19 Some convergence analysis follows based on Corollary 18.
Let0< B <1, A>0, feC (a,b],X), z€[a,b,neN:n'=F >2 We
elaborate on (94). Assume that

1 1 R
o (Dhr) <o (95)
"/ laa)
and ) R
1
n n
[=,b]
YV z € la,b], VneN, where Ry, Ry > 0.
Then it holds
1 1
sup wy (D2_f, -5 + sup wy (DZf, 5
[ze[a,b] ' ( 5)[‘171'] z€[a,b] ! ( B)[xab]
E S
nz
(R1+R2)
e B R+ R R
Bt l) R (97)

8 38
nz nz n 2

where R := R; + Ry > 0.
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The other summand of the right hand side of (94), for large enough n, con-
verges to zero at the speed 6_2"(17[3), so it is about Ae‘Q"(lfﬁ), where A > 0 is
a constant.

Then, for large enough n € N, by (94), (97) and the above comment, we

obtain that B
[Hnf = fllo < =5 (98)

n 2
where B > 0, converging to zero at the high speed of %i.

In Theorem 9, for f € C ([a,b],X) and for largene2n0ugh n € N, the speed
is X3. So by (98), |Hnf — fllo converges much faster to zero. The last comes
because we assumed differentiability of f. Notice that in Corollary 18 no initial
condition is assumed.

References

[1] G.A. Anastassiou, Rate of convergence of some neural network operators
to the unit-univariate case, J. Math. Anal. Appl, 212 (1997), 237-262.

[2] G.A. Anastassiou, Quantitative Approximations, Chapman & Hall / CRC,
Boca Raton, New York, 2001.

[3] G.A. Anastassiou, Univariate hyperbolic tangent neural network approxi-
mation, Mathematics and Computer Modelling, 53 (2011), 1111-1132.

[4] G.A. Anastassiou, Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics, 61 (2011), 809-821.

[5] G.A. Anastassiou, Multivariate sigmoidal neural network approximation,
Neural Networks, 24 (2011), 378-386.

[6] G.A. Anastassiou, Inteligent Systems: Approximation by Artificial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

[7] G.A. Anastassiou, Univariate sigmoidal neural network approximation, J.
of Computational Analysis and Applications, Vol. 14, No. 4, 2012, 659-690.

[8] G.A. Anastassiou, Fractional neural network approximation, Computers

and Mathematics with Applications, 64 (2012), 1655-1676.

[9] G.A. Anastassiou, Intelligent Systems II: Complete Approzimation by
Neural Network Operators, Springer, Heidelberg, New York, 2016.

[10] G.A. Anastassiou, Strong Right Fractional Calculus for Banach space val-
ued functions, ‘Revista Proyecciones, Vol. 36, No. 1 (2017), 149-186.

23



[11]

[12]

[13]

[14]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

[23]

G.A. Anastassiou, Vector fractional Korovkin type Approzimations, Dy-
namic Systems and Applications, 26(2017), 81-104.

G.A. Anastassiou, A strong Fractional Calculus Theory for Banach space
valued functions, Nonlinear Functional Analysis and Applications (Korea),
22(3) (2017), 495-524.

G.A. Anastassiou, Nonlinearity: Ordinary and Fractional Approximations
by Sublinear and Mazx-Product Operators, Springer, Heidelberg, New York,
2018.

G.A. Anastassiou, General sigmoid based Banach spacevalued neural net-
work approximation, J. of Computational Analysis and Applications, ac-
cepted, 2022.

G.A. Anastassiou, S. Karateke, Parametrized hyperbolic tangent induced
Banach space valued ordinary and fractional neural network approximation,
submitted, 2022.

Z. Chen and F. Cao, The approzimation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

S.A. El-Shehawy, E.A-B. Abdel-Salam, The g-deformed hyperbolic Secant
family, Intern. J. of Applied Math. & Stat., 29 (5) (2012), 51-62.

S. Haykin, Neural Networks: A Comprehensive Foundation (2 ed.), Pren-
tice Hall, New York, 1998.

M. Kreuter, Sobolev Spaces of Vector-valued functions, Ulm Univ., Master
Thesis in Math., Ulm, Germany, 2015.

W. McCulloch and W. Pitts, A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysis, 7 (1943), 115-133.

J. Mikusinski, The Bochner integral, Academic Press, New York, 1978.
T.M. Mitchell, Machine Learning, WCB-McGraw-Hill, New York, 1997.

G.E. Shilov, Elementary Functional Analysis, Dover Publications, Inc.,
New York, 1996.

24



