REFINEMENTS AND REVERSES OF SOME INEQUALITIES
FOR THE NORMALIZED DETERMINANTS OF SEQUENCES OF
POSITIVE OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and a
fixed unit vector « € H, define the normalized determinant by Ag(A) :=
exp (In Az, z). In this paper we prove among others that, if 0 <m < A; < M
and p; >0, j € {1,...,n} with Z?zl p;j = 1, then for p € (c0,0) U (1, 00)

n n p
1 < exp ('yp (m, M) |:Z P <A§x,m> - (ij (Ajz, x}) :| )
j=1

j=1
< Z;L:I pj (Ajz, )

| J Rl
j=1
< exp (Fp m, M) |:Z <A§$,$> - (ZPJ’ <ijvx>) :|)

for z € H, ||z|| = 1, where

M~
p(p— 1)

for p € (1,00),
p(m, M) :=

p’(';] 1) for p € (—00,0)
and

m for p € (1,00),
(m, M) =

%forpe( 00,0).

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [5], [6], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector z € H,
namely ||z|| = 1, defined by A, (A) := exp (In Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.
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Some of the fundamental properties of normalized determinant are as follows,
[5].
For each unit vector x € H, see also [7], we have:

(i) continuity: the map A — A,(A) is norm continuous;
(ii) bounds: <A‘1x,x>_1 < AL(A) < (Az, z);
(ifi) continuous mean: (APz,x)"/P | Ay(A) for p | 0 and (APz,2)'/" 1 A,(A)
for p T 0;
) power equality: A, (AY) = A (A)! for all t > 0;
) homogeneity: A, (tA) =tA,(A) and A, (tI) =t for all t > 0;
(vi) monotonicity: 0 < A < B implies A;(A) < A, (B);
1) multiplicativity: A, (AB) = A,(A)A,(B) for commuting A and B;
) Ky Fan type inequality: A,((1 —a) A+ aB) > Ay (A)'7*A,(B)* for 0 <
a <1

We define the logarithmic mean of two positive numbers a, b by

In g:la;la if b 7& a,
L(a,b) :=
aif b= a.

In [5] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M1, where m, M are positive
numbers,

MInm—mlnM

1
M—-—m

(1.1) 0< {(Az,z) — AL(A) < L(m,M) {lnL(m,M) +

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [11]

— B ifhe (0,1) U (1,00),
eln{ hh—1
(1.2) S (h):= ( )
lifh=1.
It is well known that lim,—; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The

function is decreasing on (0, 1) and increasing on (1, 00).
In [6], the authors obtained the following multiplicative reverse inequality as well

(1.3) 1< gi’j; <S (%)

for0O<mI<A<MIandzeH,|z|=1.

In this paper we obtain several refinements and reverses for the normalized de-
terminant of a sequence of operators that have the spectra in a positive interval
[m, M]. For this purpose we used some Jensen’s type inequalities for twice differ-
entiable functions obtained by the author in [3].
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2. INEQUALITIES FOR p € (—00,0) U (1, 00)

Assume that A > 0. For a vector y # 0 we can extend the normalized determinant
as Ay(A) := exp (In Ay, y) . We observe that

Ay(A) :=exp (In Ay, y) = exp (||y|2 <IHAZH7”3”>>

el g)] el

Theorem 1. Assume that A; are operators such that 0 < m < A; < M, j €
{1,...,n}. Define

for any y # 0.

pj(\ﬁ i forpe (1,00),

Yp (m, M) := .
m for p € (—00,0)
and
B forpe (L),
ry(m,M):=
;7(%7—1;) forp € (—00,0).
Then
n n P
(2.1) 1 <exp |7, (m,M) Z(A 'Tj,25) Z(ijj,:cj>
j=1 j=1
< E; 1 (Ajzj, x5)
HA
- P

n

n
<exp [T} (m, M) Z(A xj,xJ Z (Ajz;, ;) ,
Jj=1

j=1
for each xz; € H, j € {1,...,n} with Z?Zl ||xj||2 =

Proof. Let A; be positive definite operators with Sp (4,) C [m,M] C (0,00) j €
{1,...,n}. If f is a twice differentiable function on (m, M) nd for p € (—o0,0) U
(1,00) we have for some v < I' that

2P

(2.2) y<g(t) = P —1)

f" (@) <T for any t € (m, M),

then, see [3],

n

n
v E Accj,xj E (Ajz;, ;)
=1 i=1
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INA
3
=5
<.
I
b
"\.‘
PR
H'M:
N
<.
)
<
B
<
v

J:1 j=1
n n p
<T Z A:z:j,:rj Z (Ajz;, ;)
j=1 j=1
for each z; € H, j € {1,...,n} with Z?:l H%H =1
We consider the convex function f (t) = —1Int, t € [m, M] C (0,00). Then
2P 1 1

g(t):p(pfl)ﬁzp(pfl)tp

For p € (1,00), we have

sup ¢g(t)= ————=and inf g(t)=———=
te[m,M] Q p(p—1) te[m,M] ®) p(p—1)

and for p € (—o0,0)

o P M—P
sup g¢(t) = sup =
te[m,M] tefmaP(p—1)  pp—1)
and
t—P m~P
inf g(t)= inf = .
tefm, M] () tefmMp(p—1) plp—1)

Therefore by (??) we get

(2.3) 0< 7, (m,M) [Z (Afzj,@j) — (Z <ijj»=’fj>) }
j=1 j=1
S In (Z <ijj7$j>> 7Z<1I1Ajl’j,$j>

j=1
<Tp(m, M) {Z (Afzj, ) — (Z <Aj$j7$j>> ] :

where v, (m, M) and T, (m, M) are given above.
If we take the exponential in (2.3), then we get

P
(2.4) 1< exp ’yp (m,M) Z <A§.’L‘j,$j> - Z <Aj.%‘j7.’17j>
j=1 j=1
expln (27, (425,2))
<
exp (Z 1 (In4; $j7$3>)
n n P
<exp | T, Z A-xj,:cj (Ajxj,xj) ,
j=1 j=1

for each z; € H, j € {1,....,n} with 337, [lz;]|” = 1.
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Since

n n

exp Z (InAjz;,z;) | = Hexp (InAjz;,x;) = H Az, (45),
j=1 j=1 j=1

hence by (2.4) we derive (2.1).

Corollary 1. With the assumptions of Theorem 1, define

) p(p iy forp e (1,00),
Yp (m, M) := o
70—y Jor p € (=00,0)
and
A o (1,00),
FP (m7M) =
mP
oo forp € (=00,0).
Then
P
n n
(2.5) 1 <exp |7, (m, M) Z A Tj, ;) Z A Tj, ;)
Jj=1 j=1
[1 2 (4))
j=1
- n —1 -1
(0 (47 ja5))
n n P

for each x; € H, j € {1,....,n} with 377_, l;)|* =
The proof follows by Theorem 1 written for M~! < A;l <m ' je{l,..,n}.

Remark 1. Assume that A; are operators such that 0 < m < A; < M, j €
{1,...,n}. If we take p = 2 in (2.1), then we get

2

1 n n
(2.6) 1 <exp e Z<A z],:cj> Z (Ajzj, )
j=1

—_
3
3
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and from (2.5),

2
(2.7) 1 <exp TZ Z <A;2$j7-'17j> — (Z <Aj1xj,.’);‘j>)

for each x; € H, j € {1,....n} with 377, l;])* = 1.
If we take p = —1 in (2.1), then we get

—1
(2.8) 1 <exp % Z <A;1$j736j> - (Z <Ajacj,xj>)

-
Il
—_

Az, (4)
j=1
~1
M n n
< exp > Z<AJ Tj,T;) — Z(A T, ;)
j=1 Jj=1
and from (2.5)
—1
1| —~
(2.9) 1 <exp oYY Z (Ajzj, ;) — (Z <Aj 1xj,xj>)
j=1 j=1
Al‘j (AJ)
< =1
= —1
A; xj,x]

-1
1 n n .
g9 J 5 Ly Ly
< exp om ZAw T (Z<A x>)
j=1 j=1

for each x; € H, j € {1,....n} with 377, a;|)* = 1.

The case of normalized determinant is as follows:
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Corollary 2. Assume that p; > 0 with Z?:l pj =1, then

(2.10) 1 <exp ('yp (m, M) [ij <A§7x, z) — (ij <ij,x>) ] )

Jj=1 Jj=1

< Z?:l by <Aj'737 z)

and

(2.11) 1§exp(’yp(m,M [ij@l :c:c (ij A :cx) ])

I 1as (47

j=1

< =
(Z?:l pj <A;1$7 x>)

( 1) [ZW‘ m(zpj " >)D

forx e H, ||z|| = 1.

The proof follows by (2.1) and (2.5) by taking z; = /p;z, z € H, |[z|| = 1 and
observing that

H Az_j (4;) = H exp <1nAj D;, \/}TJ:E> = H exp [p; (In A;z, z))
j=1

i o
:ﬁ [(InAjz,z)]" =
j=

If we take p = 2 in (2.10), then we get

n

j=1

2
1 n
(2.12) 1 <exp e ij Aa:x ( Ax:l:)
J
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and from (2.11),

(2.13) 1 <exp (”; ;<AJ Tj,Tj) — (; (A7 ta, xj>) D
I 1a: (A
<= :
(Z?:l Dj <A_] 1z,x>)
< exp (Ag > (47%2) - (Z(A] z; m) D

for each z € H, ||z|| = 1.
If we take p = —1 in (2.10), then we get

(2.14) 1 <exp (7721

—1
ij (A7le,z) — (ij (Aj%@) ])
< Z;‘L:I by <A]’$,$>

LA (A

j=1

< exp (Aj |:ij <A;1x,x> — (ij (Aﬂﬁ,m)) ] )

and from (2.11)

(2.15) 1 <exp (21 |:ij (Ajz, z) — (ij <Aj—1x,x>) ] )

forx € H, ||z|| = 1.
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The case of two operators is as follows. Assume that 0 < m < A, B < M, and
t €10,1]. Then
(2.16) 1 <exp {fyp (m, M)
x [([(1 —t) AP +tBP)z,z) — (([(1 — t) A+ tB] z,x))"]|}
< ((1—t)A+tB]z,x)
T A @) AL B)
<exp{T,(m, M)
< [([(L =) A? + tB"z,z) — (([(1 — t) A+ tB]z,2))"]}

and
(2.17) 1 <exp {7, (m,M)
x[([a=pa7+tB 7] wa) - ([(1- A +tB ] w,2)" |}

(A, ()" A, (B
T (A -t A+ tB 2, z))
SQXP{FP( M)

x[([0 = A7+ B wz) - ([(1-0 A7 +1B"z,2))"] }
If B= A, then we get

(2.18) 1< exp{('yp (m, M) [(APz, ) — (Az,2)"])}
(Az, x) ) ;
< A, (A) <exp{T, (m, M) [(APz,z) — (Az,x)"]}
and
(2.19) 1 <exp {W (m, M) {(A‘px,@ _ <A—1x,x>p:|}
Az (4) . . L
< Gy Sop{Tnman [(4772.2) — (47 a.0) ']}

forx € H, ||z|| = 1.
For p = 2 we have

(2.20) 1 <exp { <2M2 [<A2x a:> (Ax, 1:)2})}
5 ol -1
and

(2.21) 1< exp{ 22 [(A z,x) = <A1"””vf”>2]}
Ac(d) _ exp{]‘f [(A7%,2) - <A—1x,x>2]}

T (AT a))
forx € H, ||z|| = 1.
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For p = —1 we derive
(2.22) L<exp{ (5 [(A7"2,2) - (42,2) '] ) |
A P
and
(2.23) 1<exp {2]1\/[ [(Aa:,x} - <A—1m,x>*1} }
< ((AAlng(’i;)l < exp {2; {<A$,$> — <A—1x,m>*1} }

forx € H, ||z|| = 1.

We observe that the above inequalities (2.18)-(2.23) provide refinements and
reverse of the fundamental bounds for the normalized determinant incorporated in
(ii) from the introduction.

It is well known that, see for instance [4, p. 28],

(2.24) (A%,z) — (Az,z)? < i (M - m)?

forx € H, ||z|| = 1.
Then by (2.20) we get

am 5 <o (e - nr] o (1))

for z € H, ||z|| = 1.
Since 0 < M~ < A= <m™! hence

<A72x,z> — <A71:c,:c>2 < i (

and by (2.21) we get

A (A 2 o 1 2
(2.26) W < exp {]\g [<A z,z) — (A" 2, z) ]}

forx € H, ||z|| = 1.
We also use the well known inequality, see for instance [4, p. 28],

. L (- vm)
(2.27) (A7 w,2) — (Az, z) < By
forzx € H, ||z|| = 1.
Then by (2.22) we obtain
(2.28) m < exp {Z\; [<A‘1x’$> — (Aa:,m>—1} }
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forx € H, ||z|| = 1.
Also, by (2.23) we derive

M < exp {21n {(A:v,@ - <A1x’m>_l}}

IN

o)

]

o]
N =
VR
Sg

|

—
~_—
()

These inequalities provide simple upper bounds related to the fundamental in-
equalities incorporated in (ii).

3. RELATED RESULTS

We also have the following reverse of Ky Fan’s inequality (viii):

Theorem 2. Assume that A; > 0 and p; > 0, j € {1,...,n} with Z?:I p; =1,
then we have the following reverse of Ky Fan’s inequality

Ag (Z;L ijj> _ XjmPi {4z, @)

(3.1) 1< — S
[T canr J1 1A (4
<exp [Ty (m, M) | > p; (Abw,z) — | D pj (Ajz,2)
j=1 j=1

forx e H, ||z|| = 1.
In particular, we have

Ay (Z;-ll ijj) _ Xjm1bi (A, )

(3.2) 1< — < &
[Az (A45)]7 (A, (A[)]P
j=1 j=1
2
<exp | 5 [Dop (Aww) = [ Yop (Aje0)
j=1 j=1
and
(3.3) 1< B (ijlijj) < > i1 pj (Ajz, x)

-1

forxz e H, ||z| = 1.
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Proof. Observe that, by Jensen’s inequality for the concave function In

ij (Ajz, ) < Zp] ; x,x>:exp ln< i:ijj x,x>
j=1

> exp <ln ijAj x,x> =A, ijA
j=1 j=1

forx € H, ||z|| = 1.

By the second inequality in (ii) from introduction and (2.10) we then get

Ag (2?21 ijj) _ Xjabs (A, )

| AN IT1as (A

Jj=1 J=1

<exp [T, (m, M) ZpJAacx ijAxx

j=1

forx € H, ||z|| = 1.

p

If we use Ky Fan’s type inequality (viii) and a standard induction argument we

also have

A, (2?21 ijj)
I

1<

forx € H, ||z|| = 1.
These prove the desired result (3.1).

Assume that 0 < m < A; < M, j e {l,..,n} and z; € H, j € {1,...

Z;'L:1 Ha:]HZ = 1. Asin [4, p. 6], if we put
A1 . . . O X1

A= . and T =
o . . . A, Ty

then we have Sp (A) C [m,M], ||z|l, =1 and

(1(7)23) -

for any continuous function f on [m, M].
Therefore, by (2.24) and (2.27) we derive

(A @y 25), (A5, ) = 3 (A, )

n n
=1 j=1

2

(3.4) Z(A ‘T, T5) Z (Ajzj, ) | <= (M —m)?
j=1 j=1

N

O

,n} with
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and
-1 2

n n VM —+\/m
(3.5) Do (Ajmgag) = [ Y (A7 agay) | < <—)

- . mM

j=1 j=1
provided that A; are operators such that 0 < m < A; < M, j € {1,...,n} and
zj € H, je{l,..,n} with 30 [lz;[* = 1.

Using (3.4) and (3.5) we get

(3.6) ij Am ) ij (Ajz,x) i(M m)?

and
-1

(3.7) ij (Ajz,z) — ij A 'z, ) SW

provided that A; are operators such that 0 < m < A; < M, j € {1,...,n}, p; >0,
je{l,..,n} with 37 p;=1land z € H, [lz]| = 1.

Corollary 3. With the assumptions of Theorem 2 we have the following reverses
of Ky Fan’s inequality

(3.8) 1< —; < =
[T a4 1T 2. 4
j=1 n j=1 n 2
< exp 573 E:lpj <ij,x> — z:lpj (Ajz, )

and
(3.9) - Ag; (Z]ZI p]Aj> - Ei_l p; (Ajz, )
H [Ag (A7)]" (A, (A))]F
j=1 =1
—1
< exp Zp] <A]f1x,x>— ij (Ajz, )
j=1 =

forallx € H, ||z|| = 1.
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4. INEQUALITIES FOR p € (0,1)

We also have:

Theorem 3. Assume that A; are operators such that 0 < m < A; < M, j €
{1,...,n}. Then for p e (0,1)

n n
1

(4.1) 1 <exp P —p) P Z(Aj$i7$j> —Z<A§xjaxj>

j=1 j=1

3

1 n
< (p(l—p)mp [(;<ijj,$] ) ; A xj,xj ])

for each x; € H, j € {1,...,n} with Z?:I ||xJ||2 =1
In particular,

1/2
4 n n
(4.2) L<exp | 37 > (Ajzj, ) -3 <A;/2$.7,$j>
j=1 j=1
Z?:l (Ajzj, ;)
H Aﬂij (AJ)
j=1
, vz
4 n n 1/9
j=1 j=1

for each x; € H, j € {1,....n} with 377_, l;)|* =

Proof. If the following condition is satisfied

2P
4.3 d<h({t):=———f"(t)<Aforanyte (m,M
(43) (0= s (1) y L€ (m, M)
and for some § < A, where p € (0,1), then for p € (0,1), we also have [3]
p
(4.4) S| Do (Ayzgyy) | =D (Afayay)
j=1 j=1
Z i) xj,x5) — f Z (Ajzj, ;)
j=1 j=1

<A
=1

(Z (Ajz;, fﬂj>) - (A, ffj>]
Jj=1 J

for each x; € H, j € {1,...,n} with Y7, [lz;]* =
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If we take f (t) = —Int, then
2P 1
p(L—p)t?
1 e[ 1 1 ]
p(l—p)tr ~ |p(1—p)MP p(1—p)mp

h(t) =

and by (4.4) we get

for each z; € H, j € {1,...,n} with Z}I:l ||:c]||2 = 1, which implies, by taking the
exponential, the desired result (4.1). O

Corollary 4. Assume that A; are operators such that 0 < m < A; < M, j €
{1,...,n} and p; >0, j € {1,...;n} with 337, pj = 1. Then for p € (0,1)

»

1 n n
- (A _ (AP

(4.5) 1 <exp D= p) 7 jElej (Ajz,z) JE:I pj (Afz,x)

< Z;‘L:I Dj <Aj'rv z)

— n

1A A

j=1

1

< -
=P P =pmr

P n
Y v Az | =) pi(Alw,x)
j=1 j=1

for each x € H with ||z| = 1.
In particular,

, 12
4 n n 1/9
(4.6) 1 <exp el ij (Ajz,x) — ij <Aj/ x, x>
j=1 j=1
S w )
[As (45)]”
j=1
1/2
4 n n 1/9
< exp i ij (Ajz,x) - ij <Aj/ x,x>
j=1 j=1

for each x € H with ||z| = 1.
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Remark 2. If we write the above inequalities for A;l, then, under the same as-
sumptions,

(4.7) 1 <exp (p(lp) |:(; <A;1xj,mj ) ; A T, T; ])

for each x; € H, j € {1,....n} with 377, | |)* =
In particular,

1/2
(48)  1<exp|dm!'/? (Z <Aj_1wj,$j>> =3 (A g )
j=1
12 (4)

Jj=1

(Z] 1 (47 33]’%>)71

<

1/2
<exp | 4M'/? (Z <ijj,xj>) —Z<A}/2%‘vfﬂj>
j=1

Jj=1

for each x; € H, j € {1,...,n} with Z? 1 ||x]||2 =1.
Also, if p; >0, j€{1,...,n} wzthz _pj=1

(4.9) 1 <exp (p(;n—p) [(;pj <Aj_1x’$>) — ij <A;Pm,x>] )

fis
(Shvms (4 2))

MP - -1 R -p
< exp (p(l_p) [(;pj (4; 9”3>) —]Z:;pj (4] mx>])

for each x € H with ||z| = 1.

<
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In particular,

1/2
(4.10) 1 <exp | 4m'/? ij <A;1x,x> — ij <A;1/2$,x>
j=1 j=1
[T, 4
<= -
(S s (47122
n 1/2 n
<exp | 4AMY/? ij <Aj_la:,x> — ij <A;1/2x,x>
Jj=1 j=1

for each x € H with ||z| = 1.

Similar particular inequalities may be stated, however we state only the case of
one operators, namely, for the operator A satisfying the condition 0 < m < A < M,

(4.11) 1 <exp (p(l—lp)]\ﬁ’ [(Az, )P — <Apac,ac>]>

< 89 <o (o Ana)? — (47,
and
(4.12) 1 <exp (p(;nip) {(Ailz,xyj - <Ap:c,:c>}>

for each x € H with ||z|| = 1, where p € (0,1).
For p =1/2 we get

(4.13) 1 <exp <J\/[41:/2 [(Ax,m>1/2 _ <A1/2x,x>}>
< Xim(’ji < exp <mil/2 {(A:c,m}l/2 - <A1/2x,x>})
and
(4.14) | < exp (4m1/2 {<A_1SL',Q?>1/2 _ <,4—1/2x,x>D
Ag (A)

< G s (2 [ (1)
T, T

for each x € H with |z|| = 1.
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