g-Deformed and \-parametrized hyperbolic
tangent function based Banach space valued
multivariate multi layer neural network

approximations

George A. Anastassiou
Department of Mathematical Sciences, University of Memphis,
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract

Here we study the multivariate quantitative approximation of Banach
space valued continuous multivariate functions on a box or RN, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We investigate also the case
of approximation by iterated multilayer neural network operators of the
last four types. These approximations are achieved by establishing multi-
dimensional Jackson type inequalities involving the multivariate modulus
of continuity of the engaged function or its partial derivatives. Our multi-
variate operators are defined by using a multidimensional density function
induced by a g-deformed and A-parametrized hyperbolic tangent function,
which is a sigmoid function. The approximations are pointwise and uni-
form. The related feed-forward neural network are with one or multi
hidden layers.
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1 Introduction

The author in [2] and [3], see chapters 2-5, was the first to establish neural net-
work approximations to continuous functions with rates by very specifically de-
fined neural network operators of Cardaliaguet-Euvrard and ” Squashing” types,
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by employing the modulus of continuity of the engaged function or its high or-
der derivative, and producing very tight Jackson type inequalities. He treats
there both the univariate and multivariate cases. The defining these operators
"bell-shaped” and ”squashing” functions are assumed to be of compact sup-
port. Also in [3] he gives the Nth order asymptotic expansion for the error of
weak approximation of these two operators to a special natural class of smooth
functions, see chapters 4-5 there.

Motivations for this work are the article [14] of Z. Chen and F. Cao, also by
[4)-[12], [15], [16].

Here we perform a g-deformed and A-parametrized, ¢, A > 0, hyperbolic
tangent sigmoid function based neural network approximations to continuous
functions over boxes or over the whole R, N € N and also iterated, multi layer
approximations. All convergences here are with rates expressed via the multi-
variate modulus of continuity of the involved function or its partial derivatives
and given by very tight multidimensional Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized,
quasi-interpolation neural network operators related to boxes or RY, as well as
Kantorovich type and quadrature type related operators on RY. Our boxes are
not necessarily symmetric to the origin. In preparation to prove our results we
establish important properties of the basic multivariate density function induced
by the g-deformed and A\-parametrized hyperbolic tangent sigmoid function.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(‘Z'):ZCjO'(<aj'1’>+bj), I'GRS, SGNa
=0

where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation function is a kind of hyperbolic tangent sigmoid function.
About neural networks read [17] - [19].

2 About ¢-deformed and A—parametrized hyper-
bolic tangent function g,

We will study in detail g, x, see (1), and prove that it is a sigmoid function
and we will give several of its properties related to the approximation by neural
network operators.

So, let us consider the function

e>\ﬂ’5 _ qe—)\m
gQ7/\ (.CC) = W’ )\,q > O, S R. (1)



We have that

1—g¢
0) = ——.
9q.x (0) 1+gq
We notice also that
- e—)\w _ qekx B %e_kx e)‘x _ (6)\3c %B_Ax
gax (=) = e 4 get %6_)‘9” +err ere g ée—)‘x Ie (@)
(2)
That is
gor (-2) = g1, (), Yz ER 3)
and
912 (2) = =g (=),
hence
dh o (@) = gy (-2). (4)
It is
eQAm —q 1— %
€Tr) = = € — 1’
gq,/\( ) 2w +q 1+ 62% (3—+00)
i.e.
ga (+00) =1, (5)
Furthermore
( ) e?ka; —q —q .
€Tr = —/———— — —_— = — y
da:) T 4 q (1——c0)
i.e.
ggx (—00) = —1. (6)
We find that o
dgle ™"
Q:I,A (z) = a2 0, (7)
(e?* +q)
therefore g4, is striclty increasing.
Next we obtain (z € R)
q- 62>\x
g (z) = 8g\?e* e €C(R). (8)

€M 4 ¢)°

We observe that

In
q—e2’\””20@q262)‘z@1nq22)\x@m§2—;.
So, in case of z < l;—)f’, we have that g, is strictly concave up, with

i (5) =0



And in case of x > 2 L, we have that g, \ is strictly concave down.

Clearly, g4, is a shifted sigmoid function with g4 x (0) = 1+ ;and g\ (—x) =
—gq-1.2 (%), (a semi-odd function), see also [13].

By1l>—-1,z+4 1>z —1, we consider the activation function

D o @+ 1) — gy (x — 1)) > 0, (9)

Mq_)\ (JC) = 1

Vo € R; ¢,A > 0. Notice that My x (+£o0) = 0, so the z-axis is horizontal
asymptote.
We have that

My (~2) = 3 (G2 (24 1) = gy (~2— 1)) =
7003 (0= 1))~ ggr (~ (2 +1)) =
L(oa @D to @) = (10)

<g%,,\ (z—i—l)—g%,/\ (z—l)) = My, (), VzeR.

W =

Thus
MqﬁA(—x):M;’)\(x), Ve eR; g A>0, (11)
a deformed symmetry.

Next, we have that

M\ (z)==(gor(x+1)—goy(z—1)), VaeR (12)

»&M—‘

Let < 2% -1 thenw—1<z+1< 2% and gox(@+1)>g 5 (x—1) (by
gq,x being btnctly concave up for z < 1“q) that is M y (z) > 0. Hence M,y is
Ing

striclty increasing over (—oo, o T ) .

Let now x—1 > 1;/\q,then z+l1>x—1> 1;1/\(17 and g; \ (z+1) < g; \ (z—1),
that is M, , (z) <0.

Therefore M, » is strictly decreasing over (lnq +1 —|—oo>

Let us next consider, ;—/\q —1<z< lg—f + 1. We have that
1 1 1 1
Mg\ (z) = 1 (gar(@+1) =g/ \(x—1)) =

2q)\2 e2A(z+1) ﬂ — e2M@=1) ﬂ . (13)
(62,\(m+1)+q)3 (62’\("”*1)-5-(1)3

By 1;;1 1<z & 1;;1 <z+1lehng< 22 (z+1) & ¢ < 20D o
q—e”‘(“‘l)<0.



By =z < ?—f—i—l@x—lg 1;‘—)?@2)\(36—1) <lng & 0D < g o
g — eaE=1)"> ¢

Clearly by (13) we get that M’ (z) <0, for x € [ln—q —1,ma 4 1}

) 2A
More precisely M, » is concave down over [ln—q -1, 1;‘)? + 1], and strictly
Ing ¢ Ing
concave down over (2/\ L5 +1

Consequently M, » has a bell- type shape over R.
Of course it holds M/, (lnq> <0.

Atz = 1;’)? , we have

62)\(:5+1) 82)\(9371)
qA 5 — 5 |- (14)
(62)\(z+1)+q) (€2A(z—1)+q)

Thus

62’\ e—2>\
g <(62/\ +1)2 (et 1)2> N =
\ e2A (e’” + 1)2 —e 22 (62)‘ + 1)2 _o.
(P +1) (e +1)°

That is, ‘2 is the only critical number of M, ) over R. Hence at z = %22, M,

achieves its global maximum, which is

Inq 1 Ingq Ingq B
o (50) =3 (5 ) o (50 1))

1 et —e A e~ — el _
4 [\er e e~ 4 e B



1
4| er e 2 \ed+eA 2

2(er —e A)] 1 <e>‘—e_)‘> _ tanh (A).

Conclusion: The maximum value of M,y is

(I;Aq) Lng(’\), A> 0. (18)

We give

Theorem 1 We have that

Z ax(z—i)=1, VzeR,V A qg>0. (19)

i=—00

Proof. We notice that

D Gar (@ =) = gon(@—1-17) =
S (Ggr (@ — 1) — gga (@1 =)+ 3 (gon (@ — ) — gon (& — 1 — ).
1=0 1=—00

Furthermore (p € Z1)

Z ggr (T —1) —ggr(x—1—1)) = (20)
=0
lim o ( —ggx (@ —1—1)) (telescoping sum)
Pl Zz; 4, 7,
= lim (ggx () = ggn (@ = (p+ 1)) =1+ g4 (2).
Similarly,
—1 —1
Z (ggr (= 1) —ggn (z —1—1i)) = plin;o Z (ggr (T —10) —ggn (. —1—1)) =
1=—00 i=—p
Jim (9.0 (2 +p) = ggn (2) =1 = gga (2). (21)
By adding the last two limits we derive
> (gea(@—i)—ggn(z—1-14) =2, Vo eR. (22)

Consequently we get

oo

Y (Ger(@+1—8) —gur(z—1) =2, VeeR

i=—00



Therefore it holds

oo

Z (ggr (@ +1—i) —ggr(z—1—1)) =4, VxR,

i=—00

proving the claim. m
Thus

Z Myx(nz—i)=1,VneN, VzeR

i=—00

Similarly, it holds

Y Mi,(z—i)=1,VazeR

But M1 (z —1) ) g (t—x), Vel
T
Hence -
> Mya(i-z)=1,VzeR,
and -
> Mya(i+a)=1,VzeR
It follows

Theorem 2 It holds
/ Myx(z)dz=1, A q>0.

Proof. We observe that

/C:M,A(x)dxz i /joMq,,\(J:)dx:‘_z: /01M7,\(x+j)da:

j=—00

]
So that M, » is a density function on R; A, ¢ > 0.
We need the following result

(25)

(26)

(27)



Theorem 3 Let 0 < a <1, andn € N with n'=* > 2; ¢, A > 0. Then

o0

1 e .
Z MqJ\ (nm - k) < max {q’ } 64)\6*2/\71(1 ) _ T672)\n(1 )’
q

k=—00
{ :nw — k| > ntme
(30)
where T' := max {q, %} e,

Proof. Let z > 1. That is 0 < x — 1 < x 4+ 1. Applying the mean value
theorem we obtain

1 1 4gre?A&
M, == 1) — -]=--2.———
q,\ (1‘) 4 [gq,)\ (:K + ) 9q,\ (1‘ )] 4 (62)‘5 N q)ga
that is o
Mo (o) = D2 @1
(24 q)
forsome 0 <z—1<é<z+1;A¢>0.
But €2} < e2X 4 ¢, and
2gA (62/\5 + q) 2\ 2gA 2gA
— > 1.
Mgx (m) < (62/\5 +q)2 (e”‘f Jrq) < (62)\(1—1) _|_q) < e2A(z—1)’ zz21
(32)
That is ”
q
M » (I) < A1) Vz>1,
or, better
My (z) < 2 e®e ™M W > 1. (33)

Thus, we observe that

k=—00
s nw — k| > ntme

o
2(])\62)\ Z e—2>\|nw—k\ < 2(])\62/\/ e—QAwdx —

nl-a—1



_ | _on(plma_ _ oy (1—a) _onp(1—)
qez,\{e 2,\95‘00 — ge? {e 2x(n 1) _, 2)\00} — geP e — g e .

Therefore it holds

o0

> My (Inz — k) < gePe "™ v A g>0.  (35)

k= —o0
s nx — k| > ntme

If (nz — k) > 0, then

Z M,y (nz—k) < qe4>‘672)‘"<17a). (36)

k=—o00
s nx — k| > ntme

Similarly, it is valid (by (35))

1 —
3 A@AWM—kD<6&%4MO),V&q>O (37)

k=—o0
tna — k| > ntme

Assume now that nx — k < 0, then

oo o0

11
Z Mg\ (nx — k) = Z M%J\ (= (nx — k)
k= —o0 k= —o0
Dz — k[ >0t :nw — k| > ntme
1 —a
<5&%4M“’,vxq>a (38)
Therefore, it holds (by (36), (38))
S 1 -
Z My » (nz — k) < max {q, } A2t ), Y A q>0.
q

k=—o0
tnx — k| > ntme

The claim is proved. m
Let [-] the ceiling of the number, and |-| the integral part of the number.

(39)

Theorem 4 Let x € [a,b] C R and n € N so that [na] < [nb|. For q > 0,
A > 0, we consider the number \q > zo > 0 with My (z0) = Mgy (0) and
Ag > 1. Then

1 1 1

[nb] M )’
S My (e — k) o Qa0 (2s)
k=[na]




Proof. By Theorem 1 we have

> Mya(w—i)=1,VzeR, VAqg>0,

1=—00

and by (26), we have that

> Mya(i-z)=1,VzeR, VAqg>0. (41)
Therefore we get

oo

Y Mga(z—i)=1,VazeR, VAqg>0. (42)

Hence

00 [nb]
1= )" Mga(lnz—k) > > Mga(Inz—k|) > My (Inz — kol), (43)
k=—oc0 k=[na]

V ko € [[na], [nb]] NZ.
We can choose kg € [[na], |nb]] NZ, such that |nz — ko| < 1.
Notice that |[nax — ko| could be § 9 I 0 < |nx — ko| < 22, by down con-

2 PN
cavity of M, \ over R, we can choose z € [1;1—)?, +00) such that M, » (|nz — ko|) =
My (2). If |nz — ko| > 1;‘—)? we just set z := |nz — ko|. Next, we can choose

large enough A\, > 1, and such that Ay > zo > 0 where Mg x (20) = My (0).
Clearly, it is z < zg < Aq.

Since M, » is decreaasing over [%,Jroo) we get that My x (|nz — kol) >
My (Aq) -

Consequently,
[nb]

Y Mo (Ine —kl) > Myx (),

k=[na]
and 1 1
Lnb] S M0 (44)
> Mg (Inw — k) ’
k=[na]
v A, q>0.
If ne — k> 0, by (44), we get
1 1
o] <M ) vV A q>0. (45)
ST M, (nz—k) e

k=[na]

10



‘We have also that
1 1

v A 0. 46
oh] < (A> ,q > (46)
Y. M, (|nx—kl) M\
k=[na] a
Let now nx — k < 0, then
1 1 (46) 1
1 < . (47
[nb] [nb| M, ()\1)
> Mg (nz—k) > My (= (nz—Fk)) M\
k=[na] k=[na] !
Vv 8,q > 0.
Consequently, it holds
1 1 1
< max , , (48)
|nb| Mg\ (A
> My (na— b o el A ()
k=[na]
Y A q>0.
The claim is proved. =
We make
Remark 5 (i) We also notice for ¢ > 1 that
[nb] [nal—1 0o
1= > Mya(nb—k)= > Myx(mb—k)+ > My (nb—k)
k=[na] k=—o00 k=|nb]+1
> Mg » (nb— [nb] —1) (49)

(calle :=nb— [nb], 0<e < 1)
=Mga(e=1)=Ma(=(1-¢)) =M, (1-¢)

0<g<1 and0<1l-e<1)
(M. y is decreasing on [0,+400)).

2 Mly)\ (1) > 0
Therefore

[nb]
lim (1 Y Myax(mb—k)| >0, ¢>1,A>0. (50)

n—oo
k=[na]

11



(i1) Let now 0 < ¢ < 1, then we work as in (i), and we have

Lnb)
1= Y Mya(nb—k)> M., (1-¢) (51)
k=[na]

(e:=nb—|nb],0<e <)

1

That is % > 1, and choose A: 0 <1 —¢ <1< X, where X > >N :—1;—)?.
First assume that 1 — ¢ € [—1;1—;1, +00). Hence
M\ (1—¢)> M, () >0, (52)
by M1 , being decreasing on [—1;’—)?, +00).
Ifo<l—e< —l;‘—)?, then we use the concavity-bell shape of Mg x.
So, there exists z. € (71;—/\‘1, +oo> such that M%J\ (1—¢)= M%,A (). We

also consider zy € (71;—;1, +oo) such that M1 y (20) = M1  (0) . Clearly it holds
—l;’—f < 2. < zp and we choose X : zy < \. Therefore, it holds Mi,(1-¢)>

M1, (0) > My (X) >0, by My y being decreasing on [—1;—)?,—1—00).
Again it holds

[nb)
lim [1— Y Mya(nb—k)| >0, 0<g<1,A>0. (53)
k=[na]

(iit) Similarly, (¢ >0)

[nd] [na]l—1

1-— Z My x(na—k) = Z My (na—k)+ Z My (na— k)

k=[na] k=—o00 k=|nb|+1
> Mgy (na — [na] +1)
(call m:=[na]l —na, 0<n<1) (54)
=M, (1—n), etc

Acting as in (1), (ii) we derive that

Lnd]
dim (1 > Mya(na—k)| >0 (55)
k=[na]
Conclusion: (i) We have that
Lnd)
liIJIrl Z Mg\ (nx —k) # 1, for at least some x € [a,b], (56)
k=[na]

12



where A, q > 0.
(ii) Let [a,b] C R. For large n we always have [na] < [nb|. Alsoa < £ <,
iff [na] <k < |nb|. In general it holds

Lnb]

> My (nw—k) < 1. (57)
k=[na]

‘We make

Remark 6 We introduce

N
Zq’)\ (ml,...,xN) = Zq’)\ (ZC) = HM A (QEZ) , T = (.’L‘l,...,{,CN) € RN, )\,q >0, N e N.
i=1

(58)
It has the properties:
(i) Zyx(z) >0, Vo RN,
(ii)
Z Zgr(x—k) = Z Z Z Zgx (@1 — ki, zn —ky) =1,
k=—oc0 k1=—00 ko=—00 kny=—00
(59)
where k = (ky,....k,) € ZN, ¥V z € RV,
hence
Z Zga(nx —k)=1, (60)
k=—o0
VzeRY: neN,
and
(i)
/ Zga(x)dx =1, (61)
RN
that is Z, is a multivariate density function.
Here denote ||z := max {|x1], ..., |zn|}, # € RN, also set 00 := (o0, ..., 00),
—00 1= (—00, ..., —00) upon the multivariate context, and
[na] := ([na1],..., [nan]),
(62)

Lan = (Lnle PRXES) LnbNJ) )

where a := (a1, ...,an), b:= (b1, ...,by).
We obuviously see that

[nb] |nb] N
Z Zgx(nz—k)= Z (H Mg » (nx; — k1)> =

k=[na] k=[na] \i=1

13



[nb1 ] [nbn | [nb;]
Z Z <H nm,-—kﬁ)zH Z o (nx; — ki)

ki=[nai1] kn=[nan] i=1 \k;=[na;]

(63)
For0< p* <1 andn €N, a fivzed x € RV, we have that
[nb]
Z Zgx(nz—k) =
k=[na]
[nb] Lnb]
Z Zg (nx —k)+ Z Zgx(nz—k). (64)
{ k = [na] { k= [na]
15 =l < = 1% =2l > 7=

In the last two sums the counting is over disjoint vector sets of k’s, because the

condition H;"; — zHOO > n% implies that there exists at least one k,—: — m,«| >
n%, where r € {1,...,N}.
(v) By Theorem 3 and as in [10], pp. 379-880, we derive that
|nb] (1-8")
> Zyx (nz —k) < Te 2" , 0< B <1, (65)
{ k= [na]
1% -2l > 7=
withn e N:n'=F" >2 ¢ Hf\il [a, b;] .
(vi) By Theorem 4 we get that
0< - <@a@)" (66)
nb ’
Z,E Hna] A (ne — k)
Ve (Hil [ai,bi]), n € N.
It is also clear that
(vii)
Z Zgx(nx—k) < Tefw‘”(l_ﬁ*), (67)
{ k=—o0
15 =2l > =
0<B*<1l,neN:n'"F >2 zecRN.
Furthermore it holds
[nb]
lim > Zya(nw—k) # 1, (68)

k=[na]

14



for at least some x € (Hfil [a;, b1]> .
Here (X, ””'v) is a Banach space.

Let f € C (Hf;l [ai,bi],X)7 x = (1,.,ZN) € Hi\le [ai,b;], n € N such
that [na;] < |nb;|, i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (v = (x1,...,TN) € (Hf\il (@i, bl]))

S £ (5) Za (nz — k)
An (f7$17.“7xN) = An (f,x') = k [Lnl;lj q =
> na] Z A (ne — k)

[nb1] Lnbs ] [nbw | k
Zklzl(’ﬂal-l ZkQ:QIVTLaz“ ZkN N[naN] ( ’nl [ TN) (HZ 1 Mq A (nxl - kt))
I, ( e Mo (s — k‘z’))

(69)
For large enough n € N we always obtain [na;] < |nb;], i = 1,..,N. Also
a; S ki < bz, Zﬁ [naz] < kz S Lnle, 1= 1,...,N.

When geC (Hl 1 lag, b; ]) we define the companion operator

nb
g( )_ZIE Hna'\g( )Zq/\(nm_k)
n g, T) = ZLan (naj—k) .
k [mﬂ

Clearly ;1" s a positive linear operator. We have that

N
A,(L,z)=1, Vze <H [ai,bi]> .

i=1

Notice that A, (f) € C (HiNzl (s, bi] ,X) and A, (g) € C (Hz ) [a“bl]> .

Furthermore it holds

(71)

\_nbj
vt 17 Gl Zox (n2 = k) _ -
Eit VOl Zir 000 7y

An I =
H (f -%‘)HA/ Z,Eanna] (nx _ k‘)

Vaoe Hf\il [az,b,] .
N
Clearly ||, € € (TS, [as,bi)
So, we have that

1A (£,2)1, < An (111, 2) (72)

Ve Y, [anb]. ¥VneN, erC(Hl 1[al,bl],X).

15



Letce X andge C (Hfil [ai,bi]) then cg € C (Hz 1 lai, by ,X) .
Furthermore it holds

A, (cg, )—cA x,VxGHa“z. (73)

Since Ay (1) =1, we get that
Ay (c)=¢c, Vce X. (74)
We call /Nln the companion operator of A,,.

For convenience we call

[nb]

A (foo) = > f< ) A (nz —k) =

k=[na]

[nby ] [nb2] [nbn | k N
Z Z Z f( L N> (HMq,A (nx; — kz)) , (75)
i=1

ki=[nai] k2=[naz] kn=[nan]

Ve (Hﬁil [ai,bi]).

That is A (f.2)
An(fr) = — -~ : (76)
S ) Za (0 = K)
Ve (Hfil [ai,bz-]), n € N.
Hence
A (@) = £ @) (g Za (nz = k)
Ay () = f () = S 2 (( 1 ) (77)
H fmﬂ nx — k)
Consequently we derive
(66) N Lnb)
lAn (£.2) = F @I, < (A @)Y |45 (o) = @) S Zga(nz— k)|
k=[na]
()

Ve (HL ) [al,bl])
We will estimate the right hand side of (78).

For the last and others we need

16



Definition 7 ([11], p. 274) Let M be a convex and compact subset of (RN, ||~Hp),
p € [1,00], and (X, H||,y) be a Banach space. Let f € C(M,X). We define the

first modulus of continuity of f as

wi (f,6):= sup  |[f(z)=F@I,, 0<d<diam(M). (79)
z,y € M:
o —yll, <0

If 6 > diam (M), then
wi (f,0) = w1 (f, diam (M)). (80)

Notice wy (f,d) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,9) is defined similarly.

Lemma 8 ([11], p. 27/) We have wy (f,0) — 0asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RY, H~||p), p € [1,00].

Clearly we have also: f € Cy (RY,X) (uniformly continuous functions),
iff wy (f,0) — 0 as § | 0, where wy is defined similarly to (79). The space
Cp (RN , X ) denotes the continuous and bounded functions on RV .

N
Let now f e C™ <H [ai,bi]), m, N € N. Here f, denotes a partial deriva-
i=1
' N
tive of f, a:= (a1,...,an), & € Zy,i=1,...,N, and |a| := > a; = I, where
i=1

[=0,1,...,m. We write also f, := ng and we say it is of order [.
We denote

Wim (fa,h) = max wy (fo,h). (81)
Call also
[ falloom = Ig‘lgﬁ{llfalloo}, (82)

where ||-|| is the supremum norm.
When f € Cp (RN,X) we define,

B, (f,x) := B, (f, 21, ..., xn) := Z f(i) Zgx(nx —k) :=

k=—o00

[eS) oo oo N
SOy LY f(’j;’jj’“;j) (HMq,A(nxi—ki)>, (83)

k1=—00 ko=—00 kn=—00 i=1

neN,VzeRYN, N €N, the multivariate quasi-interpolation neural network
operator.
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Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural
network operator

Co (f,2) 1= Cp (fr21, 0 an) = Y <nN/ ! f()dt)Z (nz — k) =

k

k=—o0 n

[e'e] [e'e} o0 k1+1 ko+1 k1
Z Z Z < / [62" ﬂ ! f(tl,...,tN)dtl...dtN>

EN
ki=—00 ko=—00 — n n

N
. <H Mq,)\ (7’LSL‘L —_ kz)> B (84)

neN, VzeRN,

Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows.

Let 0 = (64,...,0n) € NN r=(ry,.,rN) € Zf, Wy = Wry py,..ry > 0, such

0
that > w, = 21: i Z Wry gy = 13 k € ZN and

r=0 r1=07r2=0 rny=0

i k T
5” (f) = 5”7 1,k2,...,kN (f) = wrf ( + ) —
' fufee ,,_go n  nd

01 02

/<71 ri ko T2 kn oy
Z Z Z Wy ry,.on | < n791 " + w7 n + m‘?N) , (85)

r1=07r2=0 ry=0

where & = (97 o, ﬁ)
We set
Dn (fa :L’) = Dn (faxla "'7mN) = Z 5nk (f) Zq,)\ ('TLTC - k) (86)
k=—oc0
Z Z Z 577, Jki,ka,. kN <H M(] A nxl - ’L)) )
klzfoo k:g_foo kN_foo
VzeRY,

In this article we study the approximation properties of A,, B,,C,, D,
neural network operators and as well of their iterates, that is acting with multi-
layer neural networks. Thus the quantitative pointwise and uniform convergence
of these operators to the unit operator I.
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3 Multivariate general Neural Network Approx-

imations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give

Theorem 9 Let f € C(Hl 1[a1,b2],X), 0<p" <1, z¢€ (Hf\]:l [ai,bi]),
N,n € N withn'=#" > 2. Then

1)
[An (f;2) = f (@), <
(A (@)Y {M <f, n;) 1 oTe—2An ) , OJ =: A1 (n), (87)
and
2)
140 () = 71, <2 (88)
We notice that nh—>HoloAn (f) = Il " f, pointwise and uniformly.

Above w1 is with respect to p = oo.

Proof. We observe that
[nb]|

A(z) = A (f,2) Z Zgx (nz — k) =
k=[na]
[nb| k |nb]
Z f(n)Zq)‘ (nz —k Z f(z A (nx—k) =
k=[na] k=[na]

5 (4(5)- 1) s - 0 )

Thus o )
[A @), < k_zﬁ;ﬂ f (S) — f(x) o (ne — k) =
B k%é Wlﬁ<§)fw)vaAmmm+
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[nb)

2
k = [na]
15 =2l > 5=

(f >+2T el

or (£ ) w2

So that
B @, <o (7 ) + 2227 i |

Now using (78) we finish the proof. m
When X = R, next we discuss the high order of approximation.

N

Theorem 10 Let f € C™ (H [ai,bi]), 0<B*<1,nmNeN, n5 >3,

i=1

N
A>0,¢>0,z¢€ (H [ai,bi]) Then

) 2Te‘2m(lﬁ*)} )

Z) =1
o 2| X {3 (H - ;) ) < (92)
J=1 \ lal=j Haz i=1
Nm b_ amax
(A(q))N{ﬂme(fwT})+<|| a2, %n
ii)

|40 (f) — F @) < (A @)

(93)

1 16—
max
Tty im (fna) " (

A0 -1] < @@"

1
nB*i

N
+ <H (b; — ai)%) Te_Q)‘”(lil3 )]

i=1

allg 1 fallsem N
lloo,m

2Te_2>‘"(176*)
m! '

(94)
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= Ifalllo | | 2 M ar ) —aan(o)
DI B~ —5 + ([T (i —a)™ | Te
=1

i=t \lal=3 \ TJaa!
=1

LN, max(fm ) (IIb—aII |7|£7|| Nm>2T6_Mw>}.

m'nmﬁ*

) . Then

N
i) Assume fo (x0) =0, for all a:|a|=1,...,m; x¢ € (H [ai, bs]
i=1

A (£,20) = £ (20)| < (95)

nm max ||b—CL|| ||fa||max N™ — n(l—/‘f*)
(A ()" {TW (fa, ) < - 2T~ A ,

notice in the last the extremely high rate of convergence at n=P (m+1),

Proof. As similar to [10], pp. 389-391, is omitted. m
We continue with

Theorem 11 Let f € Cp (RV,X), 0 < 8" <1,z € RN, ¢ >0, A > 0,
N,n e N withn* =% > 2, wq is for p=oco. Then

1)
Bn(f,x)—f(x)|7§w1<f, )+2T 2| = e ), (96)

2)
< aem). (97)

1. ()

Given that [ € (CU (RN,X) NCg (RN,X)), we obtain lim B, (f) = f, uni-
formly.

Proof. We have that

Bo(f,) S (&) 2t -n-s0) S Zya(ne— k) =

k=—o0

k=—o00
(98)

Hence




i Hf<z>_f(x)ﬂyqu(nx_k)+

b S %
> i (60)
kzoo Hf <”) — /@) YZqA(nw—k) <

{HZ —z|| >

or (£ ) w2

0
[ vaoo >
w1 (f }3’*> +2T 72)\’”(

proving the claim. m
We give

Theorem 12 Let f € Cp (RV,X), 0 < " <1,z € RN, ¢ >0, A >0,
N,n € N with n* =7 > 2, wq is for p=co. Then

1)
1C (o) — £ (@), < wn (f, ! )+2T — s (),
(100)

2)
i 5y =11, _ < 2. (101)

Given that f € (CU (RN,X) NCg (RN,X)) , we obtain lim C, (f) = f, uni-
formly.

Proof. We notice that

k+1 k141 ko+1 En+1

/ f(t)dt:/ / / " Ftte, e ty) dtydts..dty =
k LY k2 En

1

/ / / (t1+t2+k2, tN+k)dt1 dtNZ/nf(t-Fz)dt.
0

(102)
Thus it holds (by (84))

Colfi)= 3 (W/O’llf( k)dt) sz — k). (103)



We observe that
1Cn (i) = £ (@), =

53 (mvlnf< k)ﬁ) (nz — & EZ F(5) Zor (nz— )

T b= 7y
k§;<<nNAif<ﬂ+z)ﬁ>—f@@)&mﬁw—k)7:
ki@@wzf(f@+z>—ﬂm>a>%sz—m7< (104)

f<t+z)—f@)

f@+k)—fm)

dt) Zgx(nx —k) =
.

= (L

n

dt) A(nz —k)+

{ T
1% =2l < 7=

dt) Zq,A (']’L{p — k) S
~

L3
& el > -

- o

2 (nN AN C s L )dt> Zun (2 — )+
{ k=—o0 0 0
1% =2/l < 7=

2[isl | > Zor(nz—K)) | <
k=—o0
15 —2|| > &
Q’ 1)+ﬂ‘”“5)wmu (105)

proving the claim. m
We also present
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Theorem 13 Let f € C’]g(R]\[7X)7 0<B <1, zeRYN ¢g>0 )>0,
N,n e N withn' =% > 2, wy is for p=oc0. Then

1)

1D () = £ @)l o (£ + e ) + 27 iA1= hao).
(106)

2
[1Dn (1) = 11| < 2. (107)

Given that [ € (CU (RN,X) NCg (RN,X)), we obtain lim D, (f) = f,

uniformly.

Proof. Similar to the proof of Theorem 12, as such is omitted. =

Definition 14 Let f € Cp (RN,X), N eN, g>0, A>0, where (X, ””v) 18
a Banach space. We define the general neural network operator

FE, (.f733) = Z Z’nk (f) ZCL)\ (TL$— k) =

k=—oc0
Bn (f,l'), Zflnk (f) = f (%)klrl
Cu (i), if b (F) =¥ [, (t) e, (108)

D, (fa 13) i bk (f) = Onk (f) :
Clearly l,,x, (f) is an X-valued bounded linear functional such that ||l (f)]., <

S
s -
Hence F,, (f) is a bounded linear operator with HHF” (f)||7HOO < H”f”’yHoo
‘We need

Theorem 15 Let f € Cp (]RN,X), N>1,0\q¢>0. ThenF, (f) € Cp (]RN,X).

Proof. Clearly F, (f) is a bounded function.

Next we prove the continuity of F, (f). Notice for N =1, Z, » = M, » by
(9).

We will use the generalized Weierstrass M test: If a sequence of positive
constants My, Mo, M3, ..., can be found such that in some interval

(a) |lun (@), < Mpn, n=1,2,3,...

(b) 3 M,, converges,

then " w, (x) is uniformly and absolutely convergent in the interval.

Also we will use:

If {u, (x)}, n =1,2,3,... are continuous in [a,b] and if Y u, () converges
uniformly to the sum S (z) in [a,b], then S (z) is continuous in [a,b]. Le. a
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uniformly convergent series of continuous functions is a continuous function.
First we prove claim for NV = 1.
We will prove that Y 7o Lok (f) My,x (nz — k) is continuous in z € R.
In &
There always exists A € N such that nx € [-A, A]. Call \* := X + {n —‘

Ini

o=t |5
nl
Since nx < A, then —nx > —Aand k —nx > k— X\ > {12—;—‘, when k& > \".
Therefore

Z M A (’RJL‘ - k) = Z Mq—17)\ (k —na:) < Z qul,A (k; _ )\) — Z qul,A (k/) <1

q
21

k=\* k=\* k=\* "lnl"
k=

So for k > \* we get
ok (P, Moy (n = k) < [[IF1L | Mgr x G = ), (109)

and

(110)

([N T
k=X"
Hence by the generalized Weierstrass M test we obtain that Y p- . Lk (f) Mg (nz — k)
is uniformly and absolutely convergent on [—%, %} .
Since Ly, (f) My x (nz — k) is continuous in z, then >~ \. Lk (f) Mg\ (nz — k)
is continuous on [—2,2].

n’n

Ini

Because nz > —\, then —nz < A\, and k —nx < k+ X < {2/\‘1} when
k < A.. Therefore
|54

A A
Z My (nz—k) = Z My-1 5 (k= nx) Z My (E+X) = Z M1 5 (

k=—o00 k=—o0 k=—o0 k'=—o0

So for k < A, we get

ok (DIl My (n = k) < [[I£11]| My (64 ). (111)
and
As
| > Mooa e < sl - (112)
k=—oc0
Hence by Weierstrass M test we obtain that Zz*:_oo Lnk (f) My-1 5 (nx — k) is
uniformly and absolutely convergent on [—%, %] .

Since Iy, (f) My » (nz — k) is continuous in z, then 22*:700 Lok (f) My (nx — k)

is continuous on [—%, %} .
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So we proved that >~y Lk (f) Mg\ (nz — k) and 22*:700 Lok (f) My (nx — k)
are continuous on R. Since 22:;14_1 Lok (f) Mg (nz — k) is a finite sum of con-
tinuous functions on R, it is also a continuous function on R.

Writing

D bk (f) My (nz — k Z Lk (f) Mg\ (nz — k) +

k=—o0 k=—o0
Af—1
ST bk (f) Mg (na — Z Lo (f (nz — k) (113)
k=Xi+1 k=A*

we have it as a continuous function on R. Therefore F,, (f), when N =1, is a
continuous function on R.
When N = 2 we have

w (fy21,m2) = Z Z Lok (f A (nxy — k1) My x (nxe — ko) =

ki=—0c0 ko=—0c0

> My (nzy — k) < > bk (f) Mgx (nzy — @))

k1:700 k)2:700
(there always exist A1, Ao 6 N such that nzy € [—A1, A\1] and nzy €
nl
also call ] i= A1+ [ 55t ] Moo= A |5 A8 = e (5

Aos 1= — Az + VH J)

[— A2,
%—‘ and

00 A2
> My (nay — ky) l > bk (f) Mox (nzy — ks) +

ki1=—o00 ko=—o00
Ap—1
E nk (f) Mg (nw2 — k) + g Ink (f) Mg (nxo — ko) | =
ka=MX2.,+1 ka=X}5

A2

Z Z Ink (f) Mg x (nzy — k1) My x (nzo — ko) + (114)

k?1=—00 k2=—00
As—1

Z Z (n:z:l 7k1)Mq7)\ (nxg 7k72)+

ki=—o00 ko= )\2*+1

Z Z Ink (f) Mg (nwy — k1) Mgy (nee — ka) =: (%) .

klzfoo k‘z:)\;

(For convenience call

Fy (k1, ko, @1, 22) = Uk (f) Mg x (n@y — k1) Mg\ (nzg — ka) . )
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Thus

Al A2 AT—1 A2
E E Fq (k‘l,kQ,xl,xQ)"‘ E § Fq (k17]€2,$1,$2)+
ki=—o00 kg=—00 k1=MA«+1ko=—c0
0o A2 Alx A5—1
E E k13k27x17x2 E E k17k23x17x2)+
k1= )\ ko=—00 ki=—00 ko=Mo,+1
AT—1 As—1 A;—1
E E Fq (k17k27x17x2 E E F klka;xlva)
k1=A14+1 ko=X2.+1 =A] k2=X2x+1
Alx AT—1
E E g (K1, k2,21, 22) + E E g (K1, ke, z1,22) + (115)
k1=—00 ko=A} ki=X+1ka=A}
E E F k17k27x1ax2)
=] k2=

Notice that the finite sum of continuous functions Fy (k1, k2, 1, Z2):
sz;ilﬁ_l Z;E;L*H F, (k1,ke,21,22) is a continuous function.

The rest of the summands of F,, (f,x1,z2) are treated all the same way and
similarly to the case of N = 1. The method is demonstrated as follows.

We will prove that »_,* e szi_w nk (f) Mg (nx1 — k1) My x (nze — k2)
is continuous in (21, 77) € R2.

The continuous function

It () My (s = k) My (naza = o) < 71| My Gy = M) My (ka4 ),

and
A2

SN My (b — M) My 5 (ky + Ao) =

kl )\* kg_foo

A2
Z M1\ (k1 — M) ( Z Mql,/\(k2+/\2)> <

1 )\* kg:*OO

In 1
2\

[ I S S TN Z My ) | < it s

b=
So by the Weierstrass M test we get that
Aos . .
Zkl Ar ij_ oo bnk (f) Mg (n@1 — k1) Mg » (nze — ko) is uniformly and ab-
solutely convergent. Therefore it is continuous on R2.

27



Next we prove continuity on R? of

Aol A2
D ke eyl 2oboe oo bnk (f) My x (n@1 — k1) My (nz2 — k2).
Notice here that

Itk (£, Mo (= k) My (nes = k) < ||| Mo (mr = k) Myr x Gz + D)
(117)
< 1 M (B ) My 20) = SR 7|ty 20,
and
tanh Alz_:l 1 ( i Mqu(kﬁ)\g)) = (118)
k1=A1.+1 ko=—o00
1 2 [+
2 A, | <2M-+{gfw r;fJ—w> S M) | <
kh=—o00

0 (o | - |52 1) .

So the double series under consideration is uniformly convergent and continuous.
Clearly F,, (f,x1,x2) is proved to be continuous on RZ.

Similarly reasoning one can prove easily now, but with more tedious work,
that F, (f,21,...,2x) is continuous on RY, for any N > 1. We choose to omit
this similar extra work. m

Remark 16 By (69) it is obvious that H”A" f)H'VH H||fH H < 0o, and

o0

A, (f)eC’(H[az, Z],X),gz’ven thatfe(](l]_v[[a“ bi], X

i=1
Call L,, any of the operators A,, By, Cy, D
Clearly then

122 I = i a0, | < 0w com|_ < s 19

etc.
Therefore we get

(12 (f)HWHOC < H\IfIIVHOO, VkeN, (120)

the contraction property.
Also we see that

s L] < i o = - < o] =] o)

Here Lk are bounded linear operators.
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Notation 17 Here ¢ >0, A >0, N € N, 0 < 8 < 1. Denote by

(A (Q))N ’ Zf L, = Ana
= 122
N {17 ian:Bnacnana ( )

1 .
_ ) if Ly = Apn, Bn,

- _{Hné*, if Ly = Cy, Da, (123)

N .
Q:= ¢ (Ll;ll (a3, bi ,X> P U= A (124)

CB (RN,X) ’ Zan = BnacrmDna
and
N .

Y .= il;ll [a‘i7 bZ] ’ Zf L, = An, (125)

RN; Zan = BnacnaDn'
We give the following combined result.

Theorem 18 Let f € Q,0< 3" <1, z€Y;q¢q>0, A >0,n N €N with
n'=8" > 2. Then

(i)

L (2 = S @I, < e [ir (o ) + 2720 | ] = o),

(126)
where wy 1s for p = oo,
and
(1)
L () = 11| <7 m) =0, asn — o, (127)
For f uniformly continuous and in 2 we obtain
lim L, (f) = f,
n—oo

pointwise and uniformly.

Proof. By Theorems 9, 11, 12, 13. =

Next we talk about iterated multilayer neural network approximation (see
also [9]).

We give

Theorem 19 All here as in Theorem 18 and r € N, 7(n) as in (126). Then
lizns = £lL|| < e ). (128)

So that the speed of convergence to the unit operator of L) is not worse than of
L,.
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Proof. As similar to [12], pp. 172-173, is omitted. =
We also present the more general

Theorem 20 Let f € Q; g >0, A >0, N, m;,ma,....m, € N: m; < mo <
W <m,, 0< B8 <1, mg_"g* >2,i=1,..,r,x €Y, and let (Lyn,,..., Lm,) as
(Amy sy A, ) 07 (Bmys ooy Bm,.) or (Coyyooey Cin) 07 (Dippyy ooy D), D = 00.
Then

||Lmr (L"nr—l (- Loy (Lmlf))) () — f (x)” <

,<
[z, (Lo Ly L 1) = £ <

oo

S (s =11, <
=1

e 3 [on (i ma) + 27 71| ] <

i=1
ren [wi (. (ma)) +27e 2 gL || ] (129)

Clearly, we notice that the speed of convergence to the unit operator of the mul-
tiply iterated operator is not worse than the speed of Ly, .

Proof. As similar to [12], pp. 173-175, is omitted. =
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