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Abstract

Here we investigate the univariate quantitative approximation, ordi-
nary and fractional, of Banach space valued continuous functions on a
compact interval or all the real line by quasi-interpolation Banach space
valued neural network operators. These approximations are derived by
establishing Jackson type inequalities involving the modulus of continuity
of the engaged function or its Banach space valued high order derivative
of fractional derivatives. Our operators are defined by using a density
function generated by the Gudermannian sigmoid function. The approxi-
mations are pointwise and of the uniform norm. The related Banach space
valued feed-forward neural networks are with one hidden layer.
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1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural net-
work approximation to continuous functions with rated by very specifically de-
fined neural network operators of Cardaliagnet-Euvrard and "Squashing" types,
by employing the modulus of continuity of the engaged function or its high order
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derivative, and producing very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The defining these operators "bell-
shaped "and "squashing "functions are assumed to be of compact suport. Also
in [2] he gives the Nth order asymptotic expansion for the error of weak approx-
imation of these two operators to a special natural class of smooth functions,
see Chapters 4-5 there.

The author inspired by [14], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators
of sigmoidal and hyperbolic tangent type which resulted into [3], [4], [5], [6],
[7], by treating both the univariate and multivariate cases. He did also the
corresponding fractional cases [8], [9], [13].

The author here performs Gudermannian sigmoidal activated neural net-
work approximations to continuous functions over compact intervals of the real
line or over the whole R with valued to an arbitrary Banach space (X, ||]).
Finally he treats completely the related X-valued fractional approximation. All
convergences here are with rates expressed via the modulus of continuity of the
involved function or its X-valued high order derivative, or X-valued fractional
derivatives and given by very tight Jackson type inequalities. Iterated fractional
approximation is also included.

Our compact intervals are not necessarily symmetric to the origin. Some of
our upper bounds to error quantity are very flexible and general. In prepara-
tion to prove our results we establish important properties of the basic density
function defining our operators which is induced by the Gudermannian sigmoid
function.

Feed-forward X-valued neural networks (FNNs) with one hidden layer, the
only type of networks we deal with in this article, are mathematically expressed

as
n

N ()= cjo((a;-x)+b;), R’ seN,
=0
where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € X are the coefficients, (a; - z) is the inner product of a; and
x, and o is the activation function of the network. About neural networks in
general read [15], [17], [19]. See also [9] for a complete study of real valued
approximation by neural network operators.

2 Basics

Here we consider gd (x) the Gudermannian function [21], which is a sigmoid
function, as a generator function:

T Toodt
o (z) = 2arctan (tanh (§)> = A i gd(z), xz € R, (1)



Let the normalized generator sigmoid function

4 4 (% dt 8 [* 1
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Here f'(z) = —L— > 0, V o € R, hence f is strictly increasing on R.
Notice that tanh (—x) = —tanhz and arctan (—x) = —arctanz, = € R.

So, here the neural network activation function will be:
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Y(r)=y(-z), VeeR, (6)

i.e. it is even and symmetric with respect to y-axis. Let x — o0, then
tanh (%) — 1 and arctan (tanh (%)) — 7. Let x — —oo0, then tan (%) — —1
and arctan (tanh (%)) — —Z.

So, we deal with the normalized sigmoid function

flz) = %arctan (tanh (g)) = i/om coﬁlt' (7)

Clearly, we obtain that f (+o00) =1, and f (—o0) = —1, along with f (0) =
Notice that

f(—z) = 5 arctan (tanh (—g)) _8 arctan (— tanh g) =

™ m




8 x
— arctan (tanh 5) =—f(x),

that is
f(_x):_f(x)7 VJ?ER, (8)
and odd function, symmetric with respect to the origin.
Sincex+1>x—1,and f(z+1) > f(x — 1), we obtain ¢ (z) >0,V z € R.
We see that

1 1 _fa _
$O0)= (M- F(-1) =7 (W)~ (—f ) =2 =
2 /1 d;t = ggd(l) = 2 (0.86577) = 0.551. (9)
T Jo cos ™ ™
Thus, it is
¥ (0) =2 0.551. (10)

Furthermore we have

W () :i(f/(x+1)—f’(x—1)) = % <cosh(1c+1) - cosh(ic—l))

1 <cosh(a:— 1) —cosh(:c+1>> (11)

~ 7 \_ cosh (z + 1) cosh (z — 1)
If z >0, then x > —z, and let z > 1, then x —1 > 0, hence it holds 0 < x — 1 <
x + 1 and cosh (z — 1) < cosh (z + 1), thus ¢’ (z) < 0.

Let now # < 1,then 1 —2 > 0and 0 <1 —z < 1+ =z, then cosh(z — 1) =
cosh (1 — z) < cosh (x + 1), so that again ¥’ (z) < 0. Consequently 1 is strictly
decreasing on (0, 400).

Clearly, 1) is strictly increasing on (—o0,0), and 1’ (0) = 0.

We observe that

lim v (2) = 1 (f (+00) = f (+00)) =0,

T——+00
(12)
i (2) = 1 (f (~o0) — f (~o0)) = 0.
That is, the z-axis is the horizontal asymptote for 1.
Conclusion, 1 is a bell symmetric function with maximum
2
¥ (0) = - (0.86577) = 0.551. (13)
We need
Theorem 1 We have that
Y p(z—i)=1, VazeR (14)

1=—00



Proof. We observe that

oo

Y. fle—i)—fl@-1-i)=

1=—00

o] —1

S (fla—i)=fla—1-D))+ > (fle—i)—f(x—1-1).

i=0 i=—o00
Furthermore (A € Z™)
Y (=)= fla—1-1)=
=0

(2

A
)\ILII;O ; (f(x—1)— f(x—1—1)) (telescoping sum)

= lim (f(z) - f(z-(A+1)) =1+f(2).

A—00

Similarly, it holds

—1 -1
Y Fla-)-fla—1-i)=lm Y (flz—i)-f(z-1-1i)
i=—00 i=—\
= lim (f @+ )~ f (@) =1~ f ()
Therefore we derive
Z (fz—=d)—fx—-1-4)=2, Ve R,
and -
42 (fz+1—i)—f(z—1i)=2, VzeR

Adding (17) and (18) we get

‘Z (fx+1—d)—f(z—1—14) =4, Yz eR
Since 1
V@) =@+ f@-1),
we have that 1
Po—i)= 4 lf 1=~ fe=1-D),

givingli Y(@—i)=1 m

i=—00



Remark 2 Because i is even it holds

Y Wi-z)=1, VzeR

Hence -
Y ¢(i+a)=1, VzeR,
i=—00
and -
Y p(x+i)=1, VzeR (21)
i=—00

Theorem 3 It holds -
/ ¥ (x) de = 1. (22)

Proof. We observe that

oo

/O;w(x)da:: Z

j=—o00

j+1 ) 1
/ v@ir= 3 [ vt =
J

j=—o00

/01 i Y (x+j)de :/Olldle.

J=—0o0
So v (z) is a density function. m
We need

Theorem 4 Let 0 < a < 1, and n € N with n'=® > 2. It holds

oo

3 W (ne — k) < —— A (23)

ﬂ_e(nl—a_Q) - ﬂ_enl—u
k=—o00
s na — k| > ntme

Proof. We have that

[f(z+1)—f(z—1)], YVzeR.

> =

P () =

Let z > 1. That is 0 <z —1 < x4+ 1. Applying the mean value theorem we get

4 _ 2 -0
mcoshé  mcoshé ’

Y@ =12 ©O=12

where 0 <z —-1<é<ax+ 1.
We have cosh (z — 1) < cosh ¢ and

<

1 1
cosh & cosh(z—1) "



Hence

2
—— Vz>1 24
w(w)<7rcosh(:cfl)’ = (24)
Thus, we have
3 b (nz — k) = ) ¥ (Jna — k) <
k= —o0 k= —o0
s nx — k| > ntme :nx — k| > ntme
2 G 1
d Z <
T cosh (|nx — k| — 1)
k= —o0
s nx — k| > ntme
2 [ 1 2 [ 1
—/ ———dxr = f/ dz = (25)
7T Jp1—a_y cosh (z — 1) T Jpi—a_o coshz
2 [ 2 4 [ 4
R N Y S
T Jpi—a_o €% + €77 T Jpi—a_o ™ n

é {e—z|"lia_2} _ 4
T 0 o (e"lfa*Q) '

We have found that

(oo}

3 Vs —k) < ——r (27)

k= —oo m (e
{: |nz — k| >nl—®

forn'=™*>2 neN. =
Denote by |-] the integral part of the number and by [-] the ceiling of the
number.

Theorem 5 Let [a,b] C R and n € N so that [na] < |nb]. It holds

— ! < 2.412, (28)
>, ¢(nz—k)
k=[na]
Vaé€la,b.
Proof. Let x € [a,b]. We see that
1= Z P (ne —k) > Z P (ne—k) =
k=—o00 k=[na]



Lnb]
Y w(ne = k) > (Inz — ko),
k=[na]
Y ko € [[na], |[nb]] NZ.
We can choose kg € [[na], [nb|] N Z such that |nz — ko| < 1.
Therefore we get that

2
7p(‘”$—ko|)>w(1):1f(2)_14/ dt _

4 T4nrm o cosht
1/2 d__1oae=Lasms)
ﬂocoshtiﬂg o ’
and ]
nb
1.3018
Z ¥ (lnx — k) > )
T
k=[na]
That is 1
T
~ 2.412
[nb) = 13018 !
> ¥(|nz — k)
k=[na]

proving the claim. m
We make

Remark 6 We also notice that

|nb] [nal—1 00

1= Y ypmb—k)= > vmb—k)+ > ¢nb—k)

k=[na] k=—o00 k=|nb]+1
> (nb— |nb] — 1)
(calle :=mb—|nb],0<e<1)

— -1 =12 2 (1) >0,

Therefore
|nb]
lim (11— > ¢ (nb—k)| >o0.
k=[na]
Similarly,

[nb] [na]—1

1- Z Y (na—k) = Z Y (na — k) + Z ¥ (na — k)

k=[na] k=—o00 k=|nb|+1

> (na — [na] + 1)

(31)

(32)

(33)

(34)



(call n:= [na]l —na, 0<n<1)

=¢(1-n)=¢(1)>0. (35)
Therefore again
[nb]
lim (1— > 4 (na- > 0. (36)
k=[na]
Here we find that
Lnb]
lim Z (nz — k) # 1, for at least some x € [a,b]. (37)
k=[na]

Note 7 Let [a,b] C R. For large enough n we always obtain [na] < [nb]. Also
a <% <b, iff [na] <k < [nb).

In general it holds (by > ¢ (x—1i)=1,V z €R) that is

1=—00

Let (X, ]|-]|) be a Banach space.

Definition 8 Let f € C ([a,b],X) andn € N : [na] < [nb]. We introduce and
define the X -valued linear neural network operators

Clearly here G, (f,z) € C ([a,b], X).

For convenience we use the same (,, for real valued functions when needed.
We study here the pointwise and uniform convergence of Gy, (f,x) to f (x) with
rates.

For convenience, also we call

Lnb]

G (fx)= > f() (nz — k), (40)

k=[na]
(similarly, G} can be defined for real valued functions) that is

G (fr1) = LanG; Uz (41)

>, ¢ (nz—k)

k=[na]




So that
Gy, (f,z)
[nb]
> Y(nz—k)

k=[na]

—f(x) = (42)

[nb]
Gy (f,x) = f (2) ( > W (nx— k))

k=[na]

[nb]
> W (nz—k)

k=[na]

Consequently, we derive that

nb]
|Gn (f,2) — f ()] < 2.412||G}, (f,2) — f (2) ( > Y(na— k)) =

k=[na]
[nb) i
2.412 k_Xh;a] (f (n> — f(a:)) ¥ (nz — k). (43)

We will estimate the right and hand side of (43).
For that we need, for f € C ([a,b],X) the first modulus of continuity

wi(f,0)=sup |[[f(2)—fWI, §>0. (44)
z,y € [a,b]
lz—y| <0

Similarly, it is defined w; for f € Cyp (R, X) (uniformly continuous and bounded
functions from R into X), for f € Cp (R, X) (continuous and bounded X-
valued), and for f € Cy, (R, X) (uniformly continuous).

The fact f € C ([a,b],X) or f € C, (R, X), is equivalent to %ig(l)wl (f,0) =0,

see [11].
We make

Definition 9 When f € Cup (R, X), or f € Cp (R, X), we define

Gn= > 1(E) v, (15)

k=—o0

neN, zeR,
the X -valued quasi-interpolation neural network operator.

‘We make

10



Remark 10 We have that

k
£ (2)| < 191z < 4o

7 (£)] 0w =) <l 0 = 1) (46)
and
Z r(5)|e a0 <17l (ki;z)(m - k)) ,
and finally - . N
> 7 (5) e =0 < 171 (a7)

a convergent in R series.
o]

So, the series > Hf (%) H ¥ (nz — k) is absolutely convergent in X, hence

it is convergent in X and G, (f,z) € X. We denote by ||f|l = sup | f ()],
z€Ja,b]

for f € C([a,b],X), similarly it is defined for f € Cp (R, X).

3 Main Results

We present a set of X-valued neural network approximations to a function given
with rates.

Theorem 11 Let f € C([a,b],X), 0 <a<1,ne€N:n'"*>2 2z € [a,b].
Then

)
16 (1) = F @ < 22 o (5. ) + S Ty
and
i)

1Gn (f) = flloo < p- (49)
We get that lim Gy, (f) = f, pointwise and uniformly.

Proof. We see that

ZVEJ (f(fj) —f(w)>¢(mc—k) <

k=[na]

11



[nb]

k
R f(n)—f@c) b (na — k) =
f Hf(ii)f(x) o (nz— K) +
Uits
> E —J T nx —
{k(z] Hf<n> (@) ¢ (nz— k) < (50)
&~z > &
{Z—{ZFL;&
nb]
201l > Y (nx—k) <
{k(naw )
|k —na| > nl=e
1 .
w1<f’ a) kzoo Y (nz — k) +
{ﬁ—xlsna

21| fll S b (n— K) )

(by Th;)rem 4)

= -
|k - nx| > nlfa

1 8
! (f’ n“) M % (51)
That is
[nb] %
Z (f <n> _f(w)>w(m;—k) <
k:[na]
1 8
! (f’ na) - % (52)

Using (52) we derive (48). m
Next we give

12



Theorem 12 Let f € Cp (R, X), 0<a<1,neN:n'"®>2 x €R. Then

i
G ()= 5 @) < (£ ) + iy =i
and
i)

For f € Cyup (R, X) we get lim G, (f) = f, pointwise and uniformly.

Proof. We observe that

1Gn (f,2) = f ()] =

T k=00
k_ij:oo <f (ﬁ) —f (33)> Y (nz — k)| <
k;w Hf (i) —f@)|| ¥ (nx—k) =

i Hf (:) — [ (@)|| ¢ (na — k) +
e

i Hf<7]i>_f(x) Y (ne —k) <
{fﬁz—_ﬂcolc; n%

Y sy vens

k= —o0
&2 <55

2 fll oo > ¥ (nx —k) <

k= —o0
w el >
1 S 811/ lloe
w1 <f7 a) Z w( k) + ﬂ_e(nl—a_g) S
k= —o00
n o <ae

> i (E)pme-n-s@ 3 via-n)

(53)

(54)



o (f, ;) .- (56)

mel

proving the claim. m
We need the X-valued Taylor’s formula in an appropiate form:

Theorem 13 ([10], [12]) Let N € N, and f € CN ([a,b], X), where [a,b] C R
and X 1is a Banach space. Let any x,y € [a,b]. Then

LI 10 )+ i [ =0 (50 0 - Y )
57

N

f(z) =

%

Il
=

The derivatives f(, i € N, are defined like the numerical ones, see [20], p.
83. The integral f; in (57) is of Bochner type, see [18].

By [12], [16] we have that: if f € C ([a,b],X), then f € L ([a,b],X) and
fe€Li(ab],X).

In the next we discuss high order neural network X-valued approximation
by using the smoothness of f.
Theorem 14 Let f € CV ([a,b],X), n,N € N, 0 < a < 1, = € [a,b] and
n'=% > 2. Then

i)

1 4(b—a)

ned me(nt=>—2)

1 1 8 o)
[wl (f(N)7 na> neNN! + Nlre(n'=*=2) ’

ii) assume further f9) (zo) =0, j = 1,..., N, for some zo € [a,b], it holds

[Gn (f,70) = f (zo)| < 2.412

N | £0) (g
IGu (f.2) — f ()] < 2412 Z”fﬂ()”[ SIS

(N) —_ Y
wy | fV) 1 L + 8 Hf ||<>o (b—a) (59)
! "ne ) noeNN| Nlgeln'~—*=2) )
and
iii)
SN [ 4k —a)
||Gn(f)_f||oo §2-412 XET W‘FW +
j:
0y 1 s - o)
(N) = %
lwl (f ’na) 2N T T Nt | [ (60)

Again we obtain lim G, (f) = f, pointwise and uniformly.
n—oo

14



Proof. Next we apply the X-valued Taylor’s formula with Bochner integral
remainder (57). We have (here £, 2 € [a, b])

k N oG () [k j 5 E_ Nt
()-S5 ) ¢ [ (o) SEEua
] (61)
Then N )
[ () ’
f<>1/}(n:z: k)_jz::o i ( k)( —:z:> - (62)
5 E_ Nt
v =) [T (5% 0= 1V (@) (’EN f)l) dt
Hence b b
3 f( ) (a—k)—f (@) 3 w(nz—k) = (63)
k=[na] k=[na]
Z 19 (x % b <k )j+
j=0 7! k=[na] "
[nb) £ ko N-L
> wine-k) [T (10 - 1V (@) (?Nf)l),dt.
k=[na] z ’
Thus
Lnb)
G* (fv ( Z ¢ nr — ) =
k=[na]
@) .. j
g G (=) + A @), (64)
where
|nb] k k N-1
= D va—k / (£ (&) = 1™ (@) (’ng)l),dt. (65)
k=[na] ’

We assume that b —a > #, which is always the case for large enough n € N,
that is when n > | (b— a)_ﬂ .

Thus|%—:c’§n%or|k |>—.

Let

5 kg
vim [T (10 - 1 @) (’g]vt)l)!dt (66)

15



in the case of ‘% — £E| < n%, we find that

1 1
<o (70, 1) i (67)

for z < or r > k
We prove it next

i) Indeed, for the case of © < %, we have

= (™ 0 - £ @) Mdt <
/ " - 10 ) 1)!_1dt <
[P S (0:2) [ e
ii) for the case of z > £, we have
= (1™ 0 - £ @) (%N‘_)f)!ldt
i ol
fuv) — W (g H < (69)
foseie=a) (<N)> <o (f”* ,;) /,; -

w 1Y (&= 5t < v L 1
wi [, no N Swp (Y
We have proved (67).

We treat again v, see (66), but differently:
Notice also for x < % that

/ ' (@) = £ (@) “ZN /-

16



f(N)

[
k N
IR =

<2]s]

Next assume % < z, then

t) “ordt <

dtzzufmum%?

(b—a)

N!

H / FN (1) = ) (g IZN j)]l\;!ldt .
et
k)N71
[0
o], [ Svlra- 2Hf .5
SQWWWWE%?<
Thus N
Il <2 |l5™ L ;\,‘f)
in the two cases.
Therefore
[nb] |nb]
A, () = Z Y (nx — k) Z Y (nx — k)
k= [na] k = [na]
{Zfﬂlﬁnl {ZI|>£Q
Hence
Lnt] 1 1
A, (z)]| < > ¥ (nx — k) (wl <f(N) ) NmaN) +
k = [na]
e

17

(71)

(72)



{(z1 vtar—) 2] B

5=l > &

1 1 4 (b—a)"
(N) — (N) w—a
o (19, 1) sy + a2 7] O -

(98] e ML

NlnaN Nlre(n'=>=2)
That is N
" ~  NlnoN Nlge'=e=2) ~’
Vaelab.
We further see that
[nb] j
Gi(e-2) = X vt (E-a), (76)
k=[na]
where G}, is defined similarly for real valued functions.
Therefore
[nb] j
; k
G (c=ay)|= 32 1/J(nx—k)‘—ac -
( ) k=[na] n
[nb] j [nb] J (o
k (23)
—k)|—— —k)|—— <
Z Y (nx )‘ x| + Z P (nx )‘n x| <
k= [na] k= [na]
w o < 5e n o> 5e
(77)
1 j 4
nTJ + (b - a) e(ni—o—2)"
That is . 4
(o g) — —qy — =
‘G" (( z) )‘ = ned +(b-a) me(n'=*=2)’ (78)
forj=1,...,N.

Putting things together we have proved

[nb]

N 6 (g
G:(f,x)—ﬂx)( > wm—m) gzw (79)

k=[na] J

18



1 4(b—a)

ne  qgeln'T=2)

+

o (50, 1) o L @ e

ne | noNN| Nlge(n'—==2) ’

that is establishing the theorem. m

All integrals from now on are of Bochner type [18].
We need

Definition 15 ([12]) Let [a,b] C R, X be a Banach space, o > 0; m = [a] € N,
([] is the ceiling of the number), f : [a,b] — X. We assume that f(™) €
Ly ([a,b] , X). We call the Caputo-Bochner left fractional derivative of order a:

(D2 f) (z) == %a) / (z—t)"" " ) (4)dt, Vxela,b].  (80)

T'(m
If o € N, we set DS, f = ) the ordinary X -valued derivative (defined similar
to numerical one, see [20], p. 83), and also set D, f = f.

By [12], (D2,f) (z) exists almost everywhere in = € [a,b] and DS, f €
Ll ([CL, b] 7X)

If || £ I, (fap),x) < OO then by [12], D2, f € C ([a,b] , X) , hence || D2, f]| €
C (la, b]) -

‘We mention

Lemma 16 ([11]) Let « > 0, a ¢ N, m = [a], f € C™ 1 ([a,b],X) and
f™ € Lo ([a,b], X). Then D2, f (a) = 0.

‘We mention

Definition 17 ([10]) Let [a,b] C R, X be a Banach space, a > 0, m := [«a].
We assume that f) € Ly ([a,b], X), where f : [a,b] — X. We call the Caputo-
Bochner right fractional derivative of order a:

(="

b
(D5-1) (@) = gy [ (= a)" T S  (@)dz Vaefad. @D

We observe that (D™ f) (z) = (=1)™ f™) (z), for m € N, and (Dj_f) (z) =
f ().

By [10], (Dg- f) () exists almost everywhere on [a, b] and (D§_f) € L1 ([a,b] , X).

If Hf(m)HL (a.x) < OO and o ¢ N, by [10], D¢ f € C([a,b],X), hence
D5 f|| € € ([a, B])-

We need

Lemma 18 ([11]) Let f € C™ ! ([a,b],X), f™ € Lo ([a,b],X), m = [a],
a>0,a¢N. Then Dy _f(b) =0.
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We mention the left fractional Taylor formula

Theorem 19 ([12]) Let m € N and f € C™ ([a,b],X), where [a,b] C R and
X is a Banach space, and let « > 0:m = [a]. Then

1

f@ =Y T 0 @)+ o [ -t onn@e @
1=0 ' a

Vzelab.
We also mention the right fractional Taylor formula

Theorem 20 ([10]) Let [a,b] C R, X be a Banach space, « > 0, m = [«],
feC™(la,b],X). Then

Fe) = m_ D0 s [t D) @
vV z € la,b].
Convention 21 We assume that
D, f(x) =0, for x <z, (84)
and
D2 f(x) =0, for x> m, (85)

for all x,x¢ € [a,b].
‘We mention

Proposition 22 ([11]) Let f € C™ ([a,b],X), n = [v], v > 0. Then D, f (x)
is continuous in x € [a, b].

Proposition 23 ([11]) Let f € C™ ([a,b] , X ), m = [a], &« > 0. Then D}_ f ()
is continuous in x € [a, b].

We also mention
Proposition 24 ([11]) Let f € C™ ' ([a,b],X), f"™) € Ly ([a,b],X), m =

[a], >0 and

D2, f(2) = % / T e ) (1), (86)

m—a) Ju,

for all x,x¢ € [a,b] : x > 0.
Then D, f (v) is continuous in xo.
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Proposition 25 ([11]) Let f € C™ ' ([a,b],X), f™) € Lo ([a,0],X), m =
[a], a >0 and
D5 @ = p s [T ey Qa s

T'(m—a)
for all x,x0 € [a,b] : xg > x.

Then Dg._ f () is continuous in xo.

Corollary 26 ([11]) Let f € C™ ([a,b],X), m = [a], a > 0, z,z9 € [a,b].

Then D¢, f(x), Dg,_f(x) are jointly continuous functions in (x,xq) from

[a, b]2 into X, X is a Banach space.
We need

Theorem 27 ([11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Consider

G(Qﬁ) = w1 (f ('73:)76’ [va])v (88)

0>0,z¢€lab].
Then G is continuous on [a,b].

Theorem 28 (/11]) Let f : [a,b]> — X be jointly continuous, X is a Banach
space. Then
H (LU) = w1 (f (,LE) ) 57 [a7fl']) ) (89)

x € [a,b], is continuous in x € [a,b], 6 > 0.
We make

Remark 29 ([11]) Let f € C" ' ([a,b]), f™) € Ly ([a,0]), n = [v], v > 0,
v ¢ N. Then

17 5 a0

DY < —a)"7" .
D5 f (@) < T e (e - )", Yaelatl. (90
Thus we observe
w1 (DY, f,0) = Su[p ’ DL f (z) = DL f ()|l < (91)
©,y€la,
|z—y|<é

sup Hf(n)HLOO([a,b]’X) (x_a)n—u + Hf(n)HLoo([a,bLX) ( _ a)n—y
z,y€[a,b] L'(n—v+1) F'n—v+1) Y

lz—y|<o

21| £(n)
=21

S Tm-v+p 079
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Consequently

2| £
wi (DY, f,0) < If ||Loc<[a,b],x>

S Ta-vry OO .

Similarly, let f € C™ ' ([a,b]), f™ € L ([a,0]), m = [a], @ >0, a ¢ N,

then H ( >H
2 f m "
wi (DJ_f.0) £ — 2l

So for f € C™ 1 ([a,b]), f™ € Lo ([a,D]), m =[], a >0, a ¢ N, we find

(b—a)™ . (93)

20£N 1 a0 .
zoseu[gb]w (D%, f,0) (z0,b] = T lm—a-t1) (b—a) , (94)

and

2| £(m)
sup wy (Dg,_f,0) < N e )

< b—a)" . 95
z0€[a,b] [a,zo] T(m—a+1) ( ) (95)

By [12] we get that D3, f € C([zo,b],X), and by [10] we obtain that
Dg _f € C(la,x0],X).

We present the following X-valued fractional approximation result by neural
networks.

Theorem 30 Let « > 0, N = [a], a ¢ N, f € CN ([a,b],X), 0 < B < 1,
x € [a,b], n € N:nl=# > 2. Then

i)
o) ,
6.0 -3 06, ((-2) ) - o) <
=1 7
2.412 { (wl (D27 ) fag w1 (DL, #)[m,b])
+
I'a+1) nob

4 a «
i (105 Sy (0= 0" 1D o 0= 2)7) b (00)

i) if fO) (z)=0, forj=1,..,N — 1, we have

2.412
1Gn (fiz) = f(2)]| < m

nob

{ (wl (D%—f’ n%)[a,m] w1 (D*an’ #)[z,b}) n
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4 «@
55 (15 Sy (0= " 1D o 0= 2") b o)

iii)
1Gn (f,2) = f (2)]| < 2.412-

f“ 1 .4
Z 1=l {w”b‘a)%ew—m}*

1 (wl (Dg*f’ #)[a,w] twi (ngf’ #)[z,b])
T(a+t1) b *
4 o
W(HDQ f” Jaz] x—a) + D3 fH mb]( m))}}, (98)
vz € la,b],
and
i)
1Gnf = flloo < 2.412-
~ ||f”|| 4
(i + 0= e |+
=1
Sup wi (D?if,#)[ ]+ Sup wi (D*zfa nﬁ)[ ,b]
1 z€(a,b] G zefab] ‘ +
F(Oé+ 1) naﬁ

4 . .
— g (0~ a) (sup |Ds_ 1l [m]+w21[1£b]|D*xflloo,[x,b]>}}- (99)

z€[a,b]

Above, when N =1 the sum Zj;l -=0.
As we see here we obtain X -valued fractionally type pointwise and uniform
convergence with rates of G, — I the unit operator, as n — oo.

Proof. Let = € [a,b]. We have that DY_f (z) = D%, f (z) = 0.
From Theorem 19, we get by the left Caputo fractional Taylor formula that

f (S) = ;VZ: f(j;!(x) (: - x)j + (100)

ﬁ / (fLJ)a_1<sz (J) = D2, (2)) dJ,

forallxﬁ%ﬁb.
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Also from Theorem 20, using the right Caputo fractional Taylor formula we

get '
(k> me' ( x)]—i— (101)

forallagsgx.
Hence we have

f (i) ¥ (na — k) = 2_%1 f(jj),!(x)w (nz — k) <Z - x)j + (102)

o (na — k) < ) (DS, f (J) — D2, f () dJ.

for all = < <0, iff [nﬂ < |nb], and

f <:) ¥ (na — k) = NZ: f(j;!(x)@p (na — k) <z - z)j + (103)

forallagggx,iff [na] <k < |[nz].
Therefore it holds

% f(> m_k):if(j)d(x) % ¢(nx—)<k_x>j+

k=|nz|+1 j=0 ’ k=|nz|+1 ( 4)
10
1 [nb] k 3 a1
f > ven [T(E-0) 0o pas@)
@ k=|nz|+1 "
and

[na] =1 () [nz] J

Z f( ) (nz—k) = fj.'($) Z w(nx—kz)<k—x> + (105)

k=[na] j=0 J: k=[na] "



Adding the last two equalities (104) and (105) obtain

[nb]

G (fa)= 3 f( ) nw — k) = (106)
k=[na]
N-1 (5 [nb)] j
fu '( ) Z W (ne — k) <—az) N
= 7 k=[na]
1 Lnz] T k a—1
T (a) k_z“;ﬂq“m‘k)/ﬁ <J—) (D f (J) = Di_f (2)) dJ+
[nd] k k a—1
> v [(5-0) 00 - Dns@)a .
k=|nz|+1
So we have derived
[nd]
G* (fa Z I/J nr —k = (107)
k=[na]
N—1
f(J) ,
(—2)) +u,(x),
J=1 ( )

where

[nx] T a—1
e () :—F(la){ > wewn [ (1-7) (nr0)-Drs@)as

k=[na]
[nb] ﬁ k a—1
+ D t(nw—k) / (n —J) (D2, f (J) = D2, f (x))dJ ¢ (108)
k=|nxz|+1
We set
L N
wn @)= s X e [C(0-2) (0e s - D f@)as
k [na] n
(109)
and
1 [nd] k k a—1
o e %me_ 27 (n‘J) (D2,f (J) = D2, f (x)) dJ,
(110)
i.e.
Up () = Uy () + uoy () . (111)
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We assume b — a > n%, 0 < B < 1, which is always the case for large enough

n € N, that is when n > [(b - a)_ﬂ. It is always true that either ‘% - m‘ <L
or |% — m| > ni,g
For k = [na], ..., |[nx], we consider

That is

/; (J - z>al (D2_f(J) =D f(z))dJ| =  (112)

/f <J— §>Q1D§f(J)dJ < /; <J— 7,2)&1 DS ()] d] <

— B)® z—a)”
[0 N Gt e - R A S

Y1k = |

T < D2 gy B (114)

for k = [nal, ..., |nz] .

Also we have in case of }% — m‘ < n% that

x k a—1
s [ (7-5) s - s s )4 <

n

T k a—1
/ (J— n) w1 (Dg‘,f,|J—x|)[ax] dJ < (115)
k s

T k a—1
) U=5) s
[a,z] J %

k
r— =
n

w1 (Dﬁ_f,

n

1 z— &) 1 1
a(prad) T (1) 1
W laa @ ") fa,qa) 0T

That is when |% — :U| < n%, then

w1 (Dg—fa n%)

[a,x]

< 116
Yk = an®B ( )
Consequently we obtain
1 el
o @ < gy & = k) = (117)
k=[na]
() Z Y (ne — k) vy + Z Y (ne —k)vy o <
= [na] k= [na]
Eoz|<5 kg > L
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|nx] o 1
1 w1 ('DOL’*f7 nﬁ)[a x]
- _k :
T (a) . > ¥ (na — k) anoB

S vk oo f ., S by

o

Z w(nx_k) HD;M*fHoo,[a,x] (x_a)a =

k=—00
D nx — k| > ntF

1 {wl (Dg*-ﬁ#)[a,x] + 4||D§—f||oo,[a,x] (za)a}

T (Oé + 1) na,@ 7.(.e(nlfﬁ—Z)

So we have proved that

(119)

e ()] < g

1 w1 (D;t—‘ﬁniﬁ)[ax]
—+
a+1) nos

4 . X
i D2 o (@ = @) }

Next when k = [nz| + 1, ..., |[nb] we consider

i [ ’ (£ —J)a_l(Dii“xf(J)—Dfmf(:v))dJ < ()

k a—1
/ (5”) D2, £ (J) = D2, f ()] dJ =

k

n k. a—1
/ <n_J> 1D, f ()] dT <

k (b— m)a
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Therefore when k = |nz| + 1,..., |[nb] we get that

That is (b )a
—x
Yor < 1D% flloo o) — - (122)

In case of |% — z| < ni@ we have
% k a—1
s [T (E2a) e Dms 1 sl a0 <
k —1
k n [k @
1(waf,‘—a:) / (—J) a7 < (123)
n o)z AN
E o «
1 (Difzf, 5) G-o) (P2rds)  —
np (.b] o nb (o.b] an®P

1
So when |E — :z:| < .5 we derived that

w1 ( f’ nﬁ) [z,b
Yok = B . (124)

Similarly we have that

[nb]
[uzn (2)]| < (7 ( Z Y (ne —k ’YQk) =

k=|nz|+1

[nb] |nb]
1
() Z ¥ (nx — k) vor + Z Y (nx —k)ygp ¢ <
{ = |nz|+1 {k—LnxJ—l—l
% - | < n% n T nB
(125)
[nb) o 1
1 w1 (D*If, nﬁ)[x,b]
T (a) Z vz = k) an®f *
k=|nz]+1
Eal< b
[nb] «
b—x
> k) | 1Dy <
k=|nz|+1
w o> s
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1 w1 (wa f, —nlﬁ) b
[ ) ]
I'(a+1) neb

>, b (ne = k) | [1D% fllog o (0 —2)% p < (126)

v g 1
I e S S T
I'a+1) naB ) e |

So we have proved that

1 w1 (Dga:f7niﬁ)[:r b]
n < 2l 127
Juse (@)1 < Fra 1y { AL (127)
4 a
— gy 1D% oo oy (0= 2) }
Therefore
[t (@) < furn (@) + [luzn (2)[] <
1 w1 (Dg*f’ niﬁ)[a,x] +twi (Df@f’ n%)[r,b] + (128)
I'(a+1) neB
4 o @
W(HD o faag &= @ F 1D Nl o (0 x)) :
From the proof of Theorem 14 we get that
; 1 ; 4
* o J - _ J
G ((—2)) @) < =5 + -0 —msy, (129)
forj=1,..,.N—1,Vz€la,b].
Putting things together, we have established
|nb] N-— ||f(J)
Gh(fow)=f o) | Y ¥ (na—k) Z (130)
k=[na] Jj=1

1 ;4

1 w1 (Dg—fvniﬁ) 2] TW1 (D21, nB)['cb]
T(a+1) nob
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4 a
55 (105 5y (2= 0" 1Dy 0= 2)°) = o (0.
(131)
As a result we derive
1Gn (f,2) = [ (2)]| < 2.412K,, (z), YV 2 € [a,b]. (132)
We further have that
= T 1 i A4
Il < 320 PR O e RAE)
- a 1 a 1
[ ) ¢ o0, )
I'(a+1) neh
4 a
re(n'=7-2) (b—a)”
{( sun (1D2-11)+ s, (19211 M))}}: E,.
z€la,b] z€la,
Hence it holds
|Gnf — fllo < 2.412E,. (134)
We observe the following:
We have
o (=Yg N—a—1 #(N)
(D210 = gy [ -0 T DL vyelaa) 03
and
o 1 C . N-a-1 (N)
I(Dg_1) <y>y|s—F(Nia) ([u-w dJ) 7]
1 (x— ™) )
rr—ar o 1l = f s L
(b_a N (N)
< rirnr g 1l (136)
That is N
a (b—a) - (N)
and N
a (b—a) B (N)
sele b 192 £l fo.c IST(N—atD) Hf Hoo (138)
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Similarly we have

DD W)= rop—a [ =0V Y @t vyl (139

Thus we get

I(02,) )] < ﬁ ([w-ota) ;™| < o

1 N—«a
2 ol s r e L
'N-«a) (N - —a+1) oo
Hence
(b—
152 oo ey < m Hf(N l..: (141)
and
L
DY <= 142
From (94) and (95) we get
1 2[00 N-o
sup wy | DS_f, ) <————=2_(b—a) ) (143)
z€Ja,b] ! ( nﬁ la,z] r (N —a+ 1)
and
L 2|| ] N-a
sup wi | D¢, f, > <——2_(b—a) . (144)
z€la,b] ' ( np [a,b] I'(N—-a+1)

That is F,, < cc.
We finally notice that

N=Le() (o ,
G (f.2) = / j!( )a. ((-_aj)]> (z) - f(z) =
G (f,z) 1
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Therefore we get

N=L£() (o ,
G (f, ) — 2 ! j!( )Gn (( —x)]) (z) — f(2)| <2.412-
NZL ) () , Lnt]
G (o) = | G (=) @ | = | X v ) F@),
Jj=1 k=[na]

Vaelab.
The proof of the theorem is now finished. m
Next we apply Theorem 30 for N = 1.

Theorem 31 Let 0 < o, < 1, f € C*([a,b],X), x € [a,b], n € N:n'=F > 2,
Then

i)
||Gn (f7 .’13) - f (.Z‘)H S
2.412 (Wl (valffa n%)[a,x] Twi (waf’ n%)[m,b]) n
F'(a+1) nos
4 o o :
MMILm(W%ﬂmmMﬂ@—aW+|Dmmwmmw—mﬂ}, (147)
and
i)
2.412
_ < =7
IGuf = Flle < oy
sup wi (Dg—fa niﬁ)[a ] + sup w; (Dgzrfa 7117)[:1; b]
z€[a,b] ’ z€[a,b] ’
nob +
4 (b — a)a «a «
B Y N LI IR 0 N | St

When a = % we derive
Corollary 32 Let 0 < 3 < 1, f € C' ([a,b],X), x € [a,b], n € N:nl=F > 2,
Then
i)
1Gn (f,2) = £ (2)]| <
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4.824 (“1 (Df*f’ n%)[a,x] Tt (D*%If’ nlﬂ)[x,b])

+
VT n

@

4 1 %
7'('6(”175*2) (HfoHoo[a z] x_a + HD

and

ii)

s (b—x))}, (149)

4.824
sup wi (Df_f, n%) + sup w; (D*%zf, ,%/3)
z€la,b] [a,z] z€la,b] [x,0]
5 +
nz
iy (oo [loEg]

Vb —a) + H D2, <oo. (150
T(e(”l ﬂ_Q) mzuapb f 7[(1‘7'r] zzuapb 007['7’"})] = ( )
‘We make

Remark 33 Some convergence analysis follows based on Corollary 32.
Let0< B3 < 1, feC (a,b],X), v €a,b],n € N:n'=P > 2 We elaborate
on (150). Assume that

1 1 Kl
D2 — < — 151
w1 ( I*f’ nﬁ)[a’m] = nﬁa ( )
and . X,
1
wy | Dz f, ) < —, 152
( nf [,b] nf (152)
YV x € [a,b], VneN, where K1, Ko > 0.
Then it holds
sup wi (DI_f.%) o+ sup wn (DLS )
z€la,b] [a,z] z€la,b] (0]
é —
nz2
(K1+K>3) (K
n 1+ K2) K
2 = 36 = "B (153)
nz n=z n=z

where K := K1 + K9 > 0.

The other summand of the right hand side of (150) for large enough n,
converges to zero at the speed (1 5y, S0 it 15 about <1 57, where L > 0 is a
constant.
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Then, for large enough n € N, by (150), (153) and the above comment, we
obtain that

M
IGaf = Flue € 57 (154)

where M > 0, converging to zero at the high speed of —i5.
2

In Theorem 11, for f € C ([a,b],X) and for largenenough n € N, the speed
is 2. S0 by (154), |Gnf — [l converges much faster to zero. The last comes
because we assumed differentiability of f. Notice that in Corollary 32 no initial
condition is assumed.

Next, we will present an alternative fractional approximation by G,,, n € N.
Notation 34 Letn € N, we denote the left iterated fractional derivative

nr __ « « «

(m - times), (155)

z€lab,0<a<l.
Similarly, we also denote the right iterated fractional derivative

D™ =D D® ..D® , (@ - times), (156)
z € [a,b)].
We need

Definition 35 Let m € N, Dfﬂ)af denote any of D,EZ“)“, Dg(f_ﬂ)a, and
0 >0. We set

(+1) _ m+1)a m+1)a

W1 (Da: fa 6) max {wl (D*x fa 5) [a:,b] , W1 (sz f76)[a,x]} )
(157)

where © € [a,b]. Here the moduli of continuity are considered over [z,b] and

[a, z], respectively.

We also need

Theorem 36 ([13], p. 123) Let 0 < a < 1, f : [a,b] = R, f' € Ly ([a,b]),
x € [a,b] being fized. Assume that Dk f € C ([z,b]), k =0,1,...,a+1,m €N,
and (Diat )(:L‘) =0,i=2,3,...,n+ 1. Also, suppose that D** f € C ([a,x]),
fork=0,1,...m+ 1, and (foif) () =0, fori=2,3,...,n+ 1. Then

w1 (Dg(f"‘l)aﬁ 5) 3 - x|(ﬁ+1)a+1
m+1)a
T TS w@rnary |71 YsGenarn| 070
(158)
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We present

Theorem 37 Let f € C ([a,b]) and all as in Theorem 36, n € N:n'=% > 2.
Then

2.412w, (D;ﬁ“)a f, 5)
T+ Datl)

1 4(b—a)™He
n(ﬁ-ﬁ-l)az + re(nt=e—2)

1 4 (b _ a)(ﬁ+1)a+1
na[(ﬁ+1)a+l] + 1-a_2) ) 0> 0.

me(n

[(Gnf) (z) = f(2)] <

+ (159)

1
d(m+1)a+1)

Hence lim G, (f)(z) = f(x).

n—-+o0o

Proof. We notice that G,, is a positive linear operator with G,, (1) = 1.
Let f € C([a,b],R), then [f| < |f[ and —[f| < f < [f].

Hence —G,, (|f]) < Gn (f) < Gn (If]) and |Gy (f)] < G (If])-
Therefore

[(Gnf) (z) = f(2)] = [(Gnf) (x) = Gp (f (2)) (z)] =
1Gn (f = f (@) (2)] < Gn (If = f (2)]) () (by (158)) < (160)
w D;ﬁ+1)a ,(5 B all— 2 (m+1)a+1 x
8, oy S

T(@m+latl) S(@+Datl)

o (01

D(@+1)a+1) M 0 (ne — k)

S nb (F+1)atl
(m+1) . ZI&:H?La-\ ‘%—x| w(nx—kj)] (2<8)

k

— -z

k=[na]

v (ne —k) S(A+Dartl)

(161)
2.412w, (Df*”a f, 5)

r(m+1)a+1)

k m+1)a
Z ——x Y (ne—k)+
n
k= [na]
: %—.’L“ S nl"‘
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Z S —x Y (nx—k)| +
k = [na]
kg > L
1 [nb] k (+1)a+1
°o - 162
T CEDEES) Z . Y (ne —k)+ (162)
k= [na)
s el <
[nb] k (M+1)a+1 (23)
Z ——z Y (nx — k) <
n

{k:[nﬂ

.E_| 1
‘n T| > 5a

2,412, (D;mnaf, 6) . A(b— a)THDe
L((@+1)a+1) n+ha? e o—2)

1
S(m+Da+l)

+

1 4 (b _ a)(ﬁ+1)a+1
nel@rati] + e(n°—2) , 0>0, (163)

proving the claim. m
We finish with

Corollary 38 All as in Theorem 37, with § = m Then

m+1)a
2.412w; (Dx [ m)

[(Gnf) () = f(2)] <

Pr(m+1a+1)
1 4(b—a)rHe 1 4(b— q)" et
n(ﬁ—i—l)az + ﬂ-e(nl_“—Q) + na[(ﬁ+1)a+l] 7-‘-e(nl_“—Q)

(164)
Hence lim G, (f) (z) = f(x).

n—-+oo
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