SEVERAL BOUNDS FOR THE TRACE CLASS
P-DETERMINANT OF POSITIVE OPERATORS IN HILBERT
SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let H be a complex Hilbert space. For a given operator P > 0
with P € By (H) , the trace class associated to B (H) and tr (P) = 1, we define
the P-determinant of the positive invertible operator A by

Ap (A) :=exptr (PlnA).
In this paper we show among others that, if P, > 0 with P; € By (H) and
tr(P;)) = 1 for ¢ € {1,...,n}, p; > 0 with >7* ;p; = 1 and A; > 0 for
i€ {1,...,n}, then for all a > 0

a exp (1 - aZpi tr (PZA:1)> S H [Apl (A,)}p‘
i=1

i=1

n
<aexp a” ! Zpi tr (P A;) — 1) .
i=1

1. INTRODUCTION

In 1952, in the paper [5], B. Fuglede and R. V. Kadison introduced the deter-
minant of a (invertible) operator and established its fundamental properties. The
notion generalizes the usual determinant and can be considered for any operator in
a finite von Neumann algebra (M, 7) with a faithful normal trace.

Let T € M be normal and |T| := (T*T)/? its modulus. By the spectral theorem
one can represent 1" as an integral

T = / AE (X)),
Sp(T)

where E ()) is a projection valued measure and Sp (T) is the spectrum of T. The
measure pp := 7 o E becomes a probability measure on the complex plane and has
the support in the spectrum Sp (7).

For any T' € M the Fuglede-Kadison determinant (FK-determinant) is defined

by
Apk (T) :=exp </ lntduT> .
0

Apk (T) := exp (7 (In(|T7)))

where In (|T']) is defined by the use of functional calculus.

If T is invertible, then
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Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [6], [7], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector x € H,
namely ||z|| = 1, defined by

A, (A) :=exp(ln Az, z)

and discussed it as a continuous geometric mean and observed some inequalities
around the determinant from this point of view. For some recent results, see [10].
We need now some preparations for trace of operators in Hilbert spaces.
Let (H, (-,-)) be a complex Hilbert space and {e;},.; an orthonormal basis of H.
We say that A € B(H) is a Hilbert-Schmidt operator if

(1.1) > e < oo

iel
It is well know that, if {e;};c; and {f;},.; are orthonormal bases for H and A €
B (H) then

2 2 * 2
(1.2) Do ledll® = NAL1 =147
i€l jel jel
showing that the definition (1.1) is independent of the orthonormal basis and A is
a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let By (H) the set of Hilbert-Schmidt operators in B(H). For A € By (H) we
define

1/2
(13) JAll, = <2Aei|2>
iel
for {e;};c; an orthonormal basis of H.

Using the triangle inequality in 2 (1), one checks that By (H) is a vector space
and that ||-||, is a norm on By (H), which is usually called in the literature as the
Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)'/?

Because |||A| z|| = ||Az]|| for all z € H, A is Hilbert-Schmidt iff |A| is Hilbert-
Schmidt and || 4|, = [||A]|l,. From (1.2) we have that if A € By (H), then A* €
By (H) and [|All, = | A%],

The following theorem collects some of the most important properties of Hilbert-
Schmidt operators:

Theorem 1. We have:
(i) (B2 (H),|||ly) is a Hilbert space with inner product

(1.4) (A,B), = (Ae;,Be;) =Y (B*Aei,e;)
i€l i€l
and the definition does not depend on the choice of the orthonormal basis {e;}
(i) We have the inequalities

(1.5) [l < [| Al

iel’
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for any A € By (H) and, if A € By (H) and T € B(H), then AT, TA € By (H)
with
(1.6) [AT ||y, [T Ally < 1T 1Al

(#ii) By (H) is an operator ideal in B(H), i.e.

B(H)By (H)B(H) C By (H).

If {e;};c; an orthonormal basis of H, we say that A € B(H) is trace class if

(L.7) 1Al ==Y (|Al i, ei) < oo
iel

The definition of ||A||; does not depend on the choice of the orthonormal basis

{ei},cr - We denote by By (H) the set of trace class operators in B (H).
The following proposition holds:

Proposition 1. If A € B(H), then the following are equivalent:
(1) A€ By (H);
(ii) |A|"? € By (H).

The following properties are also well known:

Theorem 2. With the above notations:
(i) We have

(1.8) 1Al = 1A%, and (Al < [[A]l,
for any A€ By (H);

(i1) By (H) is an operator ideal in B (H), i.e.

B(H)Bi (H)B(H) < Bi(H);
(iti) We have
By (H) By (H) =By (H);
(iv) We have
[Ally = sup {(A, B), | B € By (H), |Bl,<1};

(v) (B1 (H),||ly) s a Banach space.

We define the trace of a trace class operator A € By (H) to be
(1.9) tr(A) = (Aej,e;),

i€l

where {e;};c; an orthonormal basis of H. Note that this coincides with the usual
definition of the trace if H is finite-dimensional. We observe that the series (1.9)

converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 3. We have:
(i) If A€ By (H) then A* € By (H) and

(1.10) tr (A*) = tr (A);
(it) If A€ By (H) and T € B(H), then AT, TA € B, (H),
(L.11) tr (AT) = tr (TA) and [tr (AT)| < || All, |T]]

(iii) tr () is a bounded linear functional on By (H) with ||tr]] = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA).
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Now, if we assume that P > 0 and P € By (H), then for all T € B(H), PT,
TP € By (H) and tr (PT) = tr (TP). Also, since P'/2 € By (H), TPY? € By (H),
hence PY/2TPY? and TPY?PY? = TP € By (H) with tr (PY/2TPY?) = tr (TP).
Therefore, if P> 0 and P € B, (H),

tr (PT) = tr (TP) = tr <P1/2TP1/2>

forall T € B(H).

If T > 0, then PY/2TP'Y/? > 0, which implies that tr (PT) > 0 that shows that
the functional B(H) 3 T +— tr (PT) is linear and isotonic functional. Also, by
(1.11), if T,, — T for n — oo in B(H) then lim,,_, tr (PT},) = tr (PT), namely
B(H)> T+ tr (PT) is also continuous in the norm topology.

For a survey on recent trace inequalities see [3] and the references therein.

Now, for a given P > 0 with P € By (H) and tr (P) = 1, we define the P-
determinant of the positive invertible operator A by

(1.12) Ap(A):=exptr(PlnA) =exptr((In A) P) = exptr (P1/2 (In A) Pl/z) .
Assume that P > 0 with P € By (H) and tr (P) = 1. We observe that we have

the following elementary properties:

(i) continuity: the map A — Ap(A) is norm continuous;

(i) power equality: Ap(A') = Ap(A)* for all t > 0;
(iii) homogeneity: Ap(tA) = tA,(A) and Ap(t]) =t for all t > 0;
(iv) monotonicity: 0 < A < B implies Ap(A) < Ap(B).

In the recent paper [4] we obtained the following results:

Theorem 4. Let P > 0 with P € By (H) and tr (P) = 1, then for all A, B > 0
and t € [0,1],

Ap((1—t)A+tB) > [Ap (A)]' " [Ap (B).
and

Theorem 5. Let P > 0 with P € By (H) and tr (P) = 1, then for all A > 0 and
a > 0 we have the double inequality

(1.13) aexp [1 —atr (PA_l)] < Ap(A) <aexp [a_l tr (PA) — 1] .

In particular

tr (PA) 1
(1.14) 1< Ap(A) <exp [tr (PA) tr (PA™") — 1]
and
A T (PATY) tr (PA) —
(1.15) 1< e <exp [tr (PA™!) tr (PA) —1].

The first inequalities in (1.14) and 1.15) are best possible from (1.13).

Motivated by the above results, in this paper we show among others that, if
P, >0 with P; € By (H) and tr (P;) =1for i € {1,...,n}, p; > 0 with >"" , p; =1
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and A; > 0 for i € {1,...,n}, then for all ¢ > 0 we have the lower and upper bounds

aexp <1 - aZpi tr (PiAi_l)> < H [Api (A:)]"
i=1 i=1
< aexp (a_l Zpi tr (PA;) — 1) .
i=1

2. MAIN RESULTS

We start to the following double trace inequality that is of interest in itself as
well:

Lemma 1. Assume that f is differentiable convex on the interior I of the interval
I and the derivative f' is continuous on I. Let Q; > 0 with Q; € By (H) for
i€{l,...,n} and 3., tr (Q;) > 0, then for all B; with the spectra Sp (B;) C I for
1€{l,...,n} and a € I we have the double inequality

S tr(Qif (Bi) Bi) 3l tr(Qif' (By))
> se@) ) 1@
L S (Qif (B)
T X tr(Qi)
y o tr(QiBy) . a
21 (St %) @
Proof. We use the gradient inequality
fre)t—a)+fla)=f(t)=f (a)(t—a)+ f(a)

that holds for all ¢, a € I.
Using the continuous functional calculus for the selfadjoint operators with spec-
tra in I, we get

f'(Bi) (Bi —al)+ f(a) I > f(Bi) > f'(a) (Bi —a) + f (a)
for alli € {1,...,n}.
If we multiply this inequality both sides with QL1 / 2, then we get
(2:2) Qi (B) BiQ)* —aQ)* £ (B) Qi + f (a) Qi
> Q% (B) Q"
> () Q" BiQi* — af () Qi + £ (a) Q;

for alli € {1,...,n}.
If we take the trace in (2.2), then we get

o (@2 (B) BiQ)?) —atr (@27 (B) Q) + 1 () 1r(Q0)
>t (QI2r () Q)7
> 1 (@t (QBiQY?) — af (@)t (@) + £ (a) tr (@),
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namely, by the properties of the trace
tr (Qif' (Bi) Bi) — atr (Qif' (Bi)) + f (a) tr (Qs)
>t (Qif (Bi)) = f' (a) tr (QiBi) — af' (a) tr(Q:) + f (a) tr(Qs)

for allt € {1,...,n}.
If we sum over ¢ from 1 to n, then we get

Ztr Qif' ( —aztr Qif' (B +f()z r(Q:)
zZtr(Qif(B
=1

> f'(a) Ztr (QiBi) —af'(a) Ztr (Qi) + f (a) Ztr (Q:)

and by dividing with Y"1 | tr (Q;) > 0, we get (2.1). O

Corollary 1. With the assumptions of Lemma 1 we have

(2.3) Dot (Qif (Bi) Bi) 3ot (QiBi) Yo, tr (Qif' (By))
. Z?:l tr (Q:) Z?:l tr (Q:) Z?:l tr (Q:)
i tr(Qif (Bi) (i tr(QiB)
=TT (@) f’( S (@) > =0

Proof. Since Sp (B;) C I for i € {1,...,n}, then there exists o < M such that
Sp(B;) C [m,M] C I forie {1,...,n}. Therefore

ml < B; <MI, forie{l,...n}.
If we multiply this inequality both sides with Q;/ 2, then we get
mQ; < QY*B,QY* < MQ;, fori € {1,..,n}.

By taking the trace and summing, we get

Doy 11 (QiBi)
mEnre) S
Then by taking
_ > i t1(QiBy)
2iy tr(Qi)
n (2.1) we get (2.3). O

Remark 1. The case of one operator is as follows:
tr(Qf(B)B) tr(@B)x(Qf(B)) _ tr(Qf(B) . (tr(@B)
ey - e 2 T (R

where Q > 0 with Q € By (H) and tr (Q) > 0 and B is selfadjoint with Sp (B) C 1.
This result was obtained in a different way in [1].

>0,



BOUNDS FOR THE TRACE CLASS P-DETERMINANT 7

Corollary 2. With the assumptions of Lemma 1 and if > ., tr (Q;f' (B;)) # 0

" Sr L tr (Qif' (Bi) By)

ie1 tr (Qif' (Bi) B . .

Z?;tr Qif (B € Lforiedlint,
then

2 (@i (B) B i trQZ Z))
(2.5) Oéf( lelter(R ) 1

/ Z’L lterl B)B
Sf( S Qe (B) >
X(Zfltr(Qf/( )B) Zb1tr(Qz z)>
i tr(Qif' (By)) S tr(Qi) )

Proof. From (2.1) we derive for

_ 2 tr(Qif' (Bi) Bi)
doim tr(Qif (Bi))

Yo tr(Qif (Bi) Bi)
/ < S Qi (B) )

S Yo tr(Qif (By))
N Z?:1tr(Qi)
s (i tr(Qif’ (Bi) Bi)
=1/ S Qo (B1) )
Yo tr(QiBi) Y tr(Qif' (Bi) By)
< )

that

2 i tr (@) i tr(Qif (B

St (Qif (B;) By)
i ( S (Qif (B)) ) ’

namely

S tr(Qif (Bi) . (il tr(Qif' (Bi) Bi)
0= Do tr(Qi) f( > i tr(Qif' (Bi)) >

Y

u (Zz :rti?éf}(< )
( i 1tr (QiBi) Y tr(Qif (Bz‘)Bz'))
(Bi) )’

Dlimy tr(Qi) - i tr(Quf' (B
which is equivalent to (2.5). O

Remark 2. The case of one operator is as follows: if tr (Qf' (B)) # 0 with
u(Q/(5)5) € Io, then

“tr(Qf7(B))
w(Qf (B)B)\ tr(Qf(B))
(26) 0<f (tr(Qf’(B)) )‘ Q)
_ <tr QF (B) B)) <tr(Qf’ (B)B) (QB))
I\ Sermy )\ werm v )

which was obtained in a different way in [2].
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We have the following main result:

Theorem 6. if P, > 0 with P; € By (H) and tr (P;)) =1 fori € {1,...,n}, p; >0
with > pi =1 and A; > 0 fori € {1,...,n}, then for all a > 0 we have the lower
and upper bounds

n

(2.7) a exp (1 - aZpi tr (PiAi ) H [Ap; (A;)
i=1 i=1
< aexp (a_l Zpi tr (PA;) — 1) .

i=1

Proof. If we write the inequality (2.1) for the convex function f (¢t) = —1Int, ¢ > 0,
Qi = Psz and Bl = Az for i € {1, ...,n}, we get

oy : " opitr (AT
_Z:Ln:lpltr(Pi)_’_aZl?lp r( K3 ) _lna
> iz Pitr (5) > i pitr (B)
iy pitr (P In (4))
N Zznzl pitr ()
> g1 (Zi_nlpi tr (PA;) a) “Ina,
Eizl p; tr (Pl)

namely

(28) 1 —|—lna—a2pi tr (PLAZ_l) < sz tr (PL IDAL)

i=1 i=1
at Zpi tr (PA;) +lna — 1,
i=1

for all @ > 0.
If we take the exponential in (2.8), then we get

exp (1 +1Ina — aZpi tr (PiAZ-_l)>

i=1

< exp <sz tr (P;1ln A2)>

i=1
< exp <a1 Zpi tr (P;A;) +lna — 1) ,
i=1

namely

aexp <l—a2pitr (A ) H (exp [tr (P;1n A;)])""
i=1 i=1
< aexp (al Zpi tr (PA;) — 1)

i=1

and the inequality (2.7) is proved. O
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Corollary 3. With the assumptions in Theorem 6 we have

(2.9) exp <1 — Zp,- tr (P;A;) Zpi tr (PiAi_l)

=1 i=1

T Yimipitr (PA) T

The second inequality in (2.9) is best possible from the second inequality in (2.7).

[T1ar (A
) < Z <1

Proof. The inequality (2.9) follows by (2.7) on taking a = Y7 | p; tr (P;4;).
Now, consider the function f(t) = texp [t7' Y1 | pitr (PiA;) — 1], ¢ > 0, then

f/ (t) = exXp [t_l zn:pi tr (PZAZ) -1

+ texp [t‘l Zpi tr (P A;) — 1]

i=1 i=1
( E?witr(PiAi))
>< —
t2
I S pitr (PA;)
= t 1 it -PzAz -1 1-— = .
eXp[ ;p r(P;A;) ]( ;

We have that f’ (tg) = 0 for tg = Y ., p; tr (P;A;) which shows that f is strictly de-
creasing on (0, Y1, p; tr (P;A;)) and strictly increasing on (Y i p; tr (P;A;), 00) .
Therefore

inf t) = Z‘tI‘ PzAz = itI‘ PzAz ,
nt_ £ (1) f(;p ( )) > piir(Pi)
and the corollary is thus proved. ([l

Corollary 4. With the assumptions in Theorem 6 we have

[Ap; (A;)]"

n

(2.10) 1< —=1 —
(X pitr (PATT))

< exp (Zpl tr (PA; ") Zpi tr (P A;) — 1) .

=1 =1

The first inequality in (2.10) is best possible from the first inequality in (2.7).

Proof. The inequality (2.10) follows by (2.7) for a = [tr (PA™!)] -

we take the function g (t) = texp [1 —ty " pitr (A;l)] , t >0, then

g (t) = exp |} - thi tr (PiAi_l)

=1

1-— tzpl tr (PZAZ_l)
i=1
<1 —ty pitr (PZ-Ail)) :

i=1

n
— thi tr (Ai_l) exp
i=1

= exp [1 —ty pitr (PATY)

i=1
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which shows that g is strictly increasing on (O, [Z?:l p; tr (PiAi_l)] _1> and strictly
decreasing on ([Ele p; tr (PiAi_l)] ! ,oo) , therefore

—1 "
= [sz tr (PlA;l)
i=1

which shows that the first inequality in (2.10) is best possible from the first inequal-
ity in (2.7). (]

-1

sup g(t) =g [ZPN (PATY)
te(0,00) i—1

Remark 3. The case of one operator gives Theorem 5 from the introduction.

3. RELATED RESULTS

When more information for the operators A;, i € {1,...,n} is available, then we
have some simple bounds as follows:

Theorem 7. Assume that P, > 0 with P, € By (H) and tr(P;) = 1 for i €
{1,..,n}. If p; > 0 with Y p; = 1 and A; with the property that 0 < mI < A; <
MI,ie{l,...,n} fori e {1,...,n}, then

(B1)1 < Z,jzlpi ) o (Zpi tr (PA;) Y pitr (PA;) — 1)
H [APi (AZ)][)@ i=1 i=1

i=1

(M —m)ﬂ

s exp l AmMM

and

[Tapi (4"

(32) 1< —=1 — gexp( pitr (PA; pitr(PiAi)_1>
(Siapitr (PATY) 2R

. [<M—m>2

4dmM

Proof. If t € [m,M] C (0,00), then (M —t) (m~' —¢=') > 0. Since 0 < mI <
A; < MI,i€{l,..,n} hence by using the functional calculus for selfadjoint oper-
ators we get
(MI—A;))(m™'I—A7") >0

for all i € {1,...,n}, which is equivalent to
(3.3) (M +m)I>MmAT* + A,
for alli € {1,...,n}.

If we multiply (3.3) both sides by Pil/2 we get

(M +m) P, > MmP}?A;71P!/? 4 pl/24,p!/?

for allt € {1,...,n}.
If we take the trace and use its properties, we get

M +m > Mmtr (PA;") + tr (PA,;)
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for all i € {1,...,n}.
If we multiply by p; > 0 and summing over ¢ from 1 to n, we get

n n
(3.4) M+m>MmY pite (PA7Y) +> pitr(PA;).
i=1 i=1
By making use of the arithmetic mean-geometric mean inequality we also have

Mm Y pitr (BATY) + 3 pitr (PA;)
1=1 i=1

i=1

which implies that

M+m>2 MmZpitr (PiAfl) Zpitr(PiAi).

i=1

This is equivalent to

- . M + m)2
str (PAT! i tr (P A; < M +m)”
Y pitx (RAT) D potr (P <
or to,
- - M — m)2
tr (P AT S (PoAy) —1 < M=)
sz 1“( i1 );pz 1“( [ L) =" amM
Now, by utilizing Corollaries 3 and 4 we deduce the desired results. ([l

Theorem 8. With the assumptions in Theorem 7 we have

(351 < 2:7::11%‘ tr(Pi4i) < exp (Z p; tr (PiAi_l) Zpi tr (P;A;) — 1)
i=1

H [Api (A)]” =t
2
< exp (\/7 f> Zpltr (PA)| <exp M

m

and

H AP& z n n
(3.6) 1< i=1 — ))71 <exp (Zpl tr (PiAzl) Zpi tr (P A;) — 1)

(i pitr (PA; i=1 i=1
(r f) (Va7 - yim)”

< exp Zpl tr (PA;) | <exp

Proof. From (3.4) we get
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which implies that

n n -1
) =1
-1

1 1 1 &
<—4 ———) pitr(PA) i tr (PiA;)

(G~ ) z
B (\/;W (épz tr (PiAi)> " - <ipz tr (Pz‘Ai)> _1/2>
()

If we multiply by >, p; tr (P;A;) > 0 we get

sztr (PA; Zp, tr (PA;) — 1

< (i) Bypertens < (G- ) Somers

:M(}_}):M
m /M

which proves the desired results. (Il

’
m

Remark 4. If 0 < mI < A< MI and P > 0 with P € By (H) and tr (P) = 1,
then i € {1,...,n}, then, see also [4],

(3.7) 1< tr(PA; < exp [tr(PA) tr (PA ) } < exp [W_m)j

Ap (A AmM
and
Ap (A) _1 (M - m)2
Also
(3.9) 1< Zip(ﬁi < exp [tr (PA) tr (PA™") — 1]
(- o) (-
<exp | ——+tr(PA)| <exp | ——

mM - m
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and
Ap (A
(3.10) < #)_1 <exp [tr (PA™!) tr (PA) —1]
[tr (PA~1)]
2 2
(VI - ym) (VA - ym)
< -~ tr(PA)| < -
< exp —i r(PA)| <exp -
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