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Abstract

Here we exhibit multivariate quantitative approximations of Banach
space valued continuous multivariate functions on a box or RN, N € N,
by the multivariate normalized, quasi-interpolation, Kantorovich type and
quadrature type neural network operators. We treat also the case of ap-
proximation by iterated operators of the last four types. These approx-
imations are achieved by establishing multidimensional Jackson type in-
equalities involving the multivariate modulus of continuity of the engaged
function or its high order Fréchet derivatives. Our multivariate operators
are defined by using a multidimensional density function induced by the
generalized symmetrical sigmoid function. The approximations are point-
wise and uniform. The related feed-forward neural network is with one
hidden layer.
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1 Introduction

G.A. Anastassiou in [2] and [3], see chapters 2-5, was the first to establish
neural network approximations to continuous functions with rates by very specif-
ically defined neural network operators of Cardaliaguet-Euvrard and ”Squash-
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ing” types, by employing the modulus of continuity of the engaged function or
its high order derivative, and producing very tight Jackson type inequalities.
He treats there both the univariate and multivariate cases. The defining these
operators ”bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [3] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class of
smooth functions, see chapters 4-5 there.

Motivations for this work are the article [18] of Z. Chen and F. Cao, and
[4)-[16], [19], [20].

Here we perform multivariate generalized symmetrical sigmoid function based
neural network approximations to continuous functions over boxes or over the
whole RY, N € N, and also iterated approximations. All convergences here are
with rates expressed via the multivariate modulus of continuity of the involved
function or its high order Fréchet derivative and given by very tight multidi-
mensional Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized,
quasi-interpolation neural network operators related to boxes or RV, as well
as Kantorovich type and quadrature type related operators on RY. Our boxes
are not necessarily symmetric to the origin. In preparation to prove our results
we establish important properties of the basic multivariate density function in-
duced by generalized symmetrical sigmoid function and defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

N, (z) :Zc‘ja((aj cx)+bj), xzeR’ seN,
=0

where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation function is the generalized symmetrical sigmoid function.
About neural networks see [22], [23], [24].

2 Auxiliary Results (see also [14])

Here we consider the generalized symmetrical sigmoid function ([21])

fl(a:)—#, uw>0,zeR. (1)

(1+ [2]")

This has applications in immunology and protection from disease together with
probability theory. It is also called a symmetrical protection curve.



The parameter p is a shape parameter controling how fast the curve ap-
proaches the asymptotes for a given slope at the inflection point. When p =1
f1 is the absolute sigmoid function, and when pu = 2, f; is the square root
sigmoid function. When p = 1.5 the function approximates the arctangent
function, when p = 2.9 it approximates the logistic function, and when p = 3.4
it approximates the error function. Parameter pu is estimated in the likelihood
maximization ([21]). For more see [21].

Next we study the particular generator sigmoid function

fa(z) = %, A is an odd number, = € R. (2)

(1 + W) *

We have that f2 (0) =0, and

fa(=2) = —fa(2), (3)

S0 fo is symmetric with respect to zero.
When z > 0, we get that ([14])
, 1
fr(@) = —F55 >0, (4)
(I+a2M)™>
that is fo is strictly increasing on [0, +00) and f is strictly increasing on (—oo, 0].
Hence fs is strictly increasing on R.
We also have fa (+00) = fa (—o00) = 1.
Let us consider the activation function ([14]):

x(@) =2 @+ 1)~ fale—1)] =

(@+1)  (@-1)

1

1
4 A\ X A
(1+|x+1|) (1+|x71|)

Clearly it holds ([14])

>

and

ETEl )

and x (z) >0,V z €R.

Following [14], we have that x is strictly decreasing over [0,+00), and x
is strictly increasing on (—o00,0], by x-symmetry with respect to y-axis, and
x' (0) =0.

Clearly it is

lim x(x)= lim x(z) =0, (8)

T—+00 T——00



therefore the z-axis is the horizontal asymptote of x ().

The value 1
x (0) = 5 A is an odd number, 9)
is the maximum of , which is a bell shaped function.
We need
Theorem 1 (/14]) It holds
> x(@—i)=1, Yz eR. (10)
Theorem 2 (/14]) We have that
/ X () dz = 1. (11)

So that x (z) is a density function on R.
We need

Theorem 3 ([1/]) Let 0 < a < 1, and n € N with n*=* > 2. It holds

1
2\ (nt—a —2)N

NE

X (nz —j) <

Vi — 00
tna — gl > ntme

where A € N is an odd number.

Denote by |-] the integral part of the number and by [-] the ceiling of the
number.
We also need

Theorem 4 (/14]) Let [a,b] C R and n € N so that [na] < |nb|. Then

1
oh] <2V1 427, (13)
> X(lnz —k|)

k=[na]

where A is an odd number, ¥ x € [a,b].
We make

Remark 5 ([14]) (1) We have that

Lnb]
lim Z X (nx — k) #1, for at least some x € [a,b] . (14)
k=[na]



(2) Let [a,b] C R. For large enough n we always obtain [na] < |nb].
a<E<b, iff [na] <k < [nbl.
In general it holds that

[nb]
Z X (nx — k) < 1.
k=[na]
We introduce
N
Z(x1,..,xn) = Z (x) := Hx(xi), = (z1,..,on) ERY, N eN.
i=1
It has the properties:
(i) Z(z) >0, Vo eRY,
(i)
Z Z(x—k):= Z Z Z Z(x1 — k1, ..y —kn) =1,
k=—o00 ki=—oc0 ka=—00 kny=-—o0

where k := (k1,....,k,) € ZN, ¥ 2 € RV,
hence
(iii)
Z Z (nx — k) =1,
k=—o00

VzeRN:neN,
and

(iv)
/RN Z (x)dz =1,

that is Z is a multivariate density function.

Here denote ||z|| _ := max {|z1], ..., |zn|}, € RV, also set 0o := (00, ...

—00 := (—00, ..., —00) upon the multivariate context, and

[na] := ([na1],..., [nan]),

[nb] := (|nb1], ..., |nbNn]),

where a := (ay,...,an), b:= (b1,...,bn) .
We obviously see that

[nb] [nb] N
> zw-i= 3 ([Tut-n) -

k=[na] k=[na] \i=1

Also

(15)

(16)



|nb1 | [nbn ] N [nb;]
Z Z <Hx(nwi - ki)) = H Z X (nxi — ki) | . (21)
ki=[na1] kn=[nan] \i=1 =1 \k;=[na;|

For 0 < 8 <1andn €N, a fixed z € RV, we have that

[nd]
Z Z(nx —k) =
k=[na]
[nb] [nb]

Z Z (nz — k) + Z Z (nx—k). (22)
{ k= [na] { k= [na]
1%

1
co — nf

— |l > 7

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition ||£ —z|| _ > - implies that there exists at least one |2 — g, | > L,
where r € {1,..., N}.

(v) As in [10], pp. 379-380, we derive that

S (12) 1
> Znx—k) < ——————, 0<B <1, Aisodd, (23)
2X\ (n1=P — 2)
k = [na]
1% ==l >7m

withn € N:n!=F >2 x ¢ Hivzl [a, b;] .
(vi) By Theorem 4 we get that

N
0< —— <(2V1+2Y) 7, (24)

<
> kena] Z (nx — k)

Ve (Hilil [aiabi]), n €N, X is odd.
It is also clear that

(vii)
i Z (nx —k) < %, (25)
2X\ (n'=P —2)
k= —o0
{ 1% =2l > 7
0<B<l,neN:n"#>2 2ecRN, \is odd.
Furthermore it holds
[nb]
lim Y Z(nz—k)#1, (26)
e k=[na]

for at least some z € (Hf\il [a;, bz]) .



Here (X, ””’v) is a Banach space.

Let f e C (Hf\;l (@i, by 7X) , = (T1,...,ZN) € va:l [ai, b;], n € N such
that [na;] < |nb;|,i=1,...,N.

We introduce and define the following multivariate linear normalized neural
network operator (z := (z1,...,ZN) € (vazl (@i, bz]))

Zlganna—\ ( ) Z (TLI’ - k)
A’I’L 5 g asey = A’ﬂ : = =
(f Z1 .TN) (f JZ) Z]Ean71a] (nm _ k-)

nby | bz b N
Zl\;; [nai] ZIEZ:[Jnag‘\ Zl\;:i] NHnaN-\ (Iiz,l [ kTN) (Hizl X (77,.’731 - kl))
N nb; ’
[Ti= ( 1&1 [Jn,m X (nw; — kz))

For large enough n € N we always obtain [na;] < |nb;], i = 1,...,N. Also
a; < & < by, iff [na;] < ki < [nbi),i=1,..,N.
When geC (Hl 1 lag, bl]) we define the companion operator

A (g.0) o i 9 () Z (02— #)
n\g, ) = ZLan (nx—k) .
k=[na]

Clearly Zn is a positive linear operator. We have that
N N
A, (1,z)=1, Vo e (H [ai,bi]> .
i=1

Notice that A, (f) € C (Hfil [a;, b;] ,X) and A, (g) € C (Hl 1 [al,bl]) .
Furthermore it holds

lLenbemﬂ Hf( )H Z (nx — k) - i (”f” :E)
n '\/’ )

29
ZIERana"\ (nm - k) ( )

14 (f,2)], <

Ve szil [ai,bi] .
N
Clearly |/, € C (T}, [as, bi)

So, we have that
140 (£, < Au (151, 12) (30)

Vo eI, fanbl, ¥ ne N,V f e C (T, [as,bi], X)
LetceXandgeC(Hl 1[a“bz]) then cgEC’(H2 1[al,bz],X).



Furthermore it holds

Ay, (cg, )—cA x,VwEHal,l. (31)

Since A, (1) = 1, we get that
Ap(c)=¢, VceX. (32)

We call A, the companion operator of A,.
For convinience we call
Lnb]

Ay (fx) Zf() (na — k) =

k=[na]

[nb ] |nb2 ] [nbn |

ooy LY f(kl kg) (ﬂx(nmk}) (33)

ki=[nai]| ka=[naz2] kn=[nan]

Ve (HL lai,bi])
That is

A*
A ()i Ao lSo5)

Zk [na] (TL$ - k)

(34)

Ve (Hi\; [ai,bi]), n € N.
Hence
A (F.2) = £ @) (Sf Z (02— 1)

An (f’ 33) - f (l‘) = " . (35)
sk ”Hm] (nz — k)

Consequently we derive

140 (Fo)— F @, < (2¥V152) |45 (fa) ~ F(@) Y. Zina—h)|| .
k=[na]
(36)

v e (T1Y, o b))
We will estimate the right hand side of (36).
For the last and others we need

Definition 6 (/11], p. 274) Let M be a convex and compact subset of (RN, ||Hp) ,
p € [1,00], and (X, H||7) be a Banach space. Let f € C(M,X). We define the

first modulus of continuity of f as
w1 (f,9) := sup 1f (@)= fWIl,, 0<6<diam(M). (37)
x,y€e M :
e —yl, <o



If 6 > diam (M), then
wi (f,0) = w1 (f, diam (M) . (38)

Notice wy (f,9) is increasing in 6 > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,9) is defined similarly.

Lemma 7 ([11], p. 274) We have w1 (f,6) — 0 asd | 0, iff f € C(M,X),

where M is a convex compact subset of (RY, H||p), p € [1,00].

Clearly we have also: f € Cpy (RN , X ) (uniformly continuous functions),
iff wy (f,0) — 0 as § | 0, where wy is defined similarly to (37). The space
Cp (RN , X ) denotes the continuous and bounded functions on RY.

When f € Cp (RN,X) we define,

B, (f,7) = By (fow1, csn) i= i ! <fb) Z (nx — k) :=

o7} o [e%e) N
ki ko kn
Z Z Z f (n’n""an HX(nxl_kl) ) (39)
ki=—00 ka=—0o0 kn=—00 i=1
neN,VzeRYN, N eN, the multivariate quasi-interpolation neural network

operator.
Also for f € Cp (RN , X ) we define the multivariate Kantorovich type neural

network operator

Cn(f,m) ::Cn(f,mla"'axN) = Z <nN/nf(t)dt>Z(nx_k)_

k=—o0

) o oo < ki1 kat1 Ent1
n

kq k
k‘N:—OO n

r2 En
klz—tx) kg:—oo n

f (tl, ...,tN) dtl...dtN>

n

N
. (H X (nz; — kl)> , (40)
i=1
neN, VaeRN,

Again for f € Cp (RN , X ) , N € N, we define the multivariate neural net-
work operator of quadrature type D, (f,z), n € N, as follows.

Let 0 = (0y,....,05) € NNV r = (ry,...,rx) € Zf, Wy = Wy, ry,..ry = 0, such

0 01 62 On
that > w,.= Y > . > Wy pgen =1 k€ ZYN and
r=0 r1=07r2=0 rny=0

0 k
O (f) 1= Onbs koo (F) 1= DS (n * 7:9) -
r=0



01 02 On

ki r1 ke 7o kn TN
SN D W f (n t oo Thee e T ) . (41)

b
nb1’ n nb
r1=07r2=0 rn=0 1 N

where 7 := (%, %’ e %) .
We set
Dy (f,2) = Dy (fra1, . 2n) = > Ok (f) Z (nw — k) = (42)

k=—o00

oo oo 0o N
Z Z Z O kg koo () (Hx (na; — ki)> 7
=1

k1=—00 ko=—00 kny=—o00
VzeRY,
In this article we study the approximation properties of A,, B,,C,, D,
neural network operators and as well of their iterates. That is, the quantitative
pointwise and uniform convergence of these operators to the unit operator I.

3 Multivariate general Neural Network Approx-
imations
Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.
We give
Theorem 8 Let f € C (Hfil [ai, b; ,X) ,0<B8<1,z€ (Hfil [ai,bi]> , A s
odd, N,n € N with n'=% > 2. Then

1)
. N S
4 1.0) = £ @ < VD) Lo (155 + e | =),
(43)
and
J
142 (=1L |_ <2 ). (44)

M-l
We notice that lim A, (f) =" f, pointwise and uniformly.
n—oo

Above w1 is with respect to p = o0.

Proof. We observe that
[nd]

A(z) = A, (fio) = f(2) Y Z(ne—Fk)

k=[na]

10



L) |nb]
Z f<fl)Z(mc—k)— Z f@)Z(nx—k)=

k=[na] k=[na]

|nb]

> <f (:) f(:z:)> Z (nz — k). (45)

k=[na]
Thus )
- k
A(x) 4 < — ) = f(= nr —k) =
Ia@l < 3 (5) 1) zoep
[nb]
Z ! S — f(@)|| Z(nz—k)+
e qoRL
15—zl <5
Rl 2 (1)
> |r(E)-rw)| zwe-n's
{ k= [na) K
15—z, >
1 L) (23)
wi <f,nﬁ>+2H|f||v . Z[ | Zne—k) <
k= [na
{||,’i —afl, >
171,
(1) sk
So that
2@, <o (fi37) + - (’L”fﬂ - )

Now using (36) we finish the proof. m
We make

Remark 9 ([11], pp. 263-266) Let (RN, H-||p), N € N; where |||, is the Ly-

norm, 1 < p < co. RY is a Banach space, and (RN)J denotes the j-fold product

space RN x ... x RN endowed with the max-norm [zl (gryi = max [z, where
1<A<; P

z:=(x1,...,x) € (RN)j .
Let (X, ||||ﬂ/) be a general Banach space. Then the space Lj := L; ((RN)J ;X)

of all j-multilinear continuous maps g : (RN)j — X, j=1,...,m, is a Banach

11



space with norm

llg (@)l

LA L (48)
||x1||p A lejup

gl ==1llgll., == suwp llg(@)ll, =sup

ol vy =1

Let M be a non-empty convex and compact subset of RY and zo € M is
fized.

Let O be an open subset of RN : M C O. Let f : O — X be a continuous
function, whose Fréchet derivatives (see [25]) f9) : O — L; = L, ((RN)J ;X)
exist and are continuous for 1 < j <m, m € N. .

Call (z — xo) = (x — 0, ..., w — Tg) € (RN)J, x e M.

We will work with f|as.

Then, by Taylor’s formula ([17]), ([25], p. 124), we get

f(z) = i /o (:vo)j('x — zo)’ + Ry, (z,20), allz e M, (49)
j=0 ’

where the remainder is the Riemann integral

1 —u m—1
R (z,20) := /0 % (fW (2o + u(x — x0)) — fO (xo)> (z — x0)" du,

(m—1)
(50)
here we set f© (x0) (x — 20)° = f (x0).
We consider
w = W (f(m>,h) = sup Hf(m) (=) — ™ (y)]|, (51)
T, yeEM:
le—yll, <h
h > 0.
We obtain
(1t 5 s
£ (o + (@ = 20)) = £ (20| - 12 = wolly’ <
wlz— IOHZL "w—‘ , (52)

by Lemma 7.1.1, [1], p. 208, where [-] is the ceiling.
Therefore for all x € M (see [1], pp. 121-122):

du

1 u ||(£ o :L'O” (1 o u)m—l
R, (z,z <wlz—x m/ { p—‘
[ B (2, 20|l < w |z — ol A A m—1)

12



— wd,, (Hx—xoﬂp) (53)

by a change of variable, where

[t] s _Sm—l oo ,
@m(t)::/o H %@:%l jz::o(m—jh)f L VEER, (54)

is a (polynomial) spline function, see [1], p. 210-211.
Also from there we get

‘t|m+1 |t‘m h|t|m71
D, (1) < <(m+1)!h+2m!+8(m1)! , VteR, (55)

with equality true only at t = 0.
Therefore it holds

| R (2, 20)||, < w lz = 2ol llz = ol Alle = ol VaeM
m Ly L0y = (m_|_1)|h 2m)! S(m_l)‘ ’
(56)
We have found that
9 (o) (& — o)’
f(z)— Z 4! -
7=0
¥
m—+1 m m—1
_ — bz — ol
g (N =zl lle = ol v 57
‘”1(f ’ )< m+Dh  2m  sm-1r ) =% o0

Yz, rg € M.

Here 0 < wy (f(m), h) < 00, by M being compact and f(™ being continuous
on M.

One can rewrite (57) as follows:

™) (20) (- — zo)
Fo-3o @7_5 |

Jj=0

v
m+1 m m—1
- - hll- = ol
m g, |- = zoll, [+ = zoll, » v M. (58
wl(f )( T Ol T aml T smonr ) VT M (58)

a pointwise functional inequality on M.

Here (- — x0)’ maps M into (RN)J and it is continuous, also fU) (x¢) maps
(RN)J into X and it is continuous. Hence their composition @) (x) (- — zo)
18 continuous from M into X.

13



Clearly f ()= FHEd=20 € € (M, X), hence|f () = YL, Loloifmsolt
C(M).

Let {ZN}NeN be a sequence of positive linear operators mapping C (M) into
C(M).

Therefore we obtain

S
~y

™) (20) (- — 20 )
Hf(_)_zf @) =o' | ) (0 <

i=0 '
L €T mtl x L =T m X
o (70 (Zw (I <m+0”1)m )) (@) . (Zx (I %;n,, )) (@)
(I (”é(mxi'i)! )) (@) | )

VNGN,VQZ(]GM.

Clearly (59) is valid when M = H [a;,b;] and L, = A, see (28).

All the above is preparation for the following theorem, where we assume
Fréchet differentiability of functions.

This will be a direct application of Theorem 10.2, [11], pp. 268-270. The
operators A,, A, fulfill its assumptions, see (27), (28), (30), (31) and (32).

We present the following high order approximation results.

N
Theorem 10 Let O open subset of (RN, ||||p), p € [1,00], such that ] [a;,b;] C
i=1
O C RV, and let (X, ”Hv) be a general Banach space. Let m € N and f €
C™(0,X), the space of m-times continuously Fréchet differentiable functions
N
from O into X. We study the approzimation of f| . Letxg € (H [a;, bz]>

[ai,bi] i=1
=1

andr > 0. Then
1)

(A Z

wy | f™),r |- — ||m+1 (o) T
( (( ( _ )) 0) )((ﬁn (”._%”Zm))(xo)>(m+1)

[ L +g+mr}, (60)

S|

( (fm (o) (- —!EO)j))(DCO) <




2) additionally if f9) (x9) =0, j = 1,...,m, we have

1(An (£)) (z0) = f (o)l <

w (ﬂm), (4 (”T;j Ilm“))(wo))ﬁ (A (1~ w0l ™)) )>(#)

1 2 (61)
Lm+n+2+fs}
3)
1(An (1)) (0) — £ o), fH( (£9 (@o) (- =20’ ) ) (o) +
w1 f(m)ar Zn |- — = ”' Pl
el D) ()
1 T 2 -
{(771—&—1)+2+8}7
and
4)
£l _ s S
J' HH (59 (@o) (- =20’} ) (o) m7m0€iﬁ1[ai’bi}+
(g
rm)! -
| (A (1 = 2oll")) o) ff)HH (63)
1 r mr? _
Lm+n+2+gg]
‘We need

~ N
Lemma 11 The function (An (|| — x0||gl>) (zo0) is continuous in xy € (H (@i, bA),
i=1
m € N.

15



Proof. By Lemma 10.3, [11], p. 272. =
We give

Corollary 12 (to Theorem 10, case of m = 1) Then
1)

(A (D) (o) = 1 @)l < || (4n (/O o) (- = 20)) ) o)+

ron (10 (A (1= a012)) ) ) (A (1= 0l2)) 00)) 60

2
o)
and
2)
=11, » <
Oo’il;[1[ai’bi]
HH FO( — )) (z0) ~ +
vy OO,Ioe.l:Il[ai,bi]

L, (fm G () ol g

2

r
Lr+—|, 65
,xOG_ﬁ [a;,b;] |: " 4:| ( )

(A (1= 2012)) )]

r > 0.
‘We make

Remark 13 We estimate 0 < a < 1, m,n € N:nl=® > 2,

nb m—+1
ZIE Hna'\ H . 1‘0” Z(najo - k) (2<4)
nb
ZIE H al Z (nzo — k)

A (Il = woll2™) (o) =

[nb] m+1
(2 V1 2A) S E—a|  Z(nao—k) = (66)
k=[na] Rl
N [nb] k m—+1
(2A1+2/\) Z Hn—xo Z (nxog — k) +
{ k= [na) OO
1% = =oll < 5=

16



[nb]

m—+1 25
Z HS:CO Z (nxog — k) =
{ k= [na >
HI% —woll o > 7=
N 1 b —all 2"
A by o]
(2v1+2) {na(m+1) Ebymeel & (67)

(where b—a = (by — a1, ....,by —an)).

N
We have proved that (V xo € [] [ai, b])
i=1

: , N[ b~ all*
L m+1 A A o'} .
Ay (I = w2 (o) < (2/1+2Y) {na(mﬂﬁwma_w o1 ()

O<a<l,mneN:nl=>2)
And, consequently it holds

40 (I = 2ol (o)

<

N
00,z0€ [ [as,b:]
=1

N N 1 Ib— a2t
(2\/14—2)‘) + e =p,(n) >0, asn — +oo.

nemEh) o) (pi-a — 2)*
(69)
So, we have that p; (n) — 0, as n — +o0o. Thus, when p € [1,00], from
Theorem 10 we have the convergence to zero in the right hand sides of parts (1),

(2). N 4
Neaxt we estimate H (An (f(j) (o) (- — mo)j)) (7o)
We have that

Y

S 19 (o) (£~ w0) Z (nag — )

S Z (nwo — k)

(Avn (f(j) (o) (- — a?O)j)) (z0) =

When p = o0, j = 1,...,m, we obtain

‘ f(j) (z0) (z _ 3;0)]

We further have that

_ k J
<[5 -
¥ oo

(24)

| (A (59 @) (= 20)7)) o)<
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(2A 1+2>‘)N ( LGbjj 9 () (k _330>j Z(nxo—k)) <
k=[na] 5

(2 2 1+2)\)N ( Hf(J X0 H H ) Z(n;po — k)) — (72)
k=Tna

k

vem) oo 52 [

’ Z (nxg —k)) =

Ny o, Lnb] k J
V) el x ]z
k= [na]
{1 15 = @oll. < 5=
[nb] 4 )
+ > al zom-niS @)
k= [na] OO
{: 15 = ol > 7

(2@) |59 ao) H{W *M}Hoy .
That is
H (jn (f(j) (xo) (- — xo)j)) (7o) . — 0, as n — oo.

Therefore when p = oo, for j =1,...,m, we have proved:

(2 (19 oy = ao) ) o) <

NG 1 b — al’
2:3/14+ 2> H %)) H — 4+ P "l L < 4
( + ) F7 (o) ned 2A(nt—a —2)* [ ~ ™)
b — all?

Q A (49) _ W % L _.
(2 L+2 ) Hf H {naﬂ +2)\(n10‘2))‘} = Paj (’I’L)<OO,

and converges to ZETO0, as n — Q.

We conclude:
In Theorem 10, the right hand sides of (62) and (63) converge to zero as

n — oo, for any p € [1, 00].
Also in Corollary 12, the right hand sides of (64) and (65) converge to zero

as n — oo, for any p € [1,00].

18



Conclusion 14 We have proved that the left hand sides of (60), (61), (62),
(63) and (64), (65) converge to zero as n — oo, for p € [1,00]. Consequently
Ay — I (unit operator) pointwise and uniformly, as n — oo, where p € [1,00].
In the presence of initial conditions we achieve a higher speed of convergence,
see (61). Higher speed of convergence happens also to the left hand side of (60).

We further give

Corollary 15 (to Theorem 10) Let O open subset of (RN, ||||..), such that
N
H [ai,bi] € O CRY, and let <X II1I ) be a general Banach space. Let m € N

and f e C™(0,X), the space of m—times continuously Fréchet differentiable
functions from O into X. We study the approzimation of f| . Let xp €

[ai,b;
i=1

N
(H [ai,bi]> and v > 0. Here 1 (n) as in (69) and py; (n) as in (74), where
i=1
neN:nl= @ >2 0<a<l,j=1,..,m. Then

1)
()= 35 (a0 (1 2 = 20) ) )| =

wi (£, 7 () (n)) 7o _m_ 1 r omr?
( — ) (1 () (757) [(m+ Dty ] (™)
2) additionally, if f9) (x0) =0, j = 1,...,m, we have
1(An () (x0) = f (zo)l, <
wi (£, (py () ™50 wy[ 1 m?
( — )(so1<n>><m+l>[(m+1)+2+ . ] (76)

3)

e 5= 11 0 S fj Pu )

wi (0,7 (i ()7

) (1 (n))(757) (77)

rm)!
! +I g mr (n) =0, asn — oo
—_— = —— | =: - — — 00.
(m+1) 2 8 ¥ ’

We continue with
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Theorem 16 Let f € Cp (RN,X), 0<pB <1, zeRYN Nisodd, Nyn € N
with n*=# > 2, wy is for p=o00. Then

1)
1B (£,2) = £ @), < wn (ﬁ ﬁ)+M = ha(n),  (78)

J
180 () =111, <22 ). (79)

Given that f € (CU (RN,X) NCg (RN,X)), we obtain lim B, (f) = f, uni-
formly.

Proof. We have that

By, (f, ) i f( > (nx — k) — f (2) i Z(nz—k) = (80)
k=—o0 s
k;w <f (S) - f(x)) Z(nx— k).
Hence
1B 1)~ S @, < 30 r(%)-rw 2t~
S k
{|| kzoo Hf(n>f(z) WZ(mtfk)+
£ )] 7o'
(T
a(r D)), S zee-n?
PR
(’nﬁ) ,\(‘L'LfLHQ) (81)

proving the claim. m
We give

20



Theorem 17 Let f € Cp (RN,X), 0<pB <1, zeRYN Nisodd, Nyn € N
with n*=# > 2, wy is for p=o00. Then

1
6.0 = F @I, s (£i5+ 7 ) + M =), (52)
2

liCa =11, = 2s ). (83)

Given that f € (CU (RN,X) NCg (]RN,X)) , we obtain lim C, (f) = f, uni-
n—oo
formly.
Proof. We notice that

E+1 ki+1 ko+1 En+1
n

/" Ft)dt = /" / / U Ftte, e ty) dtydts..dty =
k Fy ko kN

n

1

/ / / (t1+ t2+k tN+kN) dtl...dtN/"f(tJrk) dt.
0 n

(84)
Thus it holds (by (40))

Cn(f,x)= i (nN/Oif<t+7]z>dt>Z(nx—k). (85)

We observe that

i (nN/ch(t—i—:j)dt)Z nx —k Z f(x)Z (nz —k)

k=—o00

)-f(@) dt) Z(nz—k)| <
)

dt) Z (nx — k) =

dt) Z (nz —k)+
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1

x k
Z (TLN/ w1 (f, tll o + H -z
0 n

Oo) dt) Z (nx — k) +

i) | X Zme— | <
k=—00
1% ==l > 55
y (f, 1 nlﬁ) ) /\(nHlf/ﬂ - (87)

proving the claim. m
We also present

Theorem 18 Let f € Cp (RN,X), 0<B<1l, zeRY, XNisodd, Nyn e N
with n'=P > 2, wy is for p = co. Then

1)

1D (£,2) - £ (@), < wn (f, o 15) " W “da(n),  (89)
non’) " \(nl=F - 2)
9
[1D (1) = 11| < 2. (89)
Given that f € (Cy (RY, X) N Cp (RY, X)), we obtain lim Dy (f) = f,

uniformly.

Proof. Similar to the proof of Theorem 17, as such is omitted. =
We make

Definition 19 Let f € Cg (RN,X), N € N, where (X, ||||A{) 18 a Banach

space. We define the general neural network operator

Fo(fx)= > bu(f)Z(ne—k)=

k=—o00
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Bu(ho). il () = £ (5),
Co(f.2), if bk (F) =" [L™ f (D), (90)
Dy (f.2), if Lk () = Sur (F).

Clearly l,,x (f) is an X-valued bounded linear functional such that ||l (f)]., <

.
i

Hence F), (f) is a bounded linear operator with H | (f)||7H < H”f”'YH
We need > >

Theorem 20 Let f € Cp (RN, X), N > 1. Then F, (f) € Cp (RY,X).

Proof. Lengthy and similar to the proof of Theorem 21 of [15], as such is
omitted. ®

Remark 21 By (27) it is obvious that H”A" f)H'VH H||fH H < 0o, and

10010 (F o] ). e thatfg(](ﬁ[af )X

i=1
Call L,, any of the operators A,, By, Cy, D
Clearly then

ez o[ = 1za @acoon ]| < [1za o< usn|_. oo
etc.
Therefore we get
s ol < 1] veen, (92)
the contraction property.
Also we see that
les oIl < ies @l < - < iz, (93)

Here Lk are bounded linear operators.

Notation 22 Here N € N, 0 < 8 < 1. Denote by

N

> A ; _

o d (2VIFDY) L i L= A, (01
1; ian = BnacnaDna

1 .
_ nh >’ Zan - An7 B'ru
pin) = {,i L. if Ly = Cu, Dy, (55)
N .
0= C <Zl:[1 [aiabi] 7X> ) Zan = A’n7 (96)
CB( N ) ZfL = B’ruCnaDnv



and
Y — i];[1 [CLi, bz] s Zf LTL — £L1n,
RN7 ifLTL = Bnaaran-

We give the condensed

Theorem 23 Let feQ,0< <1, 2€Y;:n, NeNwithn'% > 2, \ is odd.
Then
(i)

. _ | N
[ n(fam)*f(x)HW_CN wl(fﬁp(”))ﬂLm =:7(n), (98)
where wy 1s for p = oo,
and
(ii)
12w () = fIL|_ < 7() =0, asn— 0. (99)

For f uniformly continuous and in 2 we obtain

lim L, (f) = f,

n—oo
pointwise and uniformly.
Proof. By Theorems 8, 16, 17, 18. =

Next we talk about iterated neural network approximation (see also [9]).
We give

Theorem 24 All here as in Theorem 23 and r € N, 7 (n) as in (98). Then

<rr(n). (100)

oo

s = 11,

So that the speed of convergence to the unit operator of L) is not worse than of
L,.

Proof. As similar to [15] is omitted. m
We also present

Theorem 25 Let f € Q; A is odd, N, my,mo,....m, € N: m; <mo < ... <
m., 0 < B8 < 1; mg_ﬂ > 2 4 =1,.,r 2z €Y, and let (Lim,,..., L, ) as
(Amys oy Am,) 07 (Bmys ooy Bm,.) or (Coyyoory Cin) 07 (Dipyy ooy D), D = 00.
Then

||Lmr (Lmrfl (- Loy (Lmlf))) () - f (x)H <

Y
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HHLmr (Lmr—l (~~L7nz (Lmlf))) - f”w

S 1wr =11 <
=1
Cz\ri_i1 wi (f5 ¢ (mi)) + M
71,
ren |wi (f, @ (my)) + x . (101)

A (=8 —2)*
Clearly, we notice that the speed of convergence to the unit operator of the mul-

tiply iterated operator is not worse than the speed of Ly, .

Proof. As similar to [15] is omitted. m
We also give

Theorem 26 Let all as in Corollary 15, and r € N. Here 5 (n) is as in (77).
Then

4zs = 1| < v{|ianr = 11,

< rps(n). (102)
Proof. As similar to [15] is omitted. m

Application 27 A typical application of all of our results is when (X, ||||7> =

(C,|]), where C are the complex numbers.
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