UPPER AND LOWER BOUNDS FOR THE NORMALIZED
ENTROPIC DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and
a fixed unit vector z € H, define the normalized entropic determinant by
N, (A) := exp[— (Aln Az, z)]. In this paper we show among others that, if A
satisfies the condition 0 <m < A < M, then

G <
(<A21,1> ) —(Az,z) (Ag, g)(A)

(Ax,z)? <1
- 1z (A) -

) ¢ i

for z € H, ||z|| = 1.

and

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [2], [3], introduced the normalized determinant A,(A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector z € H,
namely ||z|| = 1, defined by A, (A) := exp (In Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
[2].
For each unit vector x € H, see also [5], we have:

(i) continuity: the map A — A,(A) is norm continuous;

(ii) bounds: <A*1x,x>_l <A (A) < (Az, x);

(iii) continuous mean: (Apx,x>1/p 1 Az(A) for p | 0 and (Apx,a;>1/p 1T AL(A)
for p T 0;

(iv) power equality: A, (AY) = AL (A)! for all t > 0;

(v) homogeneity: A, (tA) =tA,(A) and A, (tI) =t for all t > 0;
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2 S.S. DRAGOMIR

(vi) monotonicity: 0 < A < B implies A,(A) < A, (B);
(vil) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
(viil) Ky Fan type inequality: A((1 —a) A+ aB) > AL (A)17*A,(B)® for 0 <

a <1
We define the logarithmic mean of two positive numbers a, b by
In gilana if b 7& a,
L(a,b) :=
aif b= a.

In [2] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M1, where m, M are positive
numbers,

(L1) 0 (Ar.z) ~ An(4) < L(m, M) [0 L (m, ) o MMy

for all x € H, ||z|| = 1.
The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then
(1.2) a7y < (1—-v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [7]

1
— e _ifh e (0,1)U(1,00)
eln(hm)
1ifh=1.

It is well known that limj,; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, c0).
In [3], the authors obtained the following multiplicative reverse inequality as well

(Az, ) M
1.4 1< <S|—
(14) - AL(4) T m
for0O<mlI<A<MIandzeH,|z|=1.
Since 0 < M~ < A=t <m™'1, then by (1.4) for A= we get

s () =5 () ) -5 ()

which is equivalent to

(1.5) 1<AAA)gS<M)

T (A lg )t m

(1.3) S (h) =

forx € H, ||z|| = 1.
For the entropy function 7 (t) = —tln¢, ¢ > 0, the operator entropy has the
following expression:
n(A)=—-AlnA
for positive A.
For xz € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by

(1.6) N, (A) :=exp(— (Aln Az, z)) = exp (n(A) z,z) .
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Let © € H, ||z|| = 1. Observe that the map A — 1,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1InA)z,z)) =exp(— ((tAlnt + tAln A) z, z))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))
=expln (t_<A“"“'>t) [exp (— (Aln Az, z))] ",
hence
(1.7) N (LA) = 7145 [ (A)] 7

for t >0 and A > 0.
Observe also that

(1.8) n.(I)=1and n,(tI) =t""

for t > 0.
Motivated by the above results, in this paper we show among others that, if A
satisfies the condition 0 < m < A < M, then

-M —(Az,x)
sG] =6
m m
5 —(Az,x)
(Eiﬁffﬁ ) (Az, ) Ao
: <1

= 72(A) =

—(Az,)
M 12(A)
m (Az, )

2. SIMPLE BOUNDS

IA

and

IN

G

forx € H, ||z|| = 1.

We provide in this section other fundamental results:

Theorem 1. Assume that A > 0 and x € H, ||z|| = 1, then we have the double
inequality

<A$7 x> — <AI,1}>
2.1 1< <
@1) ST S

Proof. Observe we have, for x € H, ||z|| = 1, that

141/2m A1/2$
A‘uﬁﬁi” W =ew <lnA A2z | A2/ 2 >

<A23;’ x> ~| (Az,x)

1
—exp |———— (In AAY?z, AV %z
HA1/2:C||2< >
- L (Al Az, 2)| = exp |~ ——— (—An Az, 2)
= exp (Az, ) nAzx,x)| = exp (Az, ) nAx,z

— (exp [(—Aln Az, 2)]) T =[5, (A)] 7=
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and by taking the power — (Az, x), we derive the equality of interest

—(Az,x)
(2.2) 1,(A) = (A AL/Z, (A)>

[[41/24]

for all z € H, ||z]| = 1.
If we use the inequalities (ii) from the introduction, then we get

—1
A1/2m Al/Ql’ A1/21’ AI/ZI
—1
<A ||A1/2x||’ HA1/2mH> = A”ﬁ;:” () < <A||A1/2x||7 ||A1/2mH>

and by taking the power — (Az, x) < 0 we derive

—(Az,x) —(Az,x)
A2 AV 2y
2.3 A A A = A
(2.3) < HAl/QxH’ ||A1/2x||> ( ||ﬁ§§zH ( )) 12 (A)

o A A e
- A2 || Ar2a|

IN

for all z € H, ||z| = 1.
Now, observe that

—(Az,x)
A1/2:c A1/2x
24 <A||A1/2x||’ |»A1/2xu>

1 —(Az,x)
<A2x, :c>]

42|

= &A;’ - (APz, )

<AQ:L"7 w>] ~(Ane)

= (A, z)” A=)
< ) (Az, z)?

and
(Az,x)
AV A2 ] e ]
1 o _ (Az,z)
(2:5) <A HAl/QmH’HAl/%H> _{< } Az, 2)

for all x € H, ||z|| = 1.
By making use of (2.4) and (2.5) we derive

7<A > <A2(E’$> _<AI,£L'> 7<A >
(2.6) (Az, o) 00 | <n,(A) < (Ax,z)” """
(Az, )
for all x € H, ||z|| = 1, which is equivalent to (2.1). O

Corollary 1. Assume that A satisfies the condition 0 < m < A < M, then we
have the simpler bounds

— T, (Ax,x} xT,xr
2.7) L < (A, x) (Az,z) (A%z,z) - <m+M>2<A )
B 1.(A) ~ | (Az,z)? “\2vmM
4 MM
<
N < \/mM>

forxz e H, ||z| = 1.
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The proof of the last part follows by Kantorovich inequality
(A%z,x) 1

+ M)?
(Ax,x>2 ~ 4mM (m )

that holds for A that satisfies the condition 0 < m < A < M and = € H, |jz| = 1.

Theorem 2. Assume that A satisfies the condition 0 < m < A < M, then

<A2x,x> 1
. <> Az.2)
(2.8) 0< A7) 1,(A)]
MInm —mlnM
< L(m, M) |InL (m, M 1
< L, M) [ (m, M) + 2R ,
M1 M M4
m m
, —(Az,z)
(t5) " g
< : <1

N, (A)

{S (M)}“W PR
= —(Azz) =
m (Az, x)

and

e ()"

forxz e H, ||z| = 1.

IA

Proof. From (1.1) we get
Al/24 Al/2,
' <A||A1/2x||’ >|A1/2x||> " A

MInm—mlnM 1
M—m ’

< L(m,M) {lnL(m,M)-l-

namely

<A2x,m>
(2.11) 0<~—L—A L2, (A)
<ALL’,$> ||A1/2z||

Mlnm —mln M
gL(m,M)[lnL(m,M)-i— nmom —1],

M—-—m

forx € H, ||z|| = 1.
By (2.2) we derive
1
A iz, (A)=[n,(A)) @7
[[4172<]]
and by (2.11) we obtain (2.8).
From (1.4) we have

Al 25 Al 2g

Afai7a]]» Tae] M

]. < < S —_ 9
B A iz, (A) B

m
[[4172<]]
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namely < >
Az,x
(Az,z) M
1< ——— <5 —
A L, (A) T m)
[[a172=]|

and by taking the power — (Az, x) we get

<A2$ :r> ~(Azz)
< (Az,z) ) M —(Az,x)
. B b

= —(Az,x)
A L, (A)

41724

which gives (2.9).
From (1.5) we derive

A Al/24 (A)
172,
1 S ||A H — S S <M) ,
A-1 Al/24 Al/2g m
[aveel]” Tavvee]
namely
A i, (A)

1/21?
(Az, ) m
forx € H, ||z|| = 1.

By taking the power — (Ax, x) we get
—(Az,x)
lA Al/24 (A)

T T —(Az,x
A =[5 () e
= <A$,$>7<Aw’w> - m

and the inequality (2.10).

3. FURTHER LOWER AND UPPER BOUNDS
We start to the following logarithmic inequalities:

Lemma 1. For any a, b > 0 we have
(3.1) 1 1_min{a,b} 2_1 (b—a)’
’ 2 max {a,b} /  2max?{a,b}
b—a
a

IN

—Inb+1na

= 2min® {a,b}

1 (b—a)’ 1 <max{a,b} B
2

min {a, b}
Proof. 1t is easy to see that

b
b—t b—
(3.2) /a dt = aa—lanrlna

for any a, b > 0.

1>2.
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If b > a, then
1(b—a)’ bh—t 1(b—a)’
. - > =
(3:3) 2 a2 —/a R
If @ > b then
b a a
— - t—>b
/b tdt:f/ b tdt:/ dt
o t y 1P p
and
1(b—a)’ @b 1(b—a)?
. —_—— > > — .

Therefore, by (3.3) and (3.4) we have for any a, b > 0 that
by o 2 . 2
/ b tdtz% (b—a) _1(m1n{a,b} 1)
a

t2 max? {a,b} 2 \max{a,b}
and
bh—t 1 (b—a)? 1 /max{a,b} 2
dt < - —— =-\—=—"1) -
o t 2min® {a,b} 2 \ min{a,b}
By the representation (3.2) we then get the desired result (3.1). O

When some bounds for a, b are provided, then we have:

Corollary 2. Assume that a, b € [m, M] C (0,00), then we have the local bounds

1(b—a)? b—a 1(b—a)’
. - < — — < Z
(3.5) 5 S Inb+1Ina < 5 3
and
1(b—a)’ b—a _1(b—a)’
. — <Inb—Ina— < = .
(3.6) 5 <Inb—Ina b S5 3

Remark 1. If we take in (8.1) a =1 and b=u € (0,00), then we get

1 min {1,u} 2_ 1 (u—l)2
(37) 2 (1 a max{l,u}) ~ 2max? {1,u}

<u—1—-—Inu

< 1 (u—l)2 1 (max{l,u} 1)2
~ 2min®{1,u} 2 \ min{l,u}

and if we take a = u and b =1, then we also get

1 <1 min{1,u}>2_ 1 (u—1)>

(38) 2\ max{l,u}) = 2max®{l,u}

<

(u—ff 1 (max{l,u} _1>2.

1
2 min? {1,u} 2 \ min {1, u}

If uw € [k, K] C (0,00), then by analyzing all possible locations of the interval
[k, K] and 1 we have

min {1, %k} < min{l,u} <min{l, K}
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and
max {1,k} <max{1l,u} < max{l,K}.
By (3.7) and (3.8) we get the local bounds

1 (u—1)° 1 (u—1)
3.9 S <y—l-lhu<-——0 2
(3:9) 2 max? {1, K} = " B = g min? {1, k)
and
(3.10) L @-1" o w-l_ 1 (=1
' 2max?{1,K} — v~ 2min® {1,k}

for any v € [k, K].
Theorem 3. Assume that 0 < m < A < M, then for all z € H, ||z|| =1

m{(A-1)7z,x
e

_ o [iaa-nten)] na(4)
=P T A {1, M} ~ exp [(Az, z) — (A%z, x)]
- 1<A(A—1)2x,x>_ - 1M<(A—1)2x,x>
R R {1,m} =P T i {1,m}
and - _
m{(A-=1)7zx
(3.12) L= exp [; I<nax2{1 M} >]
< ex _1 <A(A—1)2x,$>_ < exp (— (Az,z) + 1)
=P T a2 {1, M} - 12 (A)
< 1<A(A_1)2x,z>' < 1M<(A—1)2x,x>
R PR {1,m} R R {1,m} '

Proof. If we multiply by u € [k, K] C (0,00) in (3.9) and (3.10), then we get

1 k(u—1)2 <1 u(u—1)2 <u?—u—ulnu
2max? {1, K} ~ 2max?{1,K} —
2 2
S}U(lgfl) S}K(gfl)
2min“ {1,k} ~ 2min” {1, k}

and
1 k(u—1)° 1 w(u—1)°
2max? {1, K} ~— 2max?{1,K}
1u(u—1)2 <1K(u—1)2
= 2min®{1,k} ~ 2min®{1,k}

<ulnu—u+1

for any u € [k, K].
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Using the continuous functional calculus for selfadjoint operators A with Sp (A4) C
[m, M], we get

1 m((A-1% 1 AA-1) 5
- < = <A*—A—-—AlnA
2max? {1,M} ~ 2max?{1,M} — .

_1 A(A—-1)? _ 1M(A-1)?
=~ 2min? {1,m} ~ 2min®{1,m}

and
1 m(A—1) _1 A(A-1)7 A
z z nA—
2max?{1,M} ~— 2max?{l,M} —
_1 A(A-1) _ 1 M(A-1)
= 2min? {1,m} ~ 2min® {1,m}’
If we take the inner product over z € H, ||z|| = 1, then we get
1m<(A—1)2x,a:> 1<A(A—1)2x,x>
. - <=
(3:13) 2 max?{l,M} ~ 2 max*{l,M}
< (A’z,z) — (Az,z) — (Aln Az, z)
<A 2 2
(A=) xa:> 1M<(A—1) xa:>
S Y ) S By 2
2 min“ {1, m} 2 min®{1,m}
and
1m<(A—1)2x,3:> 1<A(A—1)2337x>
. - <=
(3:14) 2 max?{1,M} ~ 2 max?>{l,M}

<{(AlnAz,z) — (Az,z) +1
<A(A—1)2m,x> 1M<(A—1)2x7m>

1
=2 min? {1,m} 2 min? {1,m}

<

By taking the exponential in (3.13) and (3.14) we obtain

exp [1 m<(A— 1)2x,x>}

2 max? {1, M}

_1 <A(A ~1)° x,a?>_ o _ &P [— (Aln Az, z)]
2 max?{l,M} ~ exp [(Azx, z) — (A%x, x)]
1 (A(A-1)22)] < M {(A=1)2,2)
2 min? {1,m} =P T i {1,m}

< exp

< exp
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and
1m <(A —1)° x,a:>
exp | =
2 max?{l,M}
_ ) -
o |1 (AA-10"2.2)] _exp(- (Ana) + 1)
- 2 max?{l,M} ~ exp[— (Aln Az, x)]
1<A(A71)2:c,:5>- 1M<(A71)2:E,x>
<exp |z — <exp |z —3 )
2 min“ {1, m} 2 min“{l,m}
and the theorem is proved. O

Theorem 4. With the assumptions of Theorem 3, we have for all a € [m, M] that
m 2
< _
(3.15) 1 <exp [2M2 <(A a) x,x>}
1 2
< - _
< exp [QMQ <A (A—a) x,x>]
< 15(A)
~ exp [(1—1Ina) (Az,z) — L (A%z, 2)]

< exp [2; (A4~ ay? mﬂ < exp Uﬂf (4 ay” x,mﬂ ,

where x € H, ||z|| = 1.
Proof. From (3.5) and using the functional calculus, we get

1(A-—a)?® A-a 1(A—a)
= < —mA+ha< -——"
2 M2 — a . —|—na_2 m?2

for all operator A with 0 < m < A < M and all real number a € [m, M].
By taking the inner product over y € H, ||y|| = 1, we get

1
2M?

<(A—a)2y,y> < 2<Ay7y> — (InAy,y) +Ina—1
<o ((A-a)yy).

Ale pe H, ||z|| = 1, then we get

A2
1 o A2y A2y
2M2<(“““> [A72]] A2
1 A2 A2y A2 A2y
4 <A||A1/2x||’ HA”%H> - <1“A||A1/2x||’ [AT7a] > Pt

1 <(A 2 A2y A2y >
—a | 7

= e 4172 AT ]

Further, if we take y =
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namely
1 2
2M?2 (Az, z) <A (4-a) "”’“>
1 1
< —— {A? - -
S e (An.a) (A%z, @) (Az.7) (AlnAz,z) +Ina — 1
1 2
< —FF7— — .
~ 2m? (Azx, x) <A (4-a) w,x>
Si
ince ) )
<A(Afa) a:,z> Zm<(Afa) a:,:p>
and

<A(A—a)2x,:c> §M<(A—a)2a:,:1c>,

hence we get the following chain of inequalities
m

ENY
< 2—]\142 <A(A— a)2x,$>

1
< o (Az,2) — (Aln Az, z) + (Ina — 1) (Az, z)

< 2—;2<A(Afa)2x,w> < 2—]\;{2<A(Afa)2x,:c>.

By taking the exponential, we derive

exp [27\42 <(A —a)’, a:>}
< exp ﬁ <A (A—a)’z, x>}

< exp ! (A%z,2) — (Aln Az, z) + (Ina — 1) <Ax,x>}
a

I 1 2 M 2
< — — < - -
< exp b <A (A—a) x,a:>] < exp [QmQ <(A a) m,mﬂ
and the inequality (3.15) is proved. O
Corollary 3. With the assumptions of Theorem 8 we have
m
(3.16) 1 <exp {2M2 (<A2x,x> - (Ax,x)Q)]
1 2
< _ _
< exp [QMQ <A (A — (Az, z)) x,m>}
< 15 (A)
 exp [(1 —In (Az,2)) (Az, ) — <£:;§>}

< exp [2;2 <A (A — (Az, 1)) mx>]

< exp [2%2 ((A%,2) - <Am,x>2)} < exp [;M (Anf - 1)2]

forxz e H, ||z| = 1.
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Proof. Tt follows by taking a = (Ax,x) € [m, M] for z € H, ||z|]| =1 in (3.15) and
observing that
<(A - (Ax,x))Qx,x> = |Az — (Az, z) 2| = || Az|® — (Az, z)?
= <A2x,w> - <Ax,x)2.

Also, by using the Schwarz’s reverse inequality

(A%z,2) — (Az,z)? < i (M —m)?,
we obtain the last part of (3.16). O
Corollary 4. With the assumptions of Theorem 3 we have

(3.17) 1< exp [;”MQ<(A_WJ;M>2$,$>1

[ 1 M2
< exp WE <A<A—m—g ) m,x>
1. (A)

exp | (1 —In 25 (Az, 2) — 2 (A%,x}}

<

1 M\?
< exp 2m2<A(A—m—; ) x,x>

2 2
< exp ;\4W<(A—m;M> x,x>] < exp [;M(%—l) ]

forxz e H, ||z|| = 1.

Finally, we have

Theorem 5. Assume that 0 < m < A < M, then for all a € [m, M] and x € H,

]l =1
- m )
(3.18) 1 <exp ba <(A —a) x,x>}
_ a—(Az,x)
1 2 exp( (Az,x) )
< _— — < N vy 7
=P 902 Az, o) <A(A @) ”ﬂ =7 an,(4)
<ex _;<A(A—a)2x x> <ex £<(A—a)2x 3:>
=P o2 (Az, ) ’ =GP o3 ’ ’

Proof. From (3.6) and using the functional calculus, we get
1

(4 ) . 1(A-a)?

2TSIHA+QA 7111@71357

for all operator A with 0 < m < A < M and all real number a € [m, M].
By taking the inner product over y € H, ||y|| = 1, we get

1
SN2 <(A - a)2y,y> < (lndy,y) +a(A™y,y) —Ina—1
1

py <(A—a)2y7y>-

IN



UPPER AND LOWER BOUNDS

A2y
Y= Ta

1 2
2]\/[2<(Aa)

Further, if we take

A2y A2y
|12z || At/

Al/2g

x € H, ||z|| = 1, then we get

A2y

1/2
< <1nAHA x

1/2
Al >+a<A1

At
Al/2g >

1 2 A1/2.T
=22 <(“‘“‘) TA2]]” TAV2a]

namely

1
2M? (Az, x)

< (Aln Az, z) +

(3.19) <A (A—a)? :c,m>

—Ina-1<

(Az, z)

for x € H, ||z|]| = 1.
By taking the exponential in (3.19) we get

20?2 <1Ax, ) <A (4-a)z, x>]

exp (ﬁ —Ilna— 1)
exp [— (Aln Az, x)]

exp [

-

namely

eXp[2M2<Aa: z) <A(A a)’a >}

(Az,x
exp ( (Az,z) > < 1
~ aexp[— (Aln Az, z)] ~ P o2 (Az, )

forx € H, ||z|| = 1.
Observe that

exp{ m <(A—a)2x,x>] < exp {QMQ

2M3
and

[ 1
exp

which proves (3.18).

(e

2m? (Azx,x

1

2 (An.7)

1

1

AV2a]

>lna1

<A (A—a)z, x>

; <A (A— a)zx,xﬂ

<A(A - a)%,x>]

30 (Az.7) <A (A—a)z, x>]

TPy (A(4-a) wx>] < exp [2%3 (A=)’ fcwﬂ :
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Corollary 5. Assume that 0 <m < A< M, then

(3.20) 1 <exp {2]7\23 (<A2x,$> - (Ax,x)Q)]
i . ,
< exp 30 (An. 2 <A (A — (Ax,z)) x,m>}
< (Am,_x>_1
T a(4)
< exp m <A (A — (Az, z))? x,m>]
< exp 2A7:[L3 ((Azm,x> — (Aac,x)QH < exp é% (]\Wf - 1)2

forallx € H, ||z|| = 1.
The proof follows by taking a = (Az,z) in (3.18).

REFERENCES

[1] T. Furuta, J. Mi¢i¢ Hot, J. Pecari¢ and Y. Seo, Mond-Pecari¢ Method in Operator Inequalities.
Inequalities for Bounded Selfadjoint Operators on a Hilbert Space, Element, Zagreb, 2005.

[2] J. I. Fujii and Y. Seo, Determinant for positive operators, Sci. Math., 1 (1998), 153-156.

(3] J. L. Fujii, S. Izumino and Y. Seo, Determinant for positive operators and Specht’s Theorem,
Sci. Math., 1 (1998), 307-310.

[4] T. Furuta, Precise lower bound of f(A) — f(B) for A > B > 0 and non-constant operator
monotone function f on [0,00). J. Math. Inequal. 9 (2015), no. 1, 47-52.

[5] S. Hiramatsu and Y. Seo, Determinant for positive operators and Oppenheim’s inequality, J.
Math. Inequal., Volume 15 (2021), Number 4, 1637-1645.

[6] J. Mi¢i¢, Y. Seo, S.-E. Takahasi and M. Tominaga, Inequalities of Furuta and Mond-Pecarié¢,
Math. Ineq. Appl., 2(1999), 83-111.

[7] W. Specht, Zer Theorie der elementaren Mittel, Math. Z. 74 (1960), pp. 91-98.

[8] H. Zuo, G. Duan, Some inequalities of operator monotone functions. J. Math. Inequal. 8
(2014), no. 4, 777-781.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTy, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE IN THE MATHEMATICAL, AND STATISTICAL SCIENCES,
ScHOOL OF COMPUTER SCIENCE, & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND,, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA



