INEQUALITIES FOR THE NORMALIZED ENTROPIC
DETERMINANT OF POSITIVE OPERATORS IN HILBERT
SPACES VIA KANTOROVICH CONSTANT

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and
a fixed unit vector z € H, define the normalized entropic determinant by
1, (A) := exp[— (Aln Az, z)]. In this paper we show among others that, if A
satisfies the condition 0 <m < A < M, then
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for z € H, ||z|| = 1, where K (h) := %, h > 0 is Kantorovich constant.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [3], [4], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector z € H,
namely ||z| = 1, defined by A, (A) := exp (ln Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
[3]-
For each unit vector x € H, see also [7], we have:

(i) continuity: the map A — A, (A) is norm continuous;

(i) bounds: <A*1x,m>71 < AL(A) < (Az, x);

(iii) continuous mean: (APz,z)"? | A,(A) for p | 0 and (APz,z)'/? 1 A, (A)
for p T 0;

(iv) power equality: A, (AY) = A (A)! for all t > 0;
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) homogeneity: A, (tA) =tA,(A) and A, (tT) = ¢ for all ¢t > 0;
) monotonicity: 0 < A < B implies A, (A) < A, (B);
(vil) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
i) Ky Fan type inequality: A, ((1 —a) A+ aB) > A (A)'~*A,(B)* for 0 <

a <1
We define the logarithmic mean of two positive numbers a, b by
In 2:?na if b 7& a,
L(a,b) :=
a if b = a.

In [3] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M I, where m, M are positive
numbers,

MInm —mInM

(1.1) 0<(Az,z) — Ay(A) < L(m,M) |InL(m, M) + M —m -1

for all x € H, ||z|| = 1.
The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then
(1.2) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [9]

BT e h e (0,1)U (1, o)
(13) S(h) — eln(hh—1)

1if h=1.

It is well known that lim,—, S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .
In [4], the authors obtained the following multiplicative reverse inequality as well
(Az, ) M
1.4 1< <S|—
(14) - AL(4) T m
for0<mlI <A< MIandx€H, |z| =1.
Since 0 < M~ < A=t <m~'1, then by (1.4) for A=t we get

s (1) s () s (2),

which is equivalent to
AL(A M
(15) 1s S <s ()
(A~ lz, z) m
forx € H, ||z|| = 1.
We consider the Kantorovich’s constant defined by
(h+1)
4h

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (+) for any h > 0.

(1.6) K (h) :=

, h>0.
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The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds

L7 (a7 <) KT (%) A"V < (1-v)a+uvb< KR (%) al=p”

where a,b >0, v € [0,1], r = min{l — v,v} and R = max {1 — v, v}.

The first inequality in (1.7) was obtained by Zuo et al. in [12] while the second
by Liao et al. [8].

For the entropy function 7 (t) = —tln¢, ¢ > 0, the operator entropy has the
following expression:

n(A)=—-AlnA
for positive A.
For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by
(18) 1 (A) = exp (— (Aln Az, 2)) = exp {n (4) ,2) .

Let © € H, ||z|| = 1. Observe that the map A — 1,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1InA)z,z)) =exp(— ((tAlnt +tAln A) z, z))
=exp (— (Az,z) tlnt) exp (—t (Aln Az, x))

= exp In (t_<A'7"v‘7’>t) [exp (— <A In AZU, -'L'>)]_t 5
hence
(1.9) N, (LA) = 1A= [ (A)]

for t >0 and A > 0.
Observe also that

(1.10) ny(I)=1and n,(tI) =t"

for t > 0.
Motivated by the above results, in this paper we provide, among others, some
bounds for the quantities

and

—1>

(A2z, (A22,x)
M— -z 2y (Az.2)
m~ M-m M—m

where 0 < m < A < M for positive numbers m, M and = € H, ||z| = 1.
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2. MAIN RESULTS

Our first main result is as follows:

Theorem 1. If0 <m < A < M for positive numbers m, M, then

(2.1)

~[3— =y (A2 3 (m+ M) Az 2)
!
m
1.(A)
(A2z,2) (A2z,2)

(Az,z) (Az,z)
m~ M-m N[ M-m

-1
M-

—m

—[3+ =ty (| A% - L (e M) A z,2)] -1
x(2) e ()
m m
forxz e H, ||z|| = 1.

Proof. Assume that t € [m, M] and consider v = 72 € [0,1]. Then

in {1 ) 1 1 1 t—m 1
mn{l—vvlt==—|lv—|=z—-|—"——Z
’ 2 2 2 M-m 2
1 1 1
=-- S (m+M
2 M- ‘t g (m+ )"
1 1 1 t—m 1
1— — 4 ly—Z|== _=
max {1 — v, v} 2-1—‘ 2’ 5 ‘Mm 2’
1 1 1
(1—-v)ym+vM = R Sy y g
—-m —-m

and

t—m

l—vasv M-t —
m- VMY =m™M=-m M M=m

By using (1.7) we get

M—t t—m M %—ﬁh—%(M-&-M)l M—t t—m
(2.2) mM*mMM*m S K _ mewLMM—yn
m

M %+M*m|t_§(m+M)‘ M—t t—m
<t< |:K (>:| mM=m M M=m
m

for t € [m, M].
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By taking the log in (2.2) we get

M—t -
(2.3) Inm + ™M
—-m -m
1 1 M
< |z = - = M| InK | —
_[2 M — mt 2m—|— )Hn <m)
M—t
+M_mlnm+M_ In M
1 M
<Int<|= — -
lnt[2+M m‘t m—&-M)Han(m)
+ tln + t=m In M
M—m m —-m
M M—t t—m
<InhK|— | In M
= <m>+M—mnm+M—mn
for t € [m, M].

If 0 < mI < A< MI, then by using the continuous functional calculus for
selfadjoint operators we get from (2.3) that

MI—-A A—ml
Inm——— lM
an_ +
1 M
< |27 — _Z -
ot s S (2)
MI—-A A ml
1 lM
+an_m+ M —m
1 1 1 M
< < |= — = —
lnALI—i—MmA 2(m+M)IHan<m)
MI—-A A—ml
Inm——— +InM
+an—m+n M—-m
M MI—-A A—ml
<InK|{— |I+Inm—+InM
= (m) +an—m+n M—-m’
which is equivalent to
(Ay,y) —m

T M

R DT )

M — <Ay)y> +1nM<Ay’y>7m

Inm
M M— (A Ay ) —

<InK (> —l—lan_FlnM'w7
m m _

fory € H, yl| = 1.
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This inequality can also be written as

(2.9 In (™22 a2

[%71\4£7n<|A7%(m+M)I|y7y>]
m

M—(Ay,y) <A7/,y)—771>

+ In (m M-—m N~ M-m
< (In Ay, y)

M\ (A= 3 2 yy)]
<ol ()]
m

M—(Ay,y) M (Ailf.g)n:nz )

+In (m M—m

<nic (M0 o (g

m

for y € H, [ly| = 1.
If we take the exponential in (2.4), then we get

M—(Ay,1 (Ay,y)—m
(2.5) m e N

< |m M-m

M—(Ay.,y) M M;(/fg)n:m) % <M) [%7 e <|A*%(m+M)I|y,y>]
m

< (m™FE A Y 1 [K (M )} B (asii )
m
< (T ) K MY
- m
Let € H with |jz| = 1 and take y = % in (2.5) to get

M— A& _Al/2y A Al/2, Al/2, m
) >
[[4172]] [[a172] [[4172=]] [[a172]

m M—m M M—m

Mo A AV 22 al/24 A A2y a2 N
0 A N
M N

m M—m —m

m

- A A1/2:C A1/2x
= TP\ A a7

1/21, 1/2:5
<K (M) 1w (4 s iy e |
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vl o4 A2y 1 Al/2, ’ Al/2, , Al/2, .
[[a2/2=]] [ at2<] [a272=]] [[at/2]]
M—m M M—m

/ /2,
K M {%+Mim<|A*%<m+Mﬂ|Hj,‘i/§§||’||j,‘i/§;“>}
m

m M—m M—m

1/2, 1/2 1/2 1/2
M*<“||3~2i||’n‘31/2i||> <A\\31/2i||'||3wi||>*”” M
M K( )

namely
<A2:c x <A2m :L>
M- (Az,x) Az,xy "
m M—m I —m
A%,x> <A2L L>
M-~z Az,) ™
< |Im M—m M—m

< exp(Aln Az, )

<A21,z A27:,z>
{(Az,x) Az,xy "
<m M—m M~ M-m

M —

)

M\ B (47— 3 m+ana
x K
()

<A21',1' A%,w>

M-~z Azz) " M
< |m Z\/I<—m > M : 1\4—>7n K( ,

for x € H with ||z| = 1.
This is equivalent to

(3~ =ity (A% = 3 (M) Alz.2)]
(2

m
—1
< 1,(A)]
< P —
m M—m M—m
[3+ =y cae ey (|47 3 (m+ M) Al z) |
= <M) <K <M>
" m

and the theorem is proved.
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Corollary 1. With the assumption of Theorem 1, we have the alternative inequality

P T Gy (3 (M T ) Al
(2.6) 1§K<M)[2 R A ]
m

[7737 (A)] (Az,z) =1

m~1_(Az,z)—1 (Az,z)—1-—m—1 -1
M mI-M—T1T ) m-1-m-1

< |:K <M> [%+m<|l_%(1\/171+’m71)A
m

forxz e H, ||z| = 1.

<

en(z)

Proof. If we write the inequality (2.5) for A~! that satisfies the condition 0 <
M=t < A7' <m™1 then for y € H with [ly| =1,

m—1 [%*W<|A_1*%(M_l+m_l)f|y’y>]
()
exp <ln Aily,y>

=1 (A—1y ) (A=Tyy)—m—1

M m—I-M~-1 m m—1_Mm—1

1 1 —1_1(ag-1,, -1
m~1 [5+m*1—M*1 <|A _5(M +m )I

<

namely

(4ot (AT 3 (M )1

<K (M) M
m

exp (—In Ay, y)

m—1—(A—1y,y) (A=1ly,y)y—m—1 -1
M mI-M—T1T 9 m-IT-m-1

[K (Mﬂ o=t (AT =3 (M ) 1 y) “x <M> .

m

<

IA

Let x € H with [|z]| = 1 and take y = ﬁ to get

1<K

m

_ — - /24 /24
(&) [t (o ey )
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AV2e AV
e"p< In A gz Tarra]

-1
m—1_( a—1_AY 2z _al/24 A-1_AY/25 _Al/2p \ g
[[2172]] "[|at/2<]] [[4272]] [t/
M T T

m—1_M— m m—1_M—

Al/2, Al/2,

l'i‘%< AT L (M m—Y)I , >:|
< [K (M)} [2 m—1_M—1 | 2( ) |HA1/ZI|| ||A1/2’”H §K<M>,

m

—mﬂl—%w*wm“)ﬂm)}

[t
A
=
7 N
Is
SN—
Ton

1
exP Ty (—Aln Az, )
- m—l—(Az,2)~1  (Az,a)—l-m—1 -1
M mt1-Mm—1T 1y m-T-m-1

a\ ] [ e (10 en )l
()]

K

<

<x (2).
m

which proves (2.6).

3. RELATED RESULTS

We also have:

Theorem 2. Assume that 0 <mlI < A< MI and x € H, ||z|| = 1, then

[, (A)] A=

(3.1) 1> -
e e
m M—m M—m
> exp |~ (A(MI = A)(A—ml),z)
N AV (A
_ep_Mm<A:L',as> mieE

[ 1 <A2x,x> <A2x,x>
= exp W <M_ (Az, ) ) ( (Az, ) —m)]

o 5(2)]

Proof. In [1] we obtained the following reverses of Young’s inequality:

1§%§exp {4V(17V) (K(%)*l)},

where a, b > 0, v € [0, 1].
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This is equivalent, by taking the logarithm, with
(b—a)*

0<In((l-v)a+vb)—(1—-v)lna—vinb<v(l-v) A
a

where a, b > 0, v € [0, 1].
If we take a =m, b= M, t € [m,M] and v = At[f:n € [0,1], then we get

M —t t—m (M —t) (t —m) (M —m)?
<Int-— 1 ——InM<
O<ln M—m " M- = (M —m)? Mm
M-
- Mm '
Using the continuous functional calculus for selfadjoint operators, we have
MI-A Al —m (MI—A)(A—mI)
<InA-—- ——1 - InM <
OshhA=r—mm = Mm ’
which is equivalent to
M — (Ay,y) (Ay,y) —m
<{(lnA Tl | - InM
0 < (ln Ay, y) U= B e
1
< —((MI—-A)(A—mI
< 3 )(A=ml)y,y),

forally € H, |ly|| = 1.
If we take the exponential, then we get

exp (In Ay, y)
exp {Wlnm—%— Ayy)—m lnM}

(3.2) 1<
1

it (01T = ) (A= mD) ).

<exp[

forally € H, |ly|| = 1.
Observe that

M - A A - — vy Y,y)—m
exp #1 mo A0 =l e [m (mMM@m e e )]
M — M—m

I—(Ay,y) (Ay,y)—m
=m M—m M—m

and by (3.2) we obtain the first inequality in (3.3).
The function g (t) = (M —t) (t — m) is concave on [m, M] and by Jensen’s in-
equality
(9(A)y,y) <g({Ay.y), y€ Hlyll =1

we have

(MI—A)(A=mI)y,y) < (M —(Ay,y)) (Ay,y) —m))
for all y € H, ||y|| = 1, which proves that
exp (In Ay, y)

M—(A A — = €xp
51 N m
m ]\/I<—g7:y> Z\4< i yjm [Ium

< exp | (1 = {Ag.) () = m)|

(3-3) 1< (MI = A)(A=ml)y,y)
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Let x € H with ||z|| = 1 and take y = to get

IIAW |

A /2 A1/2
: v (AR i)
<
Al/2, 1/2, Al/2, 1/2,
" <“||A1/2 T ||> <“‘||A1/2 ZIN e H> "
m M—m M —m

1 A2 AV
< exp an <<MI — A) (A — mI) ||A1/2.7)|| ) ||A1/2{E|| >]

1 Al/2 Al/2
<o o (v~ (i i)
AA1/2x A1/2$
S\ A "

1
< exp [4]\/Im (M — m)z} )

namely

exp (Am > <AlnAw x)

— o (AZz) (A2z2)
m A;f:n’T> M (A;;ii>77L
[ 1
< —  (A(MI - A)(A—mI
<o | gt (AT = ) (4= i) 2,0)

[ <A2x,x> <A2x,x>
< oxp Mm <M_ (Az, ) ) ( (Az, ) —m)]

conlie(2):

and by taking the power —1, we derive (3.1).

Corollary 2. With the assumptions of Theorem 2,

Az,x)~t
G4) 1< [ (A4
’ - < m—1—(Az,z)—1 (Aac,:c)l—lul>_1
M m—1-M—1T ) m-1l-m-1

1
m~IM~1 (Ax,x)

< exp ﬁ (mfl - <Az,x>*1> ((Ax,sc)*l _ M1>}

<o e (3)

for x € H with ||z|| = 1.

< exp

(A(m=T— A7) (A" = M1 a, x>]

11
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Proof. We have from (3.3) for A~! that satisfies the condition 0 < M~1 < A= <
m™L,

| < exp <ln Ay, y>

e T S e

M~~~ m—iT-M-T m—1_M—1

[ 1
< exp [ (1= A7) (47 =20 )

< e |y (7 = (A7) (A7) M)

conle (%)

for y € H, [yl = 1.
. - _ AY/2,
Let x € H with [|z|| = 1 and take y = Ta72a]] to get

exp m (—Aln Az, )

1< m=l (Awe)=1l  (Awey—lom—1\ "1
(M mT-M-T g m-I-m-1 )
i . i i ) )
<o | (A - A7) (a7 - ) Jc,xﬂ
< exp m (mfl - (Ax,:c)fl) ((Ax,x)fl - Ml)}
lo ()

O

In [2] we obtained the following refinement and reverse of Young’s inequality:

(3.5) exp [;V (1-v) (1 - M) ]
(I1-v)a+vd
S

max {a,b} 1)1 |

min {a, b}

< exp l;ya — 1) (

for any a, b> 0 and v € [0,1].
Theorem 3. Assume that 0 <mI < A< MI and x € H, ||z|| = 1, then

-1
. > _ — —
(3.6) 1> exp [2]\/[2 An.2) (A(M —A)(A—m) x,xﬁ
> [y ()
= -1
(A2z,z) (A2z,2)

M- e Az
m M—m M—m
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-1
| 2m? (Ax, x)

r 1 <A2(L',1'> <A2$,$>

> exp o2 (M_ (Azx, x) ) ( (Az, ) _m>‘|
2

()

Proof. From (3.5) we have

> exp (A = 4) (4= m)2,2)

m

exp By(l — ) (1 - Mﬂ
LA-ymtvM [1y(1_y) (M - 1)2] ,

ml-vMv 2 m
for v € [0,1].
By taking the logarithm, we obtain
1 2
(3.7) sv(1=v) (1 - %)
<In(l-v)ym+vM)—(1—-v)lnm—vinM
1 M 2
<—v(l-v)|—=-1]) ,
2 m
for v € [0,1].

If we take a =m, b= M, t € [m, M] and v = At[ffn € [0,1], then we get
(M —1t)(t—m) M-t t—m
L <Int-— Inm — In M

202 R VB V
- (M —1t)(t—m)
- 2m?2
t e m,M].
As above, we get the vector inequality
1
M — <Aya y> <Aya y> -m
< _ - \hI _NMhdr T
< {ln Ay, y) T —m Inm U —m In M
1
< o (MI = A) (A=mI)y,),
for y € H, [yl = 1.
If we take the exponential, then we derive
1
exp | g7z (T = 4) (A= mD) o)

exp (In Ay, y)
exp [7]\4_@;’1’3’) Inm + 7<A;\’/I’y>_m In M]

—m

<

sz (17 = ) (4= mD) ).

SeXp[

13
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for all y € H, ||y|| = 1, which proves that

(3.8) 1 <exp

gz (17 = ) (4= mD)y.y)|

exp (In Ay, y)

— 1\47<Ay;y> M(z“ﬁiwfm

m M—m —m
[ 1
< exp | oz (T = 4) (A= mD)y.y)]
i 1

< oxp | =2y (M — (Ay,y)) ({Ay.5) m>]

1M
Sexpg R*l

Let x € H with ||z]| = 1 and take y = % to get

1/2,, 1/2,,
1§expl2]\142<(M—A)(A—m) A A >]

| 2m?

| A2z " || A/ 2|
exp <1“A|333§|’ ||§33i||>
o) O pag)
m M—m M M—m
1 Al/24 A2y
SeXP lW <(M—A) (A—m) HAl/QJT|’ A1/2$‘|>1
1 Al/24 Al/24
= [m (M - <AHA1/%H’ [AT724] >)
A A1/2LE A1/21'
“\Tae] Ay )
1 /M 2
S €xp g (m - 1) ’

<

namely
1
1< —  (A(M - A) (A -
<o |y O = 4) (4= m)a,)]
exp (Aln Az, )
B A
m M—m M—m
1
< — (A(M - A) (A -
<o | gy s (A= ) (4= ),

1 <A2x,a:> <A2x,m> 1 /M
< exp [2m2 (M_ (Az, ) ) ( (Az, ) —m)] < exp [8 <m B

which is equivalent to (3.6).

il

O
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Finally, we have:

Corollary 3. With the assumptions of Theorem 2,

(3.9) 1<exp [

1
2m~2 (Ax, x)

[, (A) A=

(A(m='1— A7) (A=) = M) x7m>]

<
- < m=—1—(Az,a)—1 (Aw,w)1M1>_1
M miT-Mm—T ) m-T-m-1
- 1 - - - -
§eXp -W<A(m 1I—A 1) (A 1—M 1[).’17,.T>:|

exp 2]\4% (m_l - <A£L‘7:L'>71) ((Ax,x)fl - M_l)}

(1 /M 2
Sexpg E—l

IN

for x € H with ||z|| = 1.

(1]

MEg

REFERENCES

S. S. Dragomir, A Note on Young’s Inequality, Revista de la Real Academia de Ciencias Exac-
tas, Fisicas y Naturales. Serie A. Matemdticas volume 111 (2017), pages 349-354. Preprint,
RGMIA Res. Rep. Coll. 18 (2015), Art. 126. [http://rgmia.org/papers/v18/v18al26.pdf] .
S. S. Dragomir, A note on new refinements and reverses of Young’s inequality, Transylvanian
J. Math. Mech. 8 (2016), No. 1, 45-49. Preprint RGMIA Res. Rep. Coll. 18 (2015), Art. 131.
[http://rgmia.org/papers/v18/v18a131.pdf].

J. I. Fujii and Y. Seo, Determinant for positive operators, Sci. Math., 1 (1998), 153-156.

J. I. Fujii, S. Izumino and Y. Seo, Determinant for positive operators and Specht’s theorem,
Sci. Math., 1 (1998), 307-310.

S. Furuichi, Refined Young inequalities with Specht’s ratio, J. Egyptian Math. Soc. 20 (2012),
46-49.

T. Furuta, J. Mic¢ié-Hot, J. Pecari¢ and Y. Seo, Mond-Pecari¢c Method in Operator Inequali-
ties, Element, Croatia.

S. Hiramatsu and Y. Seo, Determinant for positive operators and Oppenheim’s inequality, J.
Math. Inequal., Volume 15 (2021), Number 4, 1637-1645.

W. Liao, J. Wu and J. Zhao, New versions of reverse Young and Heinz mean inequalities with
the Kantorovich constant, Taiwanese J. Math. 19 (2015), No. 2, pp. 467-479.

W. Specht, Zer Theorie der elementaren Mittel, Math. Z. 74 (1960), pp. 91-98.

F. Kittaneh and Y. Manasrah, Improved Young and Heinz inequalities for matrix, J. Math.
Anal. Appl. 361 (2010), 262-269.

F. Kittaneh and Y. Manasrah, Reverse Young and Heinz inequalities for matrices, Linear
Multilinear Algebra, 59 (2011), 1031-1037.

G. Zuo, G. Shi and M. Fujii, Refined Young inequality with Kantorovich constant, J. Math.
Inequal., 5 (2011), 551-556.

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
LBOURNE CITY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2DST-NRF CENTRE OF EXCELLENCE IN THE MATHEMATICAL, AND STATISTICAL SCIENCES,

ScHOOL OF COMPUTER SCIENCE, & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND,, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA



