VARIOUS BOUNDS FOR THE NORMALIZED ENTROPIC
DETERMINANT OF POSITIVE OPERATORS IN HILBERT
SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and
a fixed unit vector z € H, define the normalized entropic determinant by
N, (A) := exp[— (Aln Az, z)]. In this paper we show among others that, if A
satisfies the condition 0 <m < A < M, then

1< exp [ﬁ (A —m) (M — A)x,x)}

Ne(A)
- [ m(M—(Az,z)) ]W((Aa;,a;)fm):|71
m M

M—m M —m

< exp [ (A= m) O = A) )

< exp | g (O — (Av,a)) (A2 0) — )| < exp [ (O = )]

for x € H, ||z|| = 1.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [3], [4], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector x € H,
namely [|z| = 1, defined by A, (A) := exp (ln Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
[3].
For each unit vector x € H, see also [7], we have:

(i) continuity: the map A — A,(A) is norm continuous;

(ii) bounds: <A‘1m,x>_1 < AL(A) < (Az, z);

(ifi) continuous mean: (APz,x)"/P | Ay(A) for p | 0 and (APz,2)'/" 1 A,(A)
for p T 0;

(iv) power equality: A, (A*) = A, (A)! for all t > 0;
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) homogeneity: A, (tA) =tA,(A) and A, (tT) = ¢ for all ¢t > 0;
) monotonicity: 0 < A < B implies A, (A) < A, (B);
(vil) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
i) Ky Fan type inequality: A, ((1 —a) A+ aB) > A (A)'~*A,(B)* for 0 <
a <1

We define the logarithmic mean of two positive numbers a, b by

In g:la;la if b 7& a,
L(a,b) :=
aif b= a.

In [3] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < m < A < M, where m, M are positive
numbers,

MInm—mlnM -

(1.1) 0< (Az,z) — Ay(A) < L(m,M) |InL(m, M) + T —m

1

for all x € H, ||z|| = 1.
The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then

(1.2) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [8]

1

—hr < ifh e (0,1)U(1,00)
(13) say={ 0)

1if h=1.

It is well known that lim,—1 S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00).
In [4], the authors obtained the following multiplicative reverse inequality as well

(Az, x) M
14 1< < —
) R TIANT
for0<mlI <A< MIandx€H, |z| =1.
Since 0 < M~ < A=t <m™'I, then by (1.4) for A~ we get
<A‘1x,x>

< s =5 (5m) =5 (6)7) -+ ()

which is equivalent to

(1.5) j<Beld) g (M)

T (Al x) ! m

1

for x € H, ||z|| = 1.
For the entropy function 7 (¢) = —tlnt, ¢ > 0, the operator entropy has the
following expression:

n(A)=—-AlnA

for positive A.
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For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by
(16) 7 (A) = exp (— (Aln Az, 2)) = exp { (4) ., 2) .

Let x € H, ||z|| = 1. Observe that the map A — 7n,(A) is norm continuous and
since

exp (— (tAln (tA) z, x))
=exp(— (tA(Int+InA)z,z)) =exp(— ((tAlnt +tAn A) z, x))
=exp (— (Az,z) tlnt) exp (—t (Aln Az, z))
— expln (t—vaﬂ) lexp (— (Aln Az, )],
hence
(1.7) 0, (tA) = 142 [, (A)]

for ¢t >0 and A > 0.
Observe also that

(1.8) ng(I)=1and n,(tI) =t"

for t > 0.
Motivated by the above results, in this paper we show among others that, if A
satisfies the condition 0 <m < A < M, then

1 < exp {1 (A —m) (M — A) x,x>}

2M
1, (A)
— m(M—(Az,x M(Az,z)—m)]—1
{m (]Mim >)M (<1\4—72L )}

< oxp | (4 =) (M — )2,

< oxp | g (M — (A 2)) (o) — )| < exp [ oL 3 = o]

forx € H, ||z|| = 1.

2. MAIN RESULTS

We start with the following result:
Theorem 1. Assume that A satisfies the condition 0 < m < A < M, where m, M

are positive numbers, then

(A—m)(M—A)z,z)

(2.1) 1< 12(A) ]71 - <M> wen

m(M—(Az,z)) M((Az,z)—m) m
{m M

M—m M—m

(M—(Az,x)) (Az,x) —m)
M

M —m M %(M—m)
< (%) < (%)
m m

forze H, ||z| =1
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Proof. In [1] we obtained the following result: if the function f: I CR — Ris a
differentiable convex function on I, then for any a, b € I and v € [0, 1] we have

(2.2) 0< (1=v)f(a)+vf ()= F((L—v)atvb)
<v(L-v)(b—a)[f () - f' (@)

If we write the inequality (2.2) for the convex function f (¢) = ¢lnt, ¢t > 0, then for
all a,b> 0 and v € [0, 1]

(2.3) 0<(1-v)alna+vblub—((1—-v)a+vb)In((1—v)a-+ vb)
<v(l-v)(b—a)(Inb—1Ina).
If m < M and by taking a = m, b = M and putting

t—m
M—m’
then we get for t € [m, M] that v € [0,1] and

vV =

M —t t—m
. < - -
(2.4) 0< _mmlnm—l— _linM tint

M-t t—m M

< M —

7Mmefm( m)ln<m>
ln(M)

= mZ(t— M—1).
Mfm( m) ( )

If we use the continuous functional calculus for selfadjoint operator A satisfying the
condition 0 < m < A < M, we obtain from (2.4) that

M MAT™ A4

(2.5) Ogmlan_m U —m
< ) 4y s - )
-~ M-m m '

If we take the inner product for z € H, ||z|| =1 in (2.5), then we get

(2.6) O§mlan+M1nMW7<AlnAz,x>
< 2 0) (4 ) (v = Ay
Y i m T, T) .

The function g (t) = (M —t) (t —m) is concave on [m, M] and by Jensen’s inequal-
ity for concave function

(9(A)z,z) < g((Az,z)) for x € H, [lz] =1
we get

(2.7) ((A—m) (M — A)a,z) < (M — (Az,2)) ((Az,2) —m)

IA

1
1 (M—m)2

forx € H, ||z|| = 1.
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Therefore, by (2.6) and (2.7) we derive

0 <minm M= ABT Ly ATD =M s
M—m —-m
<%<(A_m)(M—A)x )
~M-m ’
In ()
< g (M = {Az, @) ((Az, @) —m)
1 M

namely

M—(Az,z) (Az,z)—

0<In {(mm) m=m (MM M’”m} — (Aln Az, x)

(A=m)(M—A)z,z) (M—(Az,z))({(Az,z)—m)

M\~ Mmoo M M—m
() )
m m

M L (M—m)
()
m

forx € H, ||z|| = 1.
By taking the exponential in (2.8) we get

—(Ax,x) {Az,z) —m
1< |:(mm)MMm (MM) M—m :| exp (— (Aln Az, z))

((A-m)(M—A)z,x) (M—(Az,z)) (Az,x) —m)

<() <) <)
m m m

for x € H, ||z|| = 1, which is equivalent to (2.1).

Corollary 1. With the assumptions of Theorem 1, we also have

(2.8) 1. (A)

|: A2z,0)—(Az,z)) M~ ((Az,2)-M—1(A2z,2))m—1 -1

M 1 _ a1 m -1 _ a1

1 A{_lA)(nl_lA—l)m,m>

O
m
o < 2m,z>7(Az,z))((Az,z)71L171<A2m,m>)
(m—T-m—1)(A%z,z)
><m>
M % m I—M*1)<Azz,x> M %(m 1—M*I)M2
= () = ()
m m

forxz e H, ||z| = 1.
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Proof. Observe that

4= (A7)

TAz]
Ax Ax
=exp(—(A ' (InA~Y) =, >>
(- (ot o) 5 i

1 -1
=exp| ——= (AlnAx,z) | =exp| ——= (—Aln Az, x
(s e e

1 —

= [ (A)] T = [, (A)] T

for x € H, ||z|| = 1, which gives that

(2.9) 1) = [ ge (a1~

Az
lAz]

forx € H, ||z|| = 1.
Since 0 < M~ < A1 <m™1!, hence by (2.1) written for A~! we get

-1
1< TAST (47)
< -1
B Gt v v Rk 21 B CCt v 3 Rk v i
(MM*l) m-T_M—1 (mmfl) m-T_M—1
) ((at=a ) (mmt—a =) phsr e
m_ m—LI_m—1
< (i)
m—l_(a-1 Az Az A-1 Az Az \ -1
- ( (2 5 ||AT:\|7>1)7(M71 TA=]  TA=] ) - Lm~t oM
< (i) < (i)
for x € H, ||z|| = 1, which is equivalent to
1 < nnﬁﬁu( )
- (7n*1<A2z.m>7(Az,z))M*1 ((Az,z>7AI*1<A2z,z>)m*1

(M) (n T=w O(aZea) () (o -0 1)(aZes)

<(1—JVI’IA 71L71A71):):,:):>

M <A2m,1>(7n*171\/1*1)
")

IN

(nL_l <A21,z>—<Az,m))(<Am,w)7IV]_1<A23;,.7;>)

) (m—1-M—1)(A2z,2)2

IN

IN
TN TN TN

forx € H, ||z|| = 1.
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By taking the power — <A2:c, x> < 0, we get

1 —<A2w,w>
7t (A7)
1> z
= _ (mmY(A%ze) —(Aze)) ML ((Aze)-M~1(A2z,2))m !
M m—T1_—1 m =T _a—1
_<(1—A471A)(m71A71)w,z>
M =T =1
> (=
()
m,71 2z‘rv - x, T T, ) — -1 2&‘,,1‘,
M —( <A >(m<7AleL)f)7(1<)A<A2i,z]>u <A >) M —%(77L71—M71)<A27:,:()>
() = ()
m m
Y —i(mfl—M’l)Mz
> [ =
()

for x € H, ||z|]| = 1.
By utilizing (2.9) we derive (2.8). d

We also have:

Theorem 2. Assume that A satisfies the condition 0 < m < A < M, where m, M
are positive numbers, then

(2.10) 1 <exp {2]1\4 ((A=m) (M — A)z, xﬁ

1, (A)

- { m(M—(Ax,x)) ]\/I((A:I;,:I;>771L):|_1
m M

T
< exp | o (4= m) O — 4)0,3)|

< exp Un (M — (Az, 2)) ((Az, o) — m)} < exp [Sin (M — m)g}

forx e H, ||z|| = 1.

Proof. In [2] we obtained the following result as well: let f : I C R — R be a

twice differentiable function on the interval , the interior of I. If there exists the
constants d, D such that

d<f'(t)<Dforanytel,
then

(2.11) %V(l—y)d(b—a)z <(1—v)f(a)+vf®) —f((1—-v)a+vb)

IN

1
51/(1—V)D(b—a)2

for any a, belandve [0,1].
Consider the convex function f (t) =tInt, ¢t > 0. Then f” (t) = 1, ¢ >0 and

1

Mgf”(t)g for t € [m, M] C (0,00).

g~
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Now, by writing the inequality (2.11) for this function, a = m and b = M, we get

OSL(M—m)%u_y)

2M
<(A—-v)mlnm+vMnhM—((1—v)m+vM)ln((1—v)m+vM)
1
< %(Mfm)%(ky)
for all v € [0,1] and [m, M] C (0,00).
By putting
t—m
v= ,
m

then we get for ¢ € [m, M] that v € [0,1] and

1
< (t—m) (M —
0< g7 (b= m) (M — 1)
M—t t— 1
minm+ ——C MInM — tlnt < — (t —m) (M —t)
—m —-m 2m

<

for all t € [m, M].
If we use the continuous functional calculus for selfadjoint operator A satisfying
the condition 0 < m < A < M, we obtain
1
<—(A- M-A
0% 5o (A—m) (M - A)
Mm Inm + A—m
M—-m —-m
1
< —(A- M—A).
< g (A= m) (M — 4)

If we take the inner product for z € H, ||z|| =1 in (2.5), then we get

0< 1 ((A—m)(M— A)z,z)

- 2M

< minm M ADD) gy g DD

< % (A—m) (M — A)z,z) < %(M— (Az,z)) ((Az,z) —m)
1

< — (M —m)?
*Sm( m)

IN

MInM —AlnA

(Aln Az, x)

and by taking the exponential, we derive

1 <exp ﬁ ((A—m) (M — A)m,x>]

M — (Ax, x) +M1nM<Aa:,ac>—m

<exp |mlnm
= XP M—-—m —-m

— (Aln Az, x}]

<oxp | o (4= m) (01 = A)2.3)]

1

< exp Y
m

(O = (A,2)) () = )| < exp [ (o1 =]

which is equivalent to (2.10). O
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Corollary 2. With the assumptions of Theorem 2 we have

(2.12) 1> exp [_«1 — M~A) (m1A - 1) x,x>]

2M (m~1 — M-1)

15(A)
= m(M—(Az,x M(Az,z)—m)1—1
[m G (An)) | M((oo) )]

-t 14

> exp 7<(1 M A) ( A 1) x,m>
2m (m~ -1

S [ (m~1 (A2, z) — (Au, x>) ((Az,z) — M~ (A%, z))
=P 2m (m~—1 — M~1) (A2z, )
> exp 7% (M —m)? <A2x,m>] > exp [87171 (M —m)? MQ}

forz e H, ||z| = 1.

3. RELATED RESULTS
From a different perspective, we can state the following result as well:

Theorem 3. Assume that A satisfies the condition 0 < m < A < M, where m, M
are positive numbers, then

m M
B s [
(erM)
< 15(A)
> mm(M ié,f m))MM(%lmfx:m)}_
- 2(3+(| F=m — le2)) 2
mmMM mmMM
= | o) = | () ==
L(™5) (m54)

forxz e H, ||z| = 1.

Proof. We use the following result: let f : [a,b] — R be a convex function on [a, b]
and ¢ € [0, 1], then

(3.2) 0 < 2min{t,1 -t} {f(a);rf(b) _f(a;—bﬂ
<A —=t)f(a)+tf(b)—f((1—t)a+tb)

< 2max {t,1— t}[ () ) f(a;b)].

The proof follows, for instance, by Corollary 1 from [?] forn =2, p; = 1—t, p2 = ¢,
t€0,1] and 1 = a, 2 = b.
Observe that

1 1
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and

t— —

1 1
maX{t,l—t}ZQ—i—‘ 2‘

and if we take a = m < M = b and t = 7= with u € [m, M], then by (3.2) we
get
1 w—m 1\ [f(m)+ f(M) m+ M ]
(3:3) 09(2‘ M—m_2>_2_f( 3 )
M — _
< S ) S (M)~ £ (w)
1 w—m 1\ [f(m)+ f(M) m—+ MY
oy g 1) [y (=)

for u € [m, M].
If we apply the inequality (3.3) for the convex function f (t) = ¢lnt, ¢t > 0, then
we get

1 uU—m 1
<2({=—=|— ==
0< <2 M—-—m QD
y mlnm + MIn M m+ M | m+ M
2 2 " T
SM_umlnm—i— _linM—ulnu
coflyjyuzm 1
- 2 M-m 2

y mlnm + MIn M m+ M 1 m+ M
- n
2 2 2 ’
namely
1 uU—m 1 mm MM
<2l=—-|— = | In|———————
0= <2 M—m 2') " (m+M)%M
L 2 J
M — _
< mlnm + linM—ulnu
M — —-m
<9 1 u—m 1 In mm MM
="\2 | M-m 2 (mw%”’
L 2 J

for uw € [m, M].
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Using a similar argument as above, we deduce for 0 < m < A < M, that

0<2 1— A_m—lxx In mm MM
> 9 M—_m 9 ’ (erM) m,-g]\x[
L\ 2 J
M — (Az, x) (Az,z) —m
< _
mlnm T —m +MInM W (Aln Az, x)
) n A-m 1 1 mm MM
— S n
- 2 M—-m 2 S (m+M)mJ5M
L\ 2 J
2
mm MM
Sln m—+ M
(m,JrM) 2
2

forx € H, ||z|| = 1.
By taking the exponential we derive the desired result (3.1).

Corollary 3. With the assumptions of Theorem 3, we have

. 2(3{4%0) (| AT -3 4% 0))

—2M?

—1 -1
m~m MM
(34) 1> S
m-l14+M-1 2
L 2
< 12(A)
T (mMA2em) (Aem))M—1  ((Awa)-M—1(A2z,2))m—17 "1
M m—T—m—1 m m—T—pm—1
- 1 —2(3(A%0)+(| AE AT - 1 4% 20))
N e
= m—lim—1
m-14+M—1 2
- 2 -
r - —2<A2a;,z>
< m—m MM Vm—m Tty M
- 771*1+M*1 - 77171+M71
m—14+M-1 2 m—14+M-1 2
L 2 ] 2

forxz e H, ||z| = 1.

11
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Proof. If we write the inequality for A~! and Hﬁi\l , we get

1_ 1 A-M~—14A2 1 42
2(2 <A2w,z><‘m*17]&f*1 2A ’ZE,’E>>

Vm—m Tt MY
m—lypm—1
m-14+M—1 2
2
Az Ail)
[[Az]

S (m—1(A2%z,2)—(Az,z)) M1 ((Az,z)—M~1(A2z,2))m—1

(M) (Trzflflvlfl)(Aza:,w) (m) (m*lfM*1)<A2z,z>

A—M—14a2 2
- 12(b+ gty (| A58 - 1 4700

Vm—m Tt p M

»—
IN

< m=—lypm—1
m—1+M—1 2
- 2 -
r 92
Vm—m TV MT
<

m—lypm—1
2

m-14+M—1
- 2 -

forx € H, ||z|| = 1.
By taking the power — <A233, a:> < 0, we get

—2(%<A21,z>—<

m—1-pM—1 2

142
A-—M~1lA 1A2’z,z>)

1 > m—1ia—1
m-i4M-1) 2
2
1 —<A2z,z>
as (A™
|:77 Azl ( ):|
= (m—1(A2z,2)—(Az,z))M—1 ((Az,z)—M~—1(A2z,2))m—1
- m—1_Mm—1 mi m—1_m—1
=142
_ _ —2(%<A2x,x>+<‘%—%A2‘$7x>)
Vm—m MY
> 1 1
- m_— 4+ M~
m-14+M—1 2
L 2 -
- 1 —2(A%xz) —2M?
Vm—mT MM m-—m MM
> 1 1 > 1 1
- m_— 4+ M~ - m_— 4+ M~
m—14+M-1 2 m—14+M-1 2
L 2 i 2
forx € H, ||z|| = 1. O
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