SOME REVERSE INEQUALITIES FOR THE NORMALIZED
ENTROPIC DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and
a fixed unit vector x € H, define the normalized entropic determinant by
N4 (A) := exp[— (Aln Az, z)]. In this paper we show among others that, if
Aj >0and p; >0,j€{l,..,n} with Z?zl pj =1, then

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [7], [8], introduced the normalized determinant A,(A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector x € H,
namely ||z|| = 1, defined by A, (A) := exp (In Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
[7].

For each unit vector x € H, see also [10], we have:

(i) continuity: the map A — A,(A) is norm continuous;
(ii) bounds: <A‘1x,x>_1 < AL(A) < Az, z);
(ifi) continuous mean: (APz,x)"/P | Ay(A) for p | 0 and (APz,2)'/" 1 A,(A)
for p T 0;
(iv) power equality: A, (AY) = A (A)! for all t > 0;
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) homogeneity: A, (tA) =tA,(A) and A, (tT) = ¢ for all ¢t > 0;
) monotonicity: 0 < A < B implies A, (A) < A, (B);
(vil) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
i) Ky Fan type inequality: A, ((1 —a) A+ aB) > A (A)'~*A,(B)* for 0 <
a <1
We define the logarithmic mean of two positive numbers a, b by

b=a__ if | £ q,

Inb—Ina

(1.1) L(a,b) :=
aif b =a.
In [7] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < mI < A < M I, where m, M are positive
numbers,

(1.2)  0< (Az,z) — AL (A) < L(m, M) {lnL(m,M) n MInm —mInM )

M—m

for all x € H, ||z|| = 1.
We recall that Specht’s ratio is defined by [14]

_1
hhiii if h € (0,1)U(1,OO)7
eln (hﬁ>
(1.3) S (h):=
1ifh=1.
It is well known that lim,—1 S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .
In [8], the authors obtained the following multiplicative reverse inequality as well
(Az, ) M
1.4 1< <S|—
(14) - AL(4) T m

for0O<mI<A<MIandzeH,|z|=1.
For the entropy function 7 (¢) = —tlnt, ¢ > 0, the operator entropy has the
following expression:

n(A)=—-AlnA

for positive A.
For z € H, ||z| = 1, we define the normalized entropic determinant 1,(A) by

(1.5) Ny(A) :=exp (— (Aln Az, z)) = exp (n (A) z, x) .

Let x € H, ||z|| = 1. Observe that the map A — n,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1InA)z,z)) =exp(— ((tAlnt + tAln A) z, z))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))
=expln (t_<A’”’x)t) [exp (— (Aln Az, z))] ",
hence
(1.6) 0, (EA) = =14 [, (A)]
for t > 0 and A > 0.
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Observe also that
(1.7) n.(I) =1and n,(tI)=t""

for t > 0.
In [2] we showed that, if A, B > 0, then for all z € H with ||z|| = 1and ¢t € [0,1],

1, (L=t A+tB) > (n, (4)" ™" (n, (B))" .
We also have the bounds

—(Az,x)
<A2$, Z‘> —(Az,x)
< < C,T
< <A.’L‘,£L‘> = UT(A) = <A£E,.T> )

where A > 0 and z € H with|z| = 1.
If y € H, y # 0, then we can extend the definition of the normalized entropic
determinant as follows

M,(A) == exp (— (Aln Ay, y)) = exp (n (A) y,y) -

Also we can consider

v

Ay(A) :=exp (In Ay, y)

for y € H, y # 0.
‘We observe that

v

i, (4) = [0 (4)] 7 nd Ay (4) = (A

forye H, y #0.
Motivated by the above results, in this paper we show among others that, if
Aj>0and p; >0, j€{l,..,n} with Z?:1 pj = 1, then

Pj

[T (4,75 )

” A x, m
1
1< -2 < ex E » -
o n pj<A§r,x> -1 = P =1 A i, (E le A T, .’L‘
Zi:l (Ajz,x)

and
YU s .y (42,2 &
1< — Lt i -
- Pj oxp Z (Ajx, ) Z A T, )
Mo =
j=1

2. MAIN RESULTS

We start to the following result:
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Theorem 1. Assume that 0 < m < A; < M and z; € H, j € {1,...,n} with
n 2
Zj:l llz;lI” =1, then

" =251 (AyTs,T4)
(Z]’:1 (Ajz;, x]>)

(2.1) 1= EZ]

n IJ
H [77%’ (Aj)}
g1 LTl

" e =i (Ajzay)

H {A ] (eAJ):|

i1 [

<

1/e

1l ]

exp {3 (M —m)

x [2;;1 Iin (edy) ay 1° = (5, <1n<eAj>xj,xj>)2] 1/2} :

(M) 3 [Z;Ll 4 25117 = (2], <Aj-7/’j7fl’j>)2} v

M L(M—m)
(W)
m

The first two inequalities are also valid for A; >0, j € {1,...,n}.

)

Proof. Let I be an interval and f : I — R be a convex and differentiable function
on I (the interior of I) whose derivative f’ is continuous on 1. In [3] we obtained
among others that, if A; are selfadjoint operators with Sp(A4;) C [m,M] C I,
je{l,..,n}, then

n

(22) 0< Y (f(Aj) aj,a;) — f Z(A-%-,xﬁ

<D AF(AY) Ajgyag) = D (Aggg) D (' (Ag) ;)
j=1 j=1 j=1
911/2
LOL=m) [ 17 ) sl = (S (7 (A |
= 1/2
L0 = 7 ) | S Mg P - (S )|
< 3 (M —m) (7 (M) —  (m)

for any z; € H,j € {1,...,n} with Z?Zl ijHQ =



SOME REVERSE INEQUALITIES FOR THE NORMALIZED ENTROPIC DETERMINANT 5

If we write the inequality (2.2) for the convex function f (t) = tlnt, ¢t > 0, then
we get

(AjInAjz;, ;) — (Ajzj,zj) | In Z Ajxj xj)
j=1

j=

M:

(2.3) 0<

<.
I
—

3 =

n

Z(A In(ed;) zj, z;) Z (Ajzj,z5)
j=1 j

ln eA {Ej,l‘j>
1 1

<.
Il

% (M —m) [Z}L—l [Iln (eAj) xj||2 o (Z;‘Lﬂ (In (eAj) L xj>>2] h 7

)

(JW)%[ G-l ;|| _( ;L:1<Ajmjvmﬂ'>)2r/2
1
Z

for any z; € H, j € {1,...,n} with 337, ;> =
If we take the exponential in (2.3), then we get

n n n
(24) 1<exp Z (AjlnAjz;, ;) — Z (Ajz;,z;) | In Z (Ajzj, )
=1 j=1 j=1
[ n n n
< exp Z (Ajln(eAj) zj, x;) Z A,la:j,xJ')Z(ln(eAj)xj,xﬂ
_j:l j=1 j=1

exp {1 (M —m) e
< (S el = (S5 (e )| } ,

My 3 [ 4212 = (S (A )]

IN
//~

for any x; € H, j € {1,...,n} with Z?Zl HijQ =
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Observe that

p Y (AjIn Az, x;) — (Z <ijj,xj>) In (Z (ijj,wﬁ)]

j=1 j=1

=2 (A )

_ P {ln (2?21 <ijj’xj>>}
exp [Z?:l (—A,; lnijpxjﬂ

_ (Zj {4 scj,xﬁ)_zyzlmjwj,xj) _ (Z] 1 (4 xj,ﬂcﬂ)

jl;llﬁzj v 1;[ [ HmJH Tmz

=20 (Ajmy,m5)

)

Z (AjIn(eA;) xj, x;) Z (Ajxj,xj) Z (In(eA;) xj,acj)]
j=1 Jj=1

exp
j=1
1 n n n
= exp lez (eAjIn(eA;) xj,x;) Z (Ajxj,x; Z(ln(eAj)xj,xj>]
j=1 Jj=1 j=1
e (- T (g 3) T (n(edy) 25 ,))

exp ( ;l 1 < eAj In (6Aj).’£j,(l]j>)
=i (AT Ts)

[Hexp ((In(eA;j) zj,x;))
j=1

1/e n
H exp ({(—eA; In (eA; )%7%))] |:H ﬁxj(Aj)

[ }Imz
(r—[l [”,, (Aj)} 'W) /e

and by (2.4) we derive (2.1). O

. =i (A ;)
H

Jj=1




SOME REVERSE INEQUALITIES FOR THE NORMALIZED ENTROPIC DETERMINANT 7

Corollary 1. Assume that 0 < m < A; < M and p; > 0, j € {1,...,n} with
> i_1pj =1, then for all x € H with |jz|| = 1,

<Z?:1 pjA;x, x>_<2;:1 piAjz,T)

(25) 1< ;
1 . (4
_<ZJ=IPJAJTT>
[T 1A (e
e

exp{% (M —m)
971/2
x [z?_lpj I (eAs)2l]* = (S, p5 (In (ed;) @, 2) ) } } ,

1/2

)

The first two inequalities are also valid for A; >0, j € {1,...,n}.

Remark 1. If we take n =1 in (2.5), then we get for 0 <m < A < M that

(Av,a)” 4 (A, ea)
GO A=W s . (A)M°
exp (% (M —m) {Hln (eA)z|® — (<ln(eA)x,m>)2]l/2> |
<

1/2

(M)é[quHHAMP] ’
1
1

for all x € H with ||z|| = 1. The first two inequalities also hold for A > 0.
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For0O<m<A, B< M andt € [0,1] we also have that
(1 —t) A+ tB) g, z)” ((I=OATB)2.m)
e (A" [0, (B))'

1—¢ . —((1—t)A+tB)z,x)
{[Am (eA)]' " A, (eB)] }

(I, (A" [, (BY')

<M> sla-Dlaz|®+]Ba|*~(1-) A+tB)z.2)*]/? <M> F(M—m)
< < )

27 1<

IN

1/e

m

for all x € H with ||z| = 1.
The first two inequalities also hold for A, B > 0.

We also have the complementary inequalities:

Theorem 2. Assume that 0 < m < A; < M and p; > 0, j € {1,...,n} with
Z?lej =1, then

Pj

H [0, (A4;)] =)

2. 1<
(238) <
2=t ey
pj (A3z,z) &
< -1
= b Z (Ajz, z) Z Aa:a:}
Jj=1 Jj=1
n pi{A7 e, n 2]
exp (é (M —m) |:Zj_1 pj(<A;7z;)x> - (Zj:l %) ] 5
= 911/2
n i A3m,z n i Agm,x
o (b 00 - |30, 207 - (o iz} | ).
2
< - _
< exp [4mM (M —m) } :

for all x € H with ||z| = 1.
The first two inequalities also hold for A; >0, j € {1,...,n}.

Proof. Consider

AV
o= T e ), w e H, ol =1,
AV

J

Then

2
1/2
/LE

n n
j=1 z j=1

J
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If we take the convex function f (t) = —Int, t > 0 in (2.2), then we get

n AIA/zx AY?y
/2“7 1/2 J
0 < In Z <Ajpj 1/2 ”A1/2 H

Jj=1 j
1/2 1/2
n 1/2 Aj/ T g Aj/ T
_ lnAjpj 2 P 2
E I
n p;/QAjl-/zx p1/2A1/2 n 1]);/2141/2% pjl-/2A;/2x
SZ A; 1/2 1/2 Z Ay /2 || ° 1/2
T T R\ T T
- n <p]1/2AJ1/2$ p}/QA;/21.>
AT T
3 (M —m)
i N 1 p2al% 2 _1p1/2A1/2 p1/241/2, 271/2
<] - (s i i) |
- L
gt (M —m)
[ n pi/2AY 2y 2 n pi/2A 2y /1/2A1/2 212
X Zj:l AJW - (Zj_l <Aj nAl/;x g 1/2 H >> )
< 1 -(M m)?
~ 4dmM ’
namely

- 2 - Dj
0< ;(A P (A%z, @ 2 A2.7) (AjInAjz, x)
S;(Ax$<Azx>;(Axx7Z<Axx)<Axx>
3 (M —m)

1/2

<S4 - (S )]

<
2rrLM (M m)
n p; 3/2 2 n 2 2 1z
X |:Zj_1 (Aj;,z> ’AJ mH - (Z (A z,T) <A T $>> :| )
<1 (m—m)p.

4dmM
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This can be simplified to

n Amw - nA;x, X
(2.9) 0<IH(ZPJAH>) >_P; W

=1

(4%0a) 971/2
% |: j= 1pJ Axm} (Zj=1<14f;71>>:| ’

IN

1/2

1 n Dj <A?m,z> n pj<A?/2$,JZ> 2
gt (M =) 1325 oy — \ Zim —me )

forx € H, ||z|| = 1.
If we take the exponential in (2.9), then we get

(2.10)

" (Alx,x) . (AjInAjz,z)
1< Zp]Ax ij (Ajz,x)

1 (Afra) & pj
< exp ij (Ajz, ) ; (Ajz, x) -1

1 " <A._1:c,a:> n . 271/2

exp | 3 (M —m) {Zg‘—l Pi~Thaa) — (ijl %7;@) ] ’
<
) (432.) (e )]

n  pj{AjT. n  Pi(AjT.T

exp 2mM (M m) lzj=l J(Ajac,ac) B (Zj=1 J(Aﬂc,x} > ] ’
< (M = m)?
S exXp 4 Vi m .

Observe that,

~ (AjlnAjz,z) ~ —A;jInAjz, x)
Z (Ajz, ) o Zp] (Ajz,x)

Pj

exp ((—A;In Az, z)) (A=)

I
=

<.
Il
-

Pj

[, (A7)] =)

I
=

<.
Il
-

then by (2.10) we derive (2.8).
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Remark 2. The case of one operator that satisfies the condition 0 <m < A< M
is as follows:

1
w2y A?
(2.11) ISWSQXP <7m’x2>_1
(A%z,2) (Azx, x)
(Az,z)
_ 1/2
A"z (Az,z)—1
s[5 )
1/2
Az x (Az,z)— A%z 2 2
exXp (27—,1]\4 (M — m) |:< > (Aa:,x)2< > :| >

(M — mf] ,

<

AmM
for all x € H with ||z|| = 1. The first two inequalities also hold for A > 0.
FO<m<A, B<M, then fort € [0,1],
1—t t
(A FE o, (B
((17t)(A2x,m) L t(Bzz,@)*l

-

(2.12) 1<

(Az,x) (Bz,z)

ox (1-1) <A2m, x> t <B2x7 x> 1—t t B
< exp (( (Az, x) + (Bz, x) ) ((Ax,m) * (Bx,x}) 1)

exp (% (M —m)

_ _ 1/2
(1—t)<A laf,a:> t<B 1w,x> 1—¢ t 2
X[ (Awzy T (Boay (<Am> + <Bz,m>) ,

<
exp (2'n1M (M —m)
571/2
(1—t)<A3x,w> t<B3w,w> (1—t)<A2I,;L'> t<BQ.’L',.'L‘>
X (Az,x) (Bz,x)y (Az,x) (Bz,x) ’
< Y
< exp [4mM (M —m) },

for all x € H with |z|| = 1. The first two inequalities also hold for A, B >0
3. RELATED RESULTS
We also have:

Theorem 3. Assume that 0 < m < A; < M and p; > 0, j € {1,...,n} with
Z;”lej =1, then

(3.1) 1< — 2 o)
T . (A4))) =
j=1
pi (Al ) IS ps
< exp 1
2 (Ajz, ) Z( T, T)
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St

IN

(M —m)

1
exp 2mM

1
< exp [4 M

The first two inequalities also hold for A; >0, j € {1, ...,

S.S. DRAGOMIR

_ 1/2
n Pj<A' 11,I> n § 2 2
j=1 (A;w,a;) - (Zj:1 (Aﬁi,w}) :| > )
(430.) (2)\] "
n Pj Ajajyl‘ n pj(Asx,x
[Zj—l o) <Zj 1 Ay ) ] )

(or - m?|.

Proof. Let I be an interval and f : I — R be a convex and differentiable function

on I (the interior of I) whose derivative f’ is continuous on I If Ajjed{l, ..,
are selfadjoint operators on the Hilbert space H with Sp (

2=

(3.2)

n}
A;j) C [m, M] c I and

(4;1" (A

i) Tj, )

for each z; € H, j € {1, ...,
Slater type inequalities [5]:

2= (f1(A

) Tjs T;5)

n} with 377 |#;]|> = 1, then we have the following

Z (A (Ay) x5, @ -
(33) 0<f<z]1<f'< ) a5.05) ) 2 (i) e2)
< p >io (A1 (Ay) zj, @)
N Z; 1 (1 (4)) 5, 25)

for each z; € H, j € {1,...,

o Z (A (A) =g, 25) — Z] 1 (4 37]’$J>ZJ (1 (4)) 5, 25)
Z] L (7 (A)) @5, 25) ’
n} with Y [l = 1.
If we write the inequality (3.3) for the convex function f (t) = —Int, ¢ > 0 and

Aj, j c {1,...,

n

(0<)) (In4,

j=1

(3.4)

for each z; € H, j € {1, ...
Consider

'xjvmj> —In

n} are positive definite operators on H, then we obtain

—1
n

D (A ey, ay)

j=1

. 2
ynt with 25 [lay]” =

1/2 A%
Tj = p; ]1/2 v jef{l,n}, x e H, |zf =1.
o
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Then, as above Y7 |#;]|> = 1 and by (3.4),

n AM?y A2y
L1724 /2 7
(3:5) 0=) Z <ln AJpj AL/? Pj AL/
A e i
1
n 1/2 1/2
1 Z<A_1p1_/2 A 1/2 A" >
j=1 Y A;/Qx‘ ! A;/QmH
n 1/2 1/2
< (a2 A% A
j=1 ’ HA}/Qx ! ‘A;/Qx
m 1/2 1/2
3 <A.—1pv2 Al e Al >_1
SN a4
namely
~ P ~ P
. 91 - ~A;InA;
(3.6) (0<)In (j_l ) jz::l A,0.7) (—AjInAjz, z)
B S ulil S VN
L (Aywa) 2 (A a)

forx € H, ||z|| = 1.
If we take the exponential in (3.6) then we obtain

bj

E:;;ﬂ,(Ajw,m>

(3.7) 1< - o
exp (ijl A, (—A;In Az, x))
pi (Al w) (N py
< exp 1
; (Ajz, ) ; (Ajz, )
for x € H, ||z|]| = 1.
Observe that,
~_ D : 2
exp ;m <_AJ h’lAJZ',.T> —j];[lexp |:<A7x7x> <_AJ h’lAJ.T,l'>
n »;
= (exp [(—A;In Ajz, x)]) (45
j=1
n P
=L (477
j=1

and by (3.7) we derive the first two inequalities in (3.1).
The last part follows by Theorem 2.
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Remark 3. The case of one operator that satisfies the condition 0 <m < A< M
is as follows:

1
(Az,x)

[n, (A)] 707

1/2
A g, z) (Az,z)—1
exp | 3 (M —m) [< <AZ,<x)2 ) } ;

(3.8) 1

IN

)

<A3w,w> (Ax,w>—<A217w>2:| 1/2

eXp ! (M - m) |: <AZIZ,;E>2

sﬂﬂni<M—mﬂ,

for all x € H with ||z|| = 1. The first two inequalities also hold for A > 0.
If0o<m<A B<M, thenforte [0,1]

1—
<A:E, ) Ba: {Bz,x)
1t t
(AT [, (B

ox (1-1) A2x x> t<BZx,a:> 1—t t 7
= p( ! (e o)
p

(39) 1<

Am x) (Bzx, x) Az,z)  (Bx,x
m)

1/2
(lft)< x,z> t<B_1x,m> 1-¢ t 2
x (Az,x) + (Bx,x) ((Aw,x) + (Bm,zv)) ’

ex

<
exp (—2W1M (M —m)
- 071/2
(lft)<A3‘r,:r> t<Bsz,x> (lft)<A2:v,z> t<32m,x>
X | T Az (Bza) (Az,z) (Bz,2) ’

IN

1 2
M —
exp | o M( m) ] ,
for all x € H with |z|| = 1. The first two inequalities also hold for A, B >0
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