FUNCTIONAL PROPERTIES FOR THE NORMALIZED
ENTROPIC DETERMINANT OF SEQUENCES OF POSITIVE
OPERATORS IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and a
fixed unit vector € H, define the normalized entropic determinant n,(A) by
Ny (A) == exp(— (Aln Az, x)) .

We consider the functional

Pp,

1 n
N2 (B 225—1PiAj)
Nr (p; A,$) = [ S ] )

L1 (. (A7
i=1

where A = (A1, ..., An) is an n-tuple of selfadjoint positive operators, p eP;

the set of nonnegative n-tuples and =z € H, ||z| = 1.
In this paper we show among others that, for any p,q €P;l and z € H,
||lz|| =1 we have

Nn (p+q;A,z) > Np (p; Asz) Nn (g5 Az) > 1
Moreover, if p,q €P;7 with p > q, then also
Np (P; Asz) > Dp (q; Ayz) > 1

forallz € H, ||z|| = 1. Some upper bounds for N, (p; A,x) under boundedness
assumptions for A are also provided.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,x) > 0 for all z € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [8], [9], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector z € H,
namely ||z|| = 1, defined by A, (A) := exp (In Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
8]
For each unit vector « € H, see also [10], we have:

(i) continuity: the map A — A,(A) is norm continuous;

(ii) bounds: <A‘1m,x>_1 < AL(A) < (Az, z);
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(iii) continuous mean: (Apa:,x>1/p | Az(A) for p | 0 and (Apx,a:>1/p 1T AL(A)
for p T 0;
(iv) power equality: A, (A") = A(A)" for all ¢ > 0;
v) homogeneity: Ayz(tA) =tAL(A) and Ay (tI) =t for all t > 0;
(vi) monotonicity: 0 < A < B implies A, (A) < A, (B);
)
)

A~

<

(vii) multiplicativity: A,(AB) = Ay(A)A,(B) for commuting A and B;

(viii) Ky Fan type inequality: A,((1 —a) A+ aB) > A (A=A, (B)* for 0 <
a <1

We define the logarithmic mean of two positive numbers a, b by

b—a :
Inb—Ina if b 7& a,

(1.1) L(a,b) :=
aif b=a.

In [8] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < m < A < M, where m, M are positive
numbers,

(L2) 0% (An,2) = Au(4) < L, M) [t L (oo, br) 4 22Ty

for all z € H, ||z| = 1.
We recall that Specht’s ratio is defined by [14]

BT i he (0,1) U (1, 00),
(1.3) S(h) — eln<hh—1>

lifh=1.

It is well known that lim,1 S (h) =1, S(h) = S () > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .
In [9], the authors obtained the following multiplicative reverse inequality as well

(1.4) < AT g (M)

A (A) m

for0<m<A<MandzeH, |z|=1
For the entropy function 7 (¢f) = —tlnt, ¢ > 0, the operator entropy has the
following expression:

n(A)=—-AlnA

for positive A.
For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by

N,(A) :=exp (— (Aln Az, z)) = exp (n (A) z, x) .

Let © € H, ||z|| = 1. Observe that the map A — 1,(A) is norm continuous and
since

exp (— (tAln (tA) x, x))
=exp(— (tA(lnt+InA)z,z)) =exp(— ((tAlnt + tAln A) z, x))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))

— expln (t7<Az,w>t) lexp (— (Aln Az, 2))] ",
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hence
(1.5) N, (tA) = t7HAR [ (A)]

fort >0 and A > 0.
Observe also that

(1.6) n,(I)=1and n (tI)=t""
for t > 0.

For the entropy function n(t) = —tlnt, ¢ > 0, the operator entropy has the
following expression:

n(A)=—-AlnA

for positive A.

For z € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by
(1.7) na(A) i= exp (— (Aln Az,z)) = exp (1 (A) 3, 2) .

Let x € H, ||z|| = 1. Observe that the map A — 7n,(A) is norm continuous and
since

exp (— (tAln (tA) z, z))
=exp(— (tA(Int+1InA)z,z)) =exp(— ((tAlnt + tAln A) z, z))
=exp (— (Az,z) tlnt) exp (—t (Aln Az, z))
=expln (t_<A$’x)t) [exp (— (Aln Az, z))] ",
hence
(1.8) N, (tA) = 1A [ (A)]

fort >0 and A > 0.
Observe also that

(1.9) n,(I)=1and n (tI)=t""
for t > 0.
In the recent paper [6] we obtained among others that, if A, B > 0, then for all
x € H,||z||=1and ¢t €[0,1],
(1.10) 1, ((1=t) A+1B) > (n, (A))' ™" (n, (B))".
Also we have the bounds

7<A£E,I>
<A2.’13,.T> —(Az,x)
-~ < A) < (A ’
( <A.’L‘,$> —77:0( )—< LE,I> )

where A >0 and z € H, ||z| = 1.
We consider the functional

(2 SianiAn)] .

. (™

=1

Ny, (p§ A7x) =

where A =(Aj,...,A,,) is an n-tuple of selfadjoint positive operators, p €P," the
set of nonnegative n-tuples and = € H, ||z| = 1.
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In this paper we show among others that, for any p,q €P, and z € H, |jz|]| = 1
we have
Nn(p+a;Az) > Ny, (p; Az) Ny (g Ayz) > 1
Moreover, if p,q €P," with p > q, then also
Ny (p;Az) > Dy (q; Az) > 1

for all z € H, ||z|| = 1. Some upper bounds for N, (p;A,z) under boundedness
assumptions for A are also provided.

2. MAIN RESULTS

We consider the functional

1 n
(2.1) Jn (D3 A, £, 1) ij ~Puf | 5 D_pid
n =

where p = (p1,...,pn), p; >0 Wlthj €{l,..,n}and P, >0, A =(4;,...,4,) is an
n-tuple of selfadjoint operators with Sp (A4; ) Clforje{l,..,n}and f: 1 —Ris
a operator convex function defined on the interval I.

We denote by P;! the set of all n-tuples p = (p1, ..., pn) , p; > 0 with j € {1,...,n}
and P,, > 0. For p,q €P; we denote p > q if p; > ¢; for any j € {1,...,n}.

In [4] we obtained the following result:

Lemma 1. Assume that f : I — R is an operator convez function and A = (Aq, ..., A,)
an n-tuple of selfadjoint operators with Sp (A;) C I, then for any p,q €P,; we have

(2.2) JnP+GA 1) > T (P A 1)+ T (@A f, 1) >0

ie., Jo (A, £, 1) is a super-additive functional in the operator order.
Moreover, if p,q €P;} with p > q, then also

(2.3) I (Ps AL 1) > T (@ AL f, 1) >0

i.e., Jo (3 A, f, I) is a monotonic functional in the operator order.

Corollary 1. Assume that the function f : I — R is operator convex and the
n-tuple of selfadjoint operators (A1, ..., Ay) satisfies the condition Sp (A;) C I for
any j € {1,...,n}. If p,q €P;7 and there exists the positive constants m, M such
that

(2.4) mq < p < Mq,
then
(2.5) mdy (A, f, 1) < Ty (P A, f,I) < MJ, (q; A, f, 1)

in the operator order.

Remark 1. We observe that if all g¢; > 0 then we have the inequality
(2.6)
i) ' i)
min Jn (@A, [, 1) < Jo(p; A, f,I) < max o (a; A, f, 1)

Je{1,...,n} Je{l,...,n}
in the operator order.

In particular, if q is the uniform distribution, i.e., g; = %,j € {1,...,n}, then
we have the inequalities
(27) nje{I{lln {p7}'] (A?faI)SJn(paA’fa )<7’l G?ilax {pJ}J (A’fvl)a

s 3



FUNCTIONAL PROPERTIES FOR THE NORMALIZED ENTROPIC DETERMINANT 5

where

(28) T (AR =S A (YA

j=1 j=1

Forn =2 and by choosing p1 = a, p2 = 1 — o with « € [0,1], we get from (2.7)
the inequality

(2.9) 2min {a, 1 — a} [f(A);f(B)_f<A—&2—B>]

<(l-a)f(A+af(B)-f((1-a)A+aB)

f(A)-QFf(B) —f(AJQFB)}v

< Zmax{a,l—a}[

in the operator order, where f : I — R is an operator convex function and A and B
are two bounded selfadjoint operators on the complex Hilbert space H with Sp (A),
Sp(B) CI.

Our first main results is as follows:

Theorem 1. Assume that A =(A1,..., A,) is an n-tuple of selfadjoint positive
operators, then for any p,q €P,l and x € H, ||z|| = 1 we have

(2.10) N, (p+q;Ax) > N, (p; Ax) Ny, (q; Ayz) > 1,

i.e., Ny, (- A,x) is a super-multiplicative functional.
Moreover, if p,q €P;} with p > q, then also

(2.11) Ny (P;Az) = Ny (g Aux) > 1
forallx € H, ||z|| =1, i.e., N, (-; A,z) is a monotonic non-decreasing functional.

Proof. For the operator convex entropy function n (t) = tlnt, ¢t > 0, we have

Jn (P; A ) = J, (p; A, 1, (0,00))
J=1 j=1 i=1
For x € H, ||z|| = 1 we have

(Jo (P; A @) = pj (A;In Ajz, 2)

j=1

1< 1<
—Pn< P—n;pj/lj In P—n;ijj a?,:zc>.
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If we take the exponential, then we get

exp (J, (p; A, 1)z, x)

= exp ij AilnAjz, x)
j=1

_ (xp {_<( 1ipiA; ) In ( n lpJA)zwﬂ)pﬂ

H lexp (— (A;In Ajz, x))|"

j=1
L (Ii S )] = No (piA.a).

L1 tn. (A"

For p,q €P,” we have by (??) and Lemma 1 that

No(p+a;Az) =exp[(Jn (P +a; A, )z, 7)]

> exp [(Jn (P A 0) 2, 2) + (Tn (@3 A, ) 2, 7)]
= exp (Jn (P; A, n) z, ) exp (Jn (a5 A, 0) T, T)
=D, (p; Az) Dy (q; Az),

for all x € H, ||z|| = 1, which proves (2.10).
The property (2.11) follows in a similar way by (2.3). O

Corollary 2. With the assumptions of Theorem 1, if p,q €P; and there exists
the positive constants m, M such that mq < p < Mq, then

(2.12) 1< [Ny (03 Az)]™ < Ny (p; Asw) < [N (@A)
forallx € H, ||z|| = 1.

Remark 2. We observe that if all g¢; > 0 then we have the inequality

(213) 1 S [Nn (q7 A, )]InanE{l ,,,,, n}{q] }

for all z € H, ||z|| = 1.
In particular, if q is the uniform distribution, i.e., q; = %, j€{l,...,n}, then
we have the inequalities

(214) 1 S [Nn (A’x)]nm1n7e(1 ..... 71}{pJ}
< N, (p; A,z) < [N, (A,z)]" "9 iri)
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for all x € H, ||z|| = 1, where

N (% Z?:l Aj)

N, (Az) = T

For n =2 and by choosing p1 = o, p2 = 1 — a with « € [0,1], we get from (2.14)
the inequality for two positive operators A, B

2min{a,1—a}
2.15 1< n. (157) )
219 B ([m (A2 [n, (B)'?

2max{a,l—«

_m((1-a)A+aB) _ ( . (452) ) o
e (A e (B T\ (A2 I, (B)]? |

which provides a refinement and a reverse of the Ky Fan type inequality (1.10).

Let P (N) be the family of finite parts of the set of natural numbers N, A(H)
the linear space of all sequences of selfadjoint operators defined on the complex
Hilbert space, i.e.,

AH)={A = (Ak)pen | Ak are selfadjoint operators on H for all k € N}

and S (R) the family of nonnegative real sequences.
We consider the functional

(2.16) J(K,p; A, f,1) =Y pif (Ax) — P f (;K > pk.Ak> :

keK keK

where K € Py (N), p €54 (R), A €A(H) with Px =3, pr >0and f: I — R
is an operator convex function on the interval I.
In [4] we obtained the following result as well:

Lemma 2. Let f : I — R be an operator convex function on the interval I and
p €S: (R),A €A(H). Assume that Sp (Ag) C I for any k € N.

If K, L € Py (N)\A{0} with KNL =0 and Px, P, > 0, then we have the
inequality

(2.17) J(KUL,p; A, f, 1) > J(K,p; A, f,I) + J (L, p; A, f, 1) > 0,

ie., J (-, p; A, f,I) is super-additive as an index set functional in the operator order.
If 0 # K C L, then we have

(2.18) J(L,pi A, f.1) > J (K, p; A, f.T) > 0,
i.e., J(-,p; A, f,I) is monotonic as an index set functional in the operator order.
In particular, we have:

Corollary 3. Let f: I — R be an operator convex function on the interval I and
P={P1,-Pn), A=(A1,..,A,) with pr > 0, Ay selfadjoint operators and such
that Sp (Ag) C I for any k € {1,...,n}, n > 2. Then we have the inequality

(2.19) Je (P AL £, 1) > Jeo1 (P AL f,1) >0
for any k € {1,...,n} withn >k > 2.
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We also have that

(2.20)  J, (D3 AL £, 1) > pif (A) +pif (Ar) — (pj + i) f <ijj+p’€Ak) >0

Dj + Pk
for any k, j € {1,...,n} in the operator order.

We define the functional

(A0 Shcremean)]
IT (2. (a0

keK

(2.21) Nk (p; Ax) ==

>1

)

where A € A(H) is a sequence of selfadjoint positive operators, K € Py (N), p €S+ (R)
and z € H, ||z| = 1.

Theorem 2. Assume that A € A(H) is a sequence of selfadjoint positive operators,
pES: (R) and v € H with ||z|| = 1. If K, L € Py (N)\ A0} with KNL =10 and
Py, Pr, > 0, then we have the inequality

(2.22) Nkur (p;Axz) > Nk (p; Ajx) N (ps Ayz) > 1,

i.e., N.(p; A,x) is super-multiplicative as an index set functional.
If ) # K C L, then we have

(2.23) NL (p; Ax) > Nk (p; Ayr) > 1
i.e., N.(p; A,x) is monotonic as an index set functional.

The proof is similar to the one in Theorem 1 by employing the inequalities in
Lemma 2.

Corollary 4. Assume that A =(A4,..., A,) is an n-tuple of selfadjoint positive
operators, p €P,;F and v € H with ||z|| = 1. Then we have the inequality

(2.24) Ny (p;Ayz) > Np—y (p; Ayz) > 1

for any k € {1,...,n} withn >k > 2.
Also, we have

.L(pkAk"!‘ijj)

(2.25) N, (p;A,x) > max SRR - > 1.

~ kgellnd [y (AR I, (A7

} P +Pk

3. RELATED RESULTS
In [4] we also obtained the following result:
Lemma 3. If the function f : [m, M] — R is operator convex and if the n-tuple

of selfadjoint operators (A1, ..., A,) has the property that Sp (A;) C [m, M| for any
j € {1,...,n}, then for any p; > 0 with j € {1,...,n} and P, := Z;;lpj > 0 we
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have
(3.1) 0< P% nlpjf( ZPJ
< M%_m {f(m)ﬂ;f(M) _f(mﬂ;Mﬂ

1 1 « m+ M
X(Q(M—m)+ E;PJAJ’_ D)
2

in the operator order.
We also have:

Theorem 3. Assume that A = (A4, ..., A,) an n-tuple of selfadjoint operators with
spectra in [m, M| C (0,00), then for any p €P;} and x € H, ||z|| = 1 we have

G )"
Il[n (

(3.2) 1<

MM (32 (| 27 o ps Ay - =54 o))

mm

(m+M 771«{2»1\/1
2

m’mMM
m+ M
2

(5%)

Proof. If we write the inequality (3.1) for the operator convex function f = 7, we
derive

n 1 n n
Fz AlelAj* szj L ZpJAJ
j=1 =1 Pu j=1

2 [mlnm+MlnM <m—|—M>

bl

2

1 m+M
2(M m)lg + Zp]

< [mlnm—l—MlnM (m—i—M)l (m—l—M)}
— n
- 2 2 2 ’

X
[\ /\
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namely
1< 1« 1«
j=1 J=1 j=1
< 2 ! mm MM
n
T M-m (m+M) mE
2
m + M
X (M m) 1y + ij 1y
m \fM
<2 - I
(er]\/[)
If we take the inner product over z € H, ||z|| = 1, we get

1< IR 1
0§<Pnjz_;ijjlnAjz,x>< Fn;ijj In EijAj x,a:>

2 mm MM

m—+ M
2

M—-—m (m—iQ-M

1 m+M
X 2(M m1H+< ij x,a:>

mm MM
m.+M

(=54)

By taking the exponential we derive the desired result (3.2). O

<2In

Remark 3. The case of two operators is as follows: if 0 <m < A, B < M and
a € [0,1], then
n,((L—a)A+aB)

< —
[, (D [, (B)]”
I+ 5725 (

(3.3) 1

(1—a)A+aB— 251 |2,2)

IN

IN

forallx € H, ||z|| = 1.
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Corollary 5. If 0 <m < A, B< M and z € H, ||z| =1, then

1
B4 L@ ()< [ om0 -nA+
< (W) Lo, (4),m, (B).
(=5%) -~
where L (+,-) is the logarithmic mean (1.1).

Proof. From (3.3) we have
[ (A" [ (B)]" < (1= 1) A+ ¢B)

MM N (A I (B
(mtAd)

for all t € [0,1].
If we take the integral over ¢, then we get

1 1
(3.5) / e (A" [, (B)]' dt < / ne((1— £) A+ tB)dt

m ’ 1
< (”) | ()
T2

Since

/0 e ()" [0, (B)]! dt = L (n, (4) 1, (B)).

hence by (3.5) we derive (3.4). O

In [5] we obtained, among others, the following reverse of Jensen’s inequality:

Lemma 4. Let f : [m,M] — R be an operator convex function on [m,M] and
A; selfadjoint operators with the spectrum Sp (A;) C [m,M] for j = 1,...k. If
C; € B(H) for j =1,...,n satisfying the condition Z?Zl C;Cj =1y, then

Jj=1

(36) 0< Zc;f(Aj)Cj - f (Z C;AJCJ)
=1

IA

f/— M 7f/ - * - *

Jj=1

IN

1O =) [72 () = £ om)] L

By the use of this lemma we can state the following result as well:
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Theorem 4. Assume that A = (A4, ..., A,) an n-tuple of selfadjoint operators with
spectra in [m, M| C (0,00), then for any p €P;} and x € H, ||z|| = 1 we have

(3.7 < N, (p; A, m)
< ) = = 0 pi(Asee)) (£ oy pi(A z,a)—m)

()

IN

IN

Proof. If we take in (3.6) C; = %I, j=1,...,n, then we get
1 n n
OSP*ZPJJC(AJ’)_JC ZPJAJ
n Jj=1 Jj=1

IN

£ (M) — £ (m) s Ly
(M)_nf: M—Fnzijj Fn;pJAJ
< 7 (M —m) [f2 (M) = f (m)].

If we take the inner product for z € H, ||z|| = 1, then we get

PLZPJ >—<f > pi4; x’$>
I

j=1
_ LD = £ ()
- M—-m

n .

1 « 1 «
- szj (Ajz,z) szj (Ajz,z) —m
— =1

<

(M —m) [f2 (M) = f} (m)].

X
N e
=

If we write this inequality for the operator convex function f (¢) = tInt, ¢t > 0, then
we get

(3.8) 0<—ij (AjInAjz, x) < ij i | In iijj x,x>
j=1

j=1

InM —1Inm 1 & 1 &
S M —m M—,ﬁn;pﬂfljwm E;pj<Ajw7w>—m

IN

E(M—m) (InM —1lnm).
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Now, if we take the exponential in (3.8), then we get

{”T (T 21 ijj)]Pn

n

L1 . (A

1<

—m

InM —1Inm 1 — 1 &
< exp M —m M—anZ;Pj<ij,$> Fnzpj<ij’x>_

< exp [i (M —m) (In M lnm)] ,

which is equivalent to (3.7). O
Finally, by the use of [5]

Lemma 5. Let f : [m,M] — R be an operator convex function on [m,M] and
A; selfadjoint operators with the spectrum Sp (A;) C [m,M] for j = 1,...k. If
C; € B(H) for j =1,...,k satisfying the condition Z§:1 C:Cj =1, then

(3.9) 0<ZC* NCi—f ZC*AC-

j=1

k k
1 * *
< 5 ||f”||[m,M],oo M — ZCJ AjCj ZCJ AjCj -m

j=1

IN

1 2
g ||f”||[m,,M],oo (M - m) )

we can also state:

Theorem 5. With the assumptions of Theorem 4, we have
(310) 1< D, (p;Ax)

< 1 1
e el _
=P 2m P,

st )ﬁ

The case of two operators is as follows: if 0 < m < A, B < M and « € [0, 1],
then from (3.7) we obtain

A ((1—a)A+aB)
[A, (A7 [A, (B)"
) ﬁ(Mf(lfa) (Az,z)—a(Bz,z))((1—a)(Az,z)+a(Bz,x)—m)

1 n
pj (Ajz, ) szj (Ajz, ) —m

j=1

(3.11)
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for all z € H, ||z|| = 1, while from (3.10) we derive
(3.12) | < AL ((1 1_02A+QB)Q
[Ax (A)] 7 [As (B)]
1
< exp 3 (M — (M- (1-a){Az,z) — a(Bz,z)))
x ((1 — ) {Az,z) + a (Bz,z) — m)]
(1)
<exp|-m|— -1
8 m
for all z € H, ||z| = 1.
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