A SUB-MULIPLICATIVE PROPERTY FOR THE NORMALIZED
ENTROPIC DETERMINANT OF POSITIVE OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR!:2

ABSTRACT. For positive invertible operators A on a Hilbert space H and
a fixed unit vector x € H, define the normalized entropic determinant by
1, (A) := exp [— (Aln Az, z)]. In this paper we show among others that, if A,
B > 0 are such that AB+ BA > 0, then

N2 (A1, (B) = n,(A + B)

forz e H, ||z =1.If0<m < A< Mand 0 <n < B< N, then we have the

reverse inequality
L) (M)
Nz (A+ B) m+n
for z € H, ||z|| = 1. Moreover, if 2mn > i(M —m) (N —n), then

ne (A (B) o {mn — 5 (M —m)(N - n)] -

n.(A+B) — M+ N
for z € H, ||z|| = 1.

1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H,
and I stands for the identity operator on H. An operator A in B(H) is said to
be positive (in symbol: A > 0) if (Az,z) > 0 for all x € H. In particular, A > 0
means that A is positive and invertible. For a pair A, B of selfadjoint operators
the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [1], [2], introduced the normalized determinant A, (A) for
positive invertible operators A on a Hilbert space H and a fixed unit vector x € H,
namely ||z|| = 1, defined by A, (A) := exp (In Az, z) and discussed it as a continuous
geometric mean and observed some inequalities around the determinant from this
point of view.

Some of the fundamental properties of normalized determinant are as follows,
1]

For each unit vector x € H, see also [6], we have:
(i) continuity: the map A — A,(A) is norm continuous;
(ii) bounds: <A‘1x,x>_l < AL(A) < (Az, z);
(ifi) continuous mean: (APz,z)"? | Ay(A) for p | 0 and (APz,z)'/? 1 AL(A)
for p T 0;
(iv) power equality: Ay (AY) = AL (A)! for all t > 0;
(v) homogeneity: A, (tA) =tA,(A) and A, (tI) =t for all ¢t > 0;
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(vi) monotonicity: 0 < A < B implies A,(A) < A, (B);
(vil) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
(viil) Ky Fan type inequality: A((1 —a) A+ aB) > AL (A)17*A,(B)® for 0 <

a <1
We define the logarithmic mean of two positive numbers a, b by
In gilana if b 7& a,
L(a,b) :=
aif b= a.

In [1] the authors obtained the following additive reverse inequality for the op-
erator A which satisfy the condition 0 < m < A < M, where m, M are positive
numbers,

MInm—mlnM 1

(1.1) 0< (Az,z) — AL(A) < L(m,M) |InL(m, M) + W —m

for all x € H, ||z|| = 1.
The famous Young inequality for scalars says that if a,b > 0 and v € [0, 1], then
(1.2) a7y < (1—-v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [8]

1
— e _ifh e (0,1)U(1,00)
eln(hm)
1ifh=1.

It is well known that limj,; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, c0).
In [2], the authors obtained the following multiplicative reverse inequality as well

(Az, ) M
1.4 1< <S|—
(14) - AL(4) T m
for0O<mlI<A<MIandzeH,|z|=1.
Since 0 < M~ < A=t <m™'1, then by (1.4) for A= we get

s () =5 () ) -5 ()

which is equivalent to

(1.5) 1<AAA)gS<M)

T (A lg )t m

(1.3) S (h) =

forx € H, ||z|| = 1.
For the entropy function 7 (t) = —tln¢, ¢ > 0, the operator entropy has the
following expression:
n(A)=—-AlnA
for positive A.
For xz € H, ||z|| = 1, we define the normalized entropic determinant n,(A) by

(1.6) N, (A) :=exp(— (Aln Az, z)) = exp (n(A) z,z) .
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Let © € H, ||z|| = 1. Observe that the map A — 1,(A) is norm continuous and
since

exp (— (tAln (tA) x, x))
=exp(— (tA(nt+1InA)z,z)) =exp(— ((tAlnt +tAln A) z, z))
=exp (— (Az,z) tInt) exp (—t (Aln Az, z))
=expln (t_m“;’@t) [exp (— (Aln Az, z))] ",
hence
(1.7) 0, (EA) = 1A [, (A)]

for ¢t >0 and A > 0.
Observe also that

(1.8) n.(I) =1and n,(tI)=t""

for t > 0.
Motivated by the above results, in this paper we show among others that, if A,
B > 0 are such that AB + BA > 0, then

N2 (A0, (B) = n,(A+ B)
forze H, [z =1. f0<m< A< Mand 0 <n < B <N, then we have the
reverse inequality
12 (A)n.(B) _ <M+N>

ex
ny,(A+B) — m+n
for z € H, ||z| = 1. Moreover, if 2mn > % (M —m) (N —n), then

LAB) , o [0 LM —m) (N - s

n.(A+B) ~ M+ N
forx € H, ||z|| = 1.

2. MAIN RESULTS
We start with the following integral representation result:
Theorem 1. For any A, B > 0 we have
(2.1) (A+ B)ln(A+B)—AlnA—BlnB
:/ (A+B+XN)""K(A B\ (A+B+\)""d\,
0
where
(2.2) K(A,B;\) :=AB+BA+B(A+)\) "AB+ A(B+)\) ' BA.
Proof. Observe that for ¢t > 0, t # 1, we have

/“ d\ _ Int N 1 In u+t
o A+t)A+1) t—1 1—-t \u+l
for all u > 0.

By taking the limit over © — oo in this equality, we derive

Int _/°° d\
t—1  Jo A+t)(A+1)
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which gives the representation for the logarithm

e dA
2.3 Int=(t—1 —_
(2:3) nt = )/0 O+ (A +1)
for all ¢ > 0.
If we use the continuous functional calculus for selfadjoint operators, we have
o0 1 1
2.4 InT = —— (T -1 (AN+T) " dX
(2.4 oT= [ @D+

for all operators T' > 0.
Observe that

oo 1 1 (o) 1 1
— T -1 N+T) dr= TH+HA=A=-1)(A+T) “dX
| s r-nesnTas [ o )0+ T)

- /Ooo [(A+ - (A+T)’1] X
and then
InT = /OO (B+ D =+ 1) ax
giving the representation ’
(2.5) TlnT:/OOO [Q+ D =T O+T) ] A

for all operators T" > 0.
For A, B > 0 we have

(2.6) (A+B)In(A+B)— AlnA—-BlnB

-

[ YA+ B)— (A+B)Y A+ (A+B) ' ax
/OO[AH A— AN+ A)" }dx
0

[ +1)

4

i

/ AN+ A" +BA+B) ' —(A+B) A+ A+B) | dx
0

V) 'B-BO\+B)” 1}dA

Now, observe that
AA+A)""+BA+B) '—(A+B)(A+A+B)"!
—(A+ A= NA+A T +B+A-NN+B)"
—(A+B4+A-NA+A+B)"
=1-AA+A) " +1-AQA+B) " -1+ AXO0+A+B)"
:1+>\[(A+A+B)’1—(A+A)’1—()\+B)’1}
:A{(A+A+B)’1+/\‘17(/\+A)*17(>\+B)*1}

Consider

(2.7) Lyi=(A+B+N) 423" —A+ N "' =B+N"
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Then by (2.6) we obtain the representation
(2.8) (A+B)1n(A+B)—AlnA—BlnB:/Ooo)\L,\d)\
for all A, B > 0.
If we multiply both sides of (2.7 ) by A+ B + A, then we get
Wx:=(A+B+\)L\(A+B+\)
—(A+B+ N+ (A+B+))°
—(A+B+N(A+ N (A+B+))
—(A+B+ XN (B+)\) " (A+B+))
—(A+B4+N+A(A+ B+
—(A+B4+XN—-B(A+XN " (A+B+)\)
—AB+N"(A+B+A)—(A+B+))
=AY A+B+)N-B(A+)) 'B-B
—AB+NTTA—A—(A+B+ )\

)
)

= A1 (A% + AB+ M+ BA+ B> + AB + A + AB + A?)
—B(A+)\) 'B-2B—A(B+A)'A—24- )
=\ (A*+ AB+ BA+ B?) + 2B+ 24+ A
—B(A+)) 'B—AB+)N 'A-24—-2B—\
=\ (A2 4 AB+BA+B?) - B(A+)N) 'B-AB+N) A
-\t {A2+AB+BA+B2fAB(AvL)\)_lB*)\A(B*/\)_lA}
A [A L AB+ BA+BE - B(\ A+ 1) B A B4+1) T 4]
Observe that
B2-B(A\'A+1)'B
:B(A—1A+1)’1 (/\‘1A+1)BfB(/\‘1A+1)7lB
:)5?(/\*1144-1)_1 (A 'A+1-1)B
=A'B(AA+1) T AB=B(A+)) ' AB

and
A AN'B+1) A
—ANB+1D) T (AVIBH)A-A(NB41) A
—AMT'B+1) T (AV'B+1-1)4
—A"A(AT'B+1)  BA=A(B+)\) ' BA.
Therefore

Wy = A" [AB—l—BA—&—B(A—i—)\)’lAB+A(B+)\)’1BA},
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which gives that
Ly:=(A+B+)\) "Wy(A+B+X".
From (2.8) we then get the representation (2.1). O

The symmetrized product of two operators A, B € B(H) is defined by S(A, B) =
AB + BA. In general, the symmetrized product of two operators A, B is not
positive (see for instance [7]). Also Gustafson [5] showed that if 0 < m < A < M
and 0 <n < B < N, then we have the lower bound

(2.9) S(A,B) > 2mn — i (M —m)(N —n) =k,

which can take positive or negative values depending on the parameters m, M, n,
N.

Corollary 1. Let A, B > 0 and assume that S(A, B) > k for some real constant
k, then

(2.10) (A+ B)ln(A+B)— AlnA—BlmB>k(A+B)"".
If k>0, then
(2.11) (A+ B)In(A+B)—AlnA—BlmB>k(A+B) ' >0.

Proof. Since for all A, B > 0,
(B+XN) 'B>0, (A+)\) '4>0
for A > 0, then
A(B+ X ""BA, B(A+)) "AB>0
that gives
AB+)N) " "BA+B(A+)\) "AB >0,
which implies that
(A+ B+~ [A(B+A)*1BA+B(A+A)*1AB] (A+B+X"'>0

forA > 0.
By the representation (2.1) we then get

(A+B)In(A+B)—AlnA—-BhnB

2/ (A+B+))""S(A,B)(A+B+\)""d\
0

Zk/oo(A+B+/\)_2d>\:k(A+B)_l
since i
! :/OO (A+1)"2d\ for t > 0.
This proves the desired result ’ O
Remark 1. If0<m <A< M and0<n < B<N, then
(2.12) (A+ B)ln(A+B)— AlnA—-BlnB

> [an—i(M—m)(N—n) (A+B)"".
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If2mn > ¥ (M —m) (N —n), then
(A+B)ln(A+B)> AlnA+ BlnB.
We have the following identity for the entropic determinant:

Theorem 2. For any A, B >0 and x € H, ||z|| = 1, we have

. (A)n,(B)
n.(A+ B)

=exp</ooo <(A+B—|—)\)_1K(A,B;>\)(A+B+/\)_1x,a:>d)\>.

(2.13)

Proof. If we take the inner product over the vector x € H, ||z|| = 1 in (2.1), then
we get

(A+ B)ln(A+ B)z,z) — (Aln Az, z) — (Bln Bz, x)
Z/Oo<(A+B+)\)71K(A,B;)\) (A+B+)\)7lm7m>d/\.
0

If we take the exponential in this equality, then we get
exp (— (Aln Az, z)) exp (— (Bln Bz, x))
exp (—((A+ B)In(A+ B) z,z))

— exp (/OOO <(A+B+)\)1K(A7B;)\)(A+B+>\)la:,x>d)\>,

which gives (2.13). O

Corollary 2. Let A, B > 0 and assume that S(A, B) > k for some real constant
k, then

(2.14) m > exp (k (A+ B)_1>
forxz e H, ||| = 1.

If k > 0, then
(2.15) % >exp (k(A+B)") 21,

forx e H, ||z|| = 1.

Remark 2. Let A, B > 0. We observe that, if S(A, B) > 0, then the following
sub-multiplicative property holds,

(2.16) N (A)n,(B) > n,(A+ B)

forz e H, ||z| = 1.
Also, if 0<m < A<M and 0 <n < B <N, then

(2.17) MZexp([?mn—ll(M—m)(N—n)} (A+B) )
Moreover, if 2mn > 1 (M —m) (N —n), then

LA o [ n)]
n,(A+B) — M+ N -
forxz e H, ||z| = 1.

(2.18)
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We have the following consequence of Theorem 1:

Corollary 3. Assume that A, B > 0 with A+ B < L for some positive constant
L, then

(2.19) (A+ B)In(A+B)—AlnA—BWmB<L(A+B)™".
Moreover, if 0 < £ < A+ B for some constant £ > 0, then

(2.20) (A+B)ln(A+B)—AlnA—BlnB§%.

Proof. Assume thatA, B > 0. Observe that for A > 0
A+ TA=A+N) T A+ =N =1-2(A+ 1",
which shows that
0<(A+XN 'A<
If we multiply this inequality both sides by B, then we get
0<B(A+)\) '"AB< B2

Similarly,
0<A(B+)) "BA< A%
Therefore
0<B(A+)) "AB+A(B+)\) 'BA<A? 4+ B?
and

L(A,B;\) = AB+BA+B(A+)\) "AB+ A(B+)) 'BA
<AB+BA+ A+ B?>=(A+B)’ <1,
which implies that
(A+ B+ A) "L(A,B;\) (A+ B+ X"
<LA+B+)N " (A+B+XN"!

for A > 0.
By taking the integral and using the identity (2.1) we derive

(A+ B)ln(A+B)—AlnA—-BlnB
gL/ (A+B+XN) " (A+B+ )N "dt=L(A+B)",
0
which proves the desired inequality (2.19). O

We also have the following result for the entropic determinants:

Theorem 3. Let A, B > 0 with A+ B < L for some positive constant L, and
x € H, ||z|| = 1, then

. ———= < .
(2.21) A+ D) < exp [L <(A+B) x,zﬂ
Moreover, if 0 < £ < A+ B for some constant £ > 0, then

1, (A)n, (B) L
2.22 /T L — .
(2.22) n(A+B) = “P\7

The proof follows in a similar way to the one from Theorem 2 via Corollary 3.
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Remark 3. We observe that, if 0 < m < A< M and 0 <n < B < N, then
0<m+n<A+B<M+N and by (2.22) we obtain the simple upper bound

Nz (A)n,(B) M+ N
(2.23) Wgex <m+n>

forallxz € H, ||z|]| = 1.

3. RELATED RESULTS

The following integral inequalities also hold:

Theorem 4. Let A, B > 0 with AB + BA > 0, then

(3.1) ne(A+B) < / (- ) A By, (1 1) B + A)
0

1
g/o n2((1—t) A+ tB)dt

and, if A+ B < L, then also
(3.2)

/1 no((1—t) A+ B, (1 —t) B +tA)dt <, (A+ B)exp [L <(A +B)! ”>]
0

forallx € H, ||z|| = 1.
Proof. We have
(1—t)A+tB)((1—t) B +tA)
—(1-t)AB+t(1—t)B>+t(1—t) A’ +1?BA
and
(1—t)B+tA)((1—t)A+tB)
= (1—t)°’BA+t(1—t) A%+ (1 —t)tB*+ t?AB.
Therefore, since AB + BA > 0, then
(1—t)A+1tB) ((1—t) B +tA)
+(1-¢t)B+tA)((1-t)A+tB)
=(1—-t)’AB+t(1—t)B>+t(1—t) A>+>BA
(1—t)’BA+t(1—t) A% + (1 —t)tB* + ?AB

+

t(1—t)A2+2t(1—t) B2+ |(1 —t)° +t?| (AB + BA)

2
0

v

for all t € [0,1].
By utilising (2.16) for (1 —¢t) A+¢B and (1 —t) B+tA, t € [0, 1], we get

(1 =) A+tB)n,((1 - ) B+1A) > n,(A+ B)
forx € H, ||z|| = 1.



10 S.S. DRAGOMIR

If we integrate over ¢ € [0,1], then we get

Ny (A+ B) < /1 ny(1—=t) A+ tB)n,((1 —t) B+ tA)dt
0

</01 n2((1—t)B+ tA)dt>

1/2 1/2

< (/01 2 ((1 - t)A+tB)dt)

= /1 n2((1 —t) A+ tB)dt,
0

which proves (3.1).
From (2.21) we get

(1 —t) A+ tB)n, (1 —t) B +tA) < n,(A+ B)exp [L <(A +B)! :r:p>}
for all ¢ € [0,1], which by integration gives (3.2). O
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