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Abstract

In this article we exhibit multivariate basic approximation by a Kantorovich-
Shilkret type quasi-interpolation neural network operators with respect to
supremum norm. This is done with rates using the multivariate modu-
lus of continuity. We approximate continuous and bounded functions on
RY, N € N. When they are additionally uniformly continuous we derive
pointwise and uniform convergences. We include also the related Complex
approximation. Our activation functions are induced by the arctangent,
algebraic, Gudermannian and generalized symmetrical sigmoid functions.
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1 Introduction

Here we are motivated by [1].

The author here performs multivariate arctangent-algebraic-Gudermannian-
generalized symmetrical activation functions based neural network approxima-
tion to continuous functions over RY, N € N, and then he extends his results
to complex valued functions. The convergences here are with rates expressed
via the multivariate modulus of continuity of the involved function and given
by very tight Jackson type inequalities.
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The author comes up with the "right" precisely defined flexible quasi-interpolation

Kantorovich-Shilkret type integral coefficient neural network operators associ-
ated to the arctangent-algebraic-Gudermannian-generalized symmetrical acti-
vation functions. This is a continuation of [3], Chapter 11.

Feed-forward neural network (FNNs) with one hidden layer with deal with,
are expressed mathematicaly as

n
Ny ()= cjo((a;-x) +b;), z€R", seN,
j=0

where for 0 < 5 < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - x) is the inner product of a; and z, and
o is the activation function of the network. In many fundamental neural network
models the activation functions are the arctangent- algebraic- Gudermannian-
generalized symmetrical activation functions.

About neural networks in general you may read [12], [13], [14]. In recent years
non-additive integrals, like the N. Shilkret one [15], have become fashionable and
more useful in Economic theory, etc.

2 Background

Here we follow [15].
Let F be a o-field of subsets of an arbitrary set 2. An extended non-negative
real valued function p on F is called maxitive if p (&) = 0 and

w(Uier £;) = SUII)M (Ei), (1)
1€

where the set I is of cardinality at most countable. We also call p a maxitive

measure. Here f stands for a non-negative measurable function on Q. In [15],
Niel Shilkret developed his non-additive integral defined as follows:

V) [ pdpi=sup {y- (DO {F = )} )
D yey
where Y = [0,m] or Y = [0,m) with 0 < m < oo, and D € F. Here we take

Y = [0, 0).
It is easily proved that

) [ g = sup - (DS > )} )

The Shilkret integral takes values in [0, oo].
The Shilkret integral ([15]) has the following properties:

(V) /Q Xl = i (E), (4)



where xp is the indicator function on E € F,

(N*)/Dcfd,u:c(N*)/Dfd,u, c>0,

(N*)/Dsupfnduzsup (N*)/Dfndu,

neN neN

()

(6)

where f,, n € N, is an increasing sequence of elementary (countably valued)

functions converging uniformly to f. Furthermore we have

v [ sau=o.

f > g implies (N*)/Dfd,u > (N*)/ngu,

where f,g: Q — [0, 00] are measurable.
Let a < f (w) < b for almost every w € E, then

on(E) < (V) [ fd < bu(B):

V) [ 1= (2):

f > 0 almost everywhere and (N*) fE fdp =0 imply p (E) = 0;
(N*) fQ fdp =0 if and only f = 0 almost everywhere;
(N*) [ fdp < oo implies that

N (f) :={w € Q|f (w) # 0} has o-finite measure;

(N*)/D(erg)dMS(N*)/DfdMJr(N*)/ngu;

and

o) [ - [ gdu‘S(N*) [ 1r=sldn

From now on in this article we assume that pu : F — [0, +00).

2.1 About the arctangent activation function

We consider the

Y odz
arctanz = — 3 TE R.
o 1+=z

We will be using

Tz
2

2 0 2 dz
h (l‘) = ; arctan (533) = ;A m, T € R,

(7)

(10)



which is a sigmoid type function and it is strictly increasing. We have that

h(0)=0, h(—z)=—h(z), h(+o00)=1, h(—o0)=—1,

and 1
! = 11 R. 1

h (z) 4+7r2$2>0’ all z € (13)

We consider the activation function

1
$1(@) = (@ +1)~h(z-1), 2R, (14)
and we notice that

Y1 (=) =9y (2), (15)

it is an even function.
Sincex +1>x —1, then h(x +1) > h(z—1), and ¥, (z) > 0, all x € R.
We see that
¥, (0) = %arctang =~ 18.31. (16)

Let = > 0, we have that

Yi(e) = (0 (e 1)~ A (= 1)) =

—Ar2y
< 0. 17
(16 1) (1 e 1) "
That is
) (x) <0, for z > 0. (18)

That is ¢, is strictly decreasing on [0, 00) and clearly is strictly increasing on
(_0070], and ¢/1 (0) =0.
Observe that
lim 1, (z) = 1 (h(+00) — h(+00)) =0,
T—+00

and (19)
tim 1ty (@) = § (b (~00) — h(~00)) = 0.

That is the z-axis is the horizontal asymptote on ;.
All in all, ¢, is a bell symmetric function with maximum 1, (0) = 18.31.
We need

Theorem 1 (/2], p. 286) We have that

.Z Yy (x—i)=1, Yz R, (20)

1=—00



Theorem 2 (/2], p. 287) It holds

/jo Yy (z)dx = 1. (21)

So that v (x) is a density function on R.
We mention

Theorem 3 ([2, p. 288) Let 0 < a < 1, and n € N with n*=* > 2. It holds

- 2
k=—o0
tnx — k| > ntme
We introduce (see [8])
N
Z1 (21, xy) = 71 (x) := Hz/;l (z;), x=(x1,....,x5)ERY, NeN. (23)
i=1
It has the properties:

(i) Z1(x) >0, Vo eRN,
(i)

Z Zy (x—k) = Z Z Z Zy (w1 — b1y oy zn — k) = 1,
k=—o00 ki=—o00 ko=—c kny=—00
(24)
where k := (k1,....,k,) € ZN, ¥ 2 € RV,
hence
(iii)
> Zi(nz—k)=1, (25)
k=—o0
VzeRN;neN,
and
(iv)
/ Zy (x)dx =1, (26)
RN
that is Z; is a multivariate density function.
(v) It is clear that
> 2
Z Zy(nx —k) < —————— =:¢1 (B,n), (27)

72 (n1 P — 2)

(T



0<B<l,neN:n'"#>2 2ecRVN.
Above it is ||z||, = max {|z1], ..., |zn]|}, 2 € R, also set oo := (00, ..., 0),
—00 = (—00, ... — 00) upon the multivariate context.

2.2 About the algebraic activation function
Here see also [4].
We consider the generator algebraic function
x

SD(:E): QW’

which is a sigmoidal type of function and is a strictly increasing function.
We see that ¢ (—z) = —¢ (z) with ¢ (0) = 0. We get that

meN, z €R, (28)

1
"(2) = ————5=7 >0, Vz R, (29)

(1 + me) 2m
proving ¢ as strictly increasing over R, ¢’ (z) = ¢’ (—x). We easily find that
lim p(z) =1, p(+o0)=1,and lim p(z)=-1, p(—o0) = —1.
xr——400 xr— —00
We consider the activation function

Yo (@) = 1 lp@+1) —p(o—1)]. (30)

Clearly it is ¥y (z) = 95 (—2), V & € R, so that 1, is an even function and
symmetric with respect to the y-axis. Clealry ¢, () > 0,V = € R.

Also it is
1

2°%/2
By [4], we have that 95 (z) < 0 for x > 0. That is v, is strictly decreasing over
(0, +00).

Clearly, 1, is strictly increasing over (—oo, 0) and % (0) = 0.

Furthermore we obtain that

Py (O) =

(31)

lim 3y (2) = 1 [ (+00) — g (+00)] =0, (3)
and ]
iy (2) = 7 [ (—50) — 9 (~00)] = 0. (33)

That is the z-axis is the horizontal asymptote of 1),.
Conclusion, v, is a bell shape symmetric function with maximum

W,y (0) = 1% m € N. (34)

We need



Theorem 4 ([}]) We have that

iz{@(z—i):l,VxER. (35)

1=—00

Theorem 5 ([4]) It holds

/ ¥y (x) dz = 1. (36)
Theorem 6 ([/]) Let 0 < a < 1, and n € N with n'=* > 2. It holds
- 1
> Uy (nz — k) < meN.  (37)

am (nl-o — 2)*™

e (= —2)
Dnx — k| >ntme

We introduce (see also [9])

Zs (21, .y Ty) = Zo (x) := Hz/;z (z;), == (x1,...,x5) ERY, N ecN. (38)

It has the properties:
(i) Za(z) >0, Vo € RV,
(i)

N Zo(—ky:= > > > Ze(wr—kieay —ky) =1,

k=—o0 ki=—o00 ko=—0c0 kny=—o©
(39)
where k := (k1,....,k,) € ZN, ¥ 2 € RV,
hence
(iii)
> Zy(nz—k)=1, (40)
k=—o0
VreRN N,
and
(iv)
/ Zy (z)dx =1, (41)
RN
that is Z5 is a multivariate density function.
(v) It is clear that
Z Zs (nx — k) < ! 5 = 2 (B,n), (42)

{ L 4m (nt=F — 2)
I _xH > o

0<B<l,neN:n'#>2 2ecRY meN.



2.3 About the Gudermannian activation function

See also [5], [16].
Here we consider gd (x) the Gudermannian function [16], which is a sigmoid
function, as a generator function:

x Todt
o (z) = 2arctan (tanh (§)> = /0 ol = gd(z), z eR. (43)
Let the normalized generator sigmoid function
4 4 (7 dt 8 [7 1
- = S == —dt R. 44
1 (@) 71_0'(33) 7r/0 cosht 77/0 et +et ve (44)
Here 4
"(z) = >0, VzeR
(@) 7 cosh @ Ve ’

hence f is strictly increasing on R.
Notice that tanh (—z) = —tanhz and arctan (—z) = —arctanz, z € R.
So, here the neural network activation function will be:

[f(z+1)—f(z—-1)],xzeR (45)

| =

V3 (7) =

By [5], we get that
Y3 (x) =¢3(—z), VzeR, (46)

i.e. it is even and symmetric with respect to the y-axis. Here we have f (+00) =
1, f(—o0) = —1 and f(0) = 0. Clearly it is

f(=x)=—f(z), VzeR, (47)

an odd function, symmetric with respect to the origin. Since z+1 >z — 1, and
fx+1)> f(z—1), we obtain 95 (z) >0,V z € R.
By [5], we have that

W, (0) = %gd(l) ~ 0.551. (48)

By [5] 4 is strictly decreasing on (0,+0c0), and strictly increasing on (—o0,0),
and % (0) = 0.
Also we have that
lim ¢y (z) = lim ¢3(z) =0, (49)

r——+00

that is the x-axis is the horizontal asymptote for 5.

Conclusion, 15 is a bell shaped symmetric function with maximum ) (0) =2
0.551.

We need



Theorem 7 (/5]) It holds that

Y gx—i)=1, VzeR (50)

1=—00

Theorem 8 (/5]) We have that

/ Yy (x)de = 1. (51)
So 4 (x) is a density function.

Theorem 9 ([5]) Let 0 < a < 1, and n € N with n'=* > 2. It holds

Z s (nx —k) < L _de . (52)

me(n!==2)  gentv?
k= —o0
{ nx — k| > ntme

We introduce (see also [7])

N
73 (1‘1, ...,.’L'N) = 3 (CIZ) = H’(/J3 (.’IJZ), xr = (w17...7xN) S RN, N e N. (53)
=1

It has the properties:
(i) Z3(x) >0, Vo €RN,
(i)

Z Z3 (x—k) = Z Z Z Z3(.%‘1—]{)1,...,.13N—]€N):1,
k=—o00 k1=—00 ko=—00 kn=—00
(54)
where k := (k1,....,k,) € ZN, ¥V 2 € RV,
hence
(iii)
> Zs(na—k) =1, (55)
k=—oc0
VzeRN;neN,
and
(iv)
/ Zs (x)dx =1, (56)
RN

that is Z3 is a multivariate density function.



(v) Tt is also clear that

wen' ™’

{ k=—00
15 -2l > 7=

0<B<l,neN:n'#>2 2eRY meN.

Z Zs (nx — k) < e =c3(B,n), (57)

2.4 About the generalized symmetrical activation func-
tion

Here we consider the generalized symmetrical sigmoid function ([6], [11])

fl@)=—"—— u>0zeR (58)
(1 +1af")

This has applications in immunology and protection from disease together with
probability theory. It is also called a symmetrical protection curve.

The parameter p is a shape parameter controling how fast the curve ap-
proaches the asymptotes for a given slope at the inflection point. When p =1
f1 is the absolute sigmoid function, and when p = 2, f; is the square root
sigmoid function. When p = 1.5 the function approximates the arctangent
function, when p = 2.9 it approximates the logistic function, and when p = 3.4
it approximates the error function. Parameter p is estimated in the likelihood
maximization ([11]). For more see [11].

Next we study the particular generator sigmoid function

fa(z) = #1, A is an odd number, z € R. (59)

(1 + \z|*) *

We have that f2 (0) =0, and

fa(=z) = =fa (z), (60)

so f5 is symmetric with respect to zero.
When z > 0, we get that ([6])
, 1
f2 ($) = 1 0, (61)
(142>

that is fy is strictly increasing on [0, +00) and fs is strictly increasing on (—oo, 0].
Hence f5 is strictly increasing on R.
We also have f5 (400) = fo (—o00) = 1.

10



Let us consider the activation function ([6]):

Ya(w) = 1o+ 1)~ folo—1) =

i (x+1) __ (x—1) | (62)
(1+|ac+1|A)A (1+|a:—1|A)A
Clearly it holds ([6])
Yy (2) =9y (-z), VoekR (63)
and 1
¥y (0) = Tw7 (64)

and ¢, () >0,V x € R.

Following [6], we have that 1), is strictly decreasing over [0, +00), and ¥,
is strictly increasing on (—oo, 0], by t¥,-symmetry with respect to y-axis, and
3 (0) = 0.

Clearly it is

lim ¢, (z) = xﬁﬂl@% (z) =0, (65)

T—+00
therefore the z-axis is the horizontal asymptote of ¢, (x).
The value

1
Y, (0) = 5 A is an odd number, (66)
is the maximum of 1, which is a bell shaped function.
We need
Theorem 10 (/6]) It holds
o0
Y gy(w—i)=1, VzeR (67)
Theorem 11 (/6/) We have that
/ ¥y (x)dz = 1. (68)

So that 9, (x) is a density function on R.
We need

Theorem 12 ([6]) Let 0 < a < 1, and n € N with n'=% > 2. It holds

Z Yy (ne —j) < 2)\(711_1&_2),\, (69)

j=—00
Dna — j| > nlme

where A € N is an odd number.

11



We introduce (see also [10])

N
Zy (w1, zn) =24 () = [[va (@), 2= (21,...,an) €RY, N e N. (70)

i=1
It has the properties:
(i) Zs(z) >0, Vo e RV,
(i)

N Zix—ky:= > > > Zi(wr—kr,eay —ky) =1,
k=—o00 ki=—00 ko=—0c0 kny=—00
(71)
where k := (k1,....,k,) € ZN, ¥V 2 € RV,
hence
(iif)
> Zi(nz—k)=1, (72)
k=—o0
VzeRN;neN,
and
(iv)
/ Za (@) do =1, (73)
RN
that is Z4 is a multivariate density function.
(v) It is clear that
= 1
Z Zy (Tll' — k) < —— =i (ﬁa n) ) (74)

2\ (n1—F — 2)*
{ k=—o0

15 ==l > 7=

0<B<l,neN:n"#>2 2ecRN, \is odd.

For f € Cf; (RY) (continuous and bounded functions from RY into R,), we
define the first modulus of continuity

wi (f,0) := sup |f (@)= f)l, h>0. (75)
z,y € RN
[z =yl <h

Given that f € C{}' (RN ) (uniformly continuous from RY into R, same defini-

tion for wy), we have that
}llimowl (f,h) =0. (76)

When N = 1, w; is defined as in (75) with |||, collapsing to |-| and has the
property (76).

12



3 Main Results
‘We need

Definition 13 Let £ be the Lebesgue o-algebra on RY, N € N, and the maxitive
measure p : L — [0,+00), such that for any A € L with A # &, we get
w(A) > 0.

For f € Cg (RN), we define the multivariate Kantorovich-Shilkret type
neural network operators for any x € RN :

Gy (fox) = T (fizy,nan) =
o [((N?) g v F(E+5) du(?)
Z ( [ N] 1 )Zj(nxk)

i i i ( 1 fo Flt+5 g+ B2 iy 4 B )du(tl,...,tN))

(77)

N
: (H wj (nz; — kz)) )
where © = (x1,..,on) € RN, k = (k1,....,kn), t = (t1,...,tn), n € N; j =
1,2,3,4.

Clearly here p ([0, %}N) >0,VneN.

Above we notice that

1570 (D) lloe < 1l » (78)

so that ;T (f,x) is well-defined, j = 1,2,3,4.

‘We make

Remark 14 Lett e [0, %}N and x € RY, then

(e 2) = (o 2) - r@e @< (4 2) - @)+ £ @), (0
o () /[O’i]Nf (142 ) duo <

) [ () s s s GOHN) (80
That is :

‘mn

W[t (7) du(t)f(fc)uGO,i]N) < @

13



dp (1) .

f(t+fL) @)

 foar

Similarly, we have

@ =f@-r (e ) s (e E) <|r(v4) - @

ty <t+i),
hence
(V) /[wa(x) du (t) < (N7) /[1 i (t+fj) ~f@)
+ (N*)/[o,;]N f <t n i) dp(t).

F@)n ([o .| N) - () /[OW e S)awmos e
<N*)/MN (e 5) -

By (81) and (82) we derive

dp (1)

That is

dp(t) .

dp (). (83)

In particular it holds

(N*)f[o’%]zvf(t+ E)du(t) fol <
w(0.3]%) i
(N") Jjo,2> [F(t+2) = (@) du(t)

u((0.21%)

We present the following approximation result.

Theorem 15 Let f € Cf (RY), 0< B <1,z € RY; N,n € N with n' =% > 2;
j=1,2,3,4. Then
i)

sup 2 ()~ £ @] <r (£ + o5 ) 21y (o) = Ay (659

14



and
i)
sup ||JTIlLL (f) - f”oo S >\jn- (86)
o
Given that f € (CF (RN)NCE (RY)), we obtain lim ;TH(f) = f, uni-
formly. Above c; (B,n) are as in (27), (42), (57) and (74), respectively.

Proof. We observe that
T (f,x) = f ()] =

o0 (N*) fig a7 f(t+£) du(t)
() o
k=—o00 H 'n
e (N)foiNf(t—"_%)d:u’(t) 84
k=—o00 H ' n
= (V) fiy ap |f(t+E) = f(2)|du(t) - b
k;m P ([07 %]N) 3 \nx =
> (N)f[OL]N’f(t+5)_f(x)|d:u(t) Z.( e
R (o) |
{: 15 =2l <ar -
o (N*) fig, 17 If(t+E) = f(2)|du(t) 2 ek <
2 u(l0.41Y) B
{ 15 =2l > 7
o (N*) Jrg oy wi (F lltll oo + || & == ) dpe ()
Z [0.2] ~ Z; (nx — k)
b= o p([0.31%)
{ 1% =2l <7m
+2 ([ fll > Zj(nz —k) | (by (27), (42), (57), (74))

k=—00
Him =2l >

15



<on (fig ) + 2l (B, (58)

proving the claim. m
Additionally we give

Definition 16 Denote by Cf (RY,C) = {f : RN — C|f = f1 + if2, where
fi,f2 € C4 (RN), N € N}. We set for f € Cf, (RN7(C) that

JT# (f,l') = JT# (flax) +i JT# (f?ax), .7: 132,3,47 (89)
VneN, zeRY, =1

Theorem 17 Let f € Cf (RN,C), f=fi+ifo, NeN,0< <1, z €RY;
neNwithn'=P >2;j=1,234. Then

i)
11 11
sp ;2 (1.0) = £ @) < [on (g4 )+ (Fo g )|
2 (1l + If2llo) €5 (B m) =: Ljn, (90)
and
ii)
Sl;ltp Hijl: (f) = fII < lin- (91)
Proof.

LTy (f,z) = f (@) = ;T (fr,2) +i T3 (f2, @) = f1 (@) —ifa (2)] =

GTY (fr,2) = fi(2) +i GT) (for2) = fa(2))] <
(85)

T (f10) — 1 @)+ LTS (o) — )] < (92
(s (524 ) +20Alles (8. +
(w0 (s 4 ) + 20y (o)) =
e 2 en (et )

2(Ifull + 12l es (Brm) (99

proving the claim. m
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